
Contents

Statistics, Probability and Stochastic Processes 2
A-10-1027-1 3
A-10-1052-1 7
A-10-1130-1 11
A-10-1185-1 15
A-10-1197-1 19
A-10-1213-1 23
A-10-158-1 26
A-10-211-1 31
A-10-228-1 35
A-10-252-1 38
A-10-417-1 42
A-10-631-3 47
A-10-733-1 51
A-10-826-1 55
A-10-901-1 59



چـهل و پنجمين  
كنفرانس رياضى ايران 

7-4 شهريور 1393

مال  آمار، ا
ی  صاد ی  ند آ  و 

2

2



Estimation for the Burr Type III Distribution Based

on Record Values

M.Abdi ∗Academic member of School of Mathematics and Computing, Higher Education complex of Bam,

me.abdi@bam.ac.ir.

A. Asgharzadeh, Academic member of Department of Statistics, University of Mazasandaran,

a.asgharzadeh@umz.ac.ir

Abstract: In this paper, we study the estimation problem for the Burr type III distribution based on

record values. The maximum likelihood method is used to derive the point estimators of the parameters.

An exact confidence interval and a joint confidence region are constructed for the parameters of Burr type

III distribution based on record data. A numerical example is presented to illustrate the proposed methods.
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1 INTRODUCTION

Let X1, X2, ... be a sequence of independent

and identically distributed (iid) continuous random

variables with cdf F (x) and pdf f(x). An observa-

tion Xj is called an upper (lower) record value of

this sequence if its value exceeds (is lower than)

that of all previous observations. Generally, let us

define T1 = 1, U1 = X1, and for n ≥ 2

Tn = min{j > Tn−1 : Xj > XTn−1
}, Un = XTn

.

(1)

Then the sequence {Un}({Tn}) is known as upper

record statistics (upper record times). Similarly,

the lower record times Sn and the lower record val-

ues Ln are defined as follows: S1 = 1, L1 = X1,

and for n ≥ 2, Sn = min{j > Sn−1 : Xj <

XSn−1
}, Ln = XSn

.

The statistical study of record statistics

started with Chandler (1952) and has now spread

in different directions. Record data arise in a

wide variety of practical situations and there are

several situations pertaining to meteorology, hy-

drology, sporting and athletic events wherein only

record values may be recorded. For more details

and applications in the record values, see Arnold

et al. (1998).

In this paper, we restrict attention to the

Burr type III distribution. The probability density

function (pdf) and cumulative distribution function

(cdf) of the two-parameter Burr type III distribu-

tion are given, respectively, by

F (x; θ, c) = (1 + x−c)−θ, x, θ, c > 0, (2)

and

f(x; θ, c) = θcx−(c+1)(1 + x−c)−(θ+1) x, θ, c > 0.

(3)

Interval estimation of the parameters of the

Burr type III distribution has not yet been studied

based on record values. The main purpose of this

paper is to construct an exact confidence interval c
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and an exact joint confidence region for (c, θ) based

on lower record values.

2 Point Estimation

Suppose we observe m lower record values XL(1) =

x1, XL(2) = x2, · · · , XL(m) = xm from the Burr

type III distribution with pdf (3). The Log-

likelihood function is given by

lnL(c, θ) = m ln c θ − θ ln(1 + x−c
m )

− (c+ 1)

m∑

i=1

lnxi −

m∑

i=1

ln(1 + x−c
i )

(4)

Taking the derivative with respect to c and θ and

equating to zero, we obtain the likelihood equations

for c and θ as

dL(c, θ)

dθ
=

m

θ
− ln(1 + x−c

m ) = 0, (5)

dL(c, θ)

dc
=

m

c
+ θ

x−c
m lnxm

(1 + x−c
m )

−

m∑

i=1

lnxi

+

m∑

i=1

x−c
i lnxi

(1 + x−c
i )

= 0, (6)

From (5), we obtain the maximum likelihood esti-

mate (MLE) of θ as a function of c, say θ̂(c), as

θ̂(c) =
m

ln(1 + x−c
m )

(7)

Substituting θ̂(c) in (6) we have

m

c
+

m x−c
m lnxm

(1 + x−c
m ) ln(1 + x−c

m )
−

m∑

i=1

lnxi

+
m∑

i=1

x−c
i lnxi

(1 + x−c
i )

= 0 (8)

Since (8) can not be solved analytically with

respect to c, some numerical methods such as

Newton-Raphson or fix-point methods should be

used to find the MLE of c (ĉMLE). It can be shown

that the solution of (8) can be obtained as a fixed

point solution of the following equation

h(c) = c, (9)

where, h(c) is given by

h(c) = m

[
m∑

i=1

lnxi −
m x−c

m lnxm

(1 + x−c
m ) ln(1 + x−c

m )

−

m∑

i=1

x−c
i lnxi

(1 + x−c
i )

]
−1

. (10)

We apply iterative procedure to find the solution

of (9). Once ĉMLE is obtained, the MLE of θ,

say θ̂MLE , can be obtained from (8) as θ̂MLE =

θ̂(ĉMLE).

3 Confidence Interval and

Joint Confidence Region

LetXL(1) > XL(2) > · · · > XL(m) be the first m ob-

served lower record values from the Burr type III

distribution. In this section, a 100(1 − α)% confi-

dence interval for parameter c and a 100(1 − α)%

joint confidence region for (c, θ) are constructed

based on the observed lower records. For nota-

tion simplicity, we will write Xi for XL(i). Let

Yi = − lnF [Xi] = θ ln[1 + X−c
i ], i = 1, ...,m. It

can be shown that that Y1 < Y2 < · · · < Ym are

the first m upper record values from a standard

exponential distribution. Moreover, the spacings

Z1 = Y1, Z2 = Y2 − Y1, · · · , Zm = Ym − Ym−1 are

iid random variables from a standard exponential

distribution (see Arnold et al. (1998)). Hence

V = 2Z1 = 2 Y1,

U = 2

m∑

i=2

Zi = 2 (Ym − Y1),

respectively have a χ2 distribution with 2 degrees

of freedom and a χ2 distribution with 2m − 2 de-

grees of freedom. We can also find that U and V

are independent random variables. Let

P1 =
U/2(m− 1)

V/2
=

U

(m− 1)V

=
1

m− 1

(
Ym − Y1

Y1

)
,(11)

and

P2 = U + V = 2Ym. (12)
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It is easy to show that P1 has an F distribution

with 2m− 2 and 2 degrees of freedom and P2 has

a chi-square distribution with 2m degrees of free-

dom. Furthermore, P1 and P2 are independent, see

Johnson et al. (1994, P. 350).

To derive the exact confidence interval for c

and the exact joint confidence region for (c, θ), we

need the following two lemmas.

Lemma 3.1. For any 0 < xm < x1 < ∞, the

function

g(c) =
ln(1 + x−c

m )

ln(1 + x−c
1 )

,

is a strictly increasing function of c for any c > 0.

Lemma 3.2. Suppose that 0 < xm < x1 < ∞.

Then for any m > 1,

(1) The function P1(c) = 1
m−1

[
ln(1+x−c

m
)

ln(1+x
−c

1
)
− 1

]
is

strictly increasing in c > 0.

(2) For x1 ≥ 1, and any t > 0, the equation

P1(c) = t has a unique solution for some c > 0.

(3) For x1 < 1 and any 0 < t < 1
m−1

[
ln(xm)
ln(x1)

− 1
]
,

the equation P1(c) = t has a unique solution for

some c > 0.

Let Fα(υ1, υ2) be the percentile of F distri-

bution with right-tail probability α and υ1 and υ2

degrees of freedom and χ2
α(υ) denote the percentile

of χ2 distribution with right-tail probability α and

υ degrees of freedom.

Next theorems gives an exact confidence in-

terval for parameter c and an exact joint confidence

region for the parameters c and θ.

Theorem 3.3. Suppose that X =

(X1, X2, . . . , Xm) be the first m observed lower

record values from the Burr type III distribution in

(2). Then, for any 0 < α < 1,

(
ϕ[X,F1−α

2
(2m− 2, 2)], ϕ[X,Fα

2
(2m− 2, 2)]

)

is a 100(1 − α)% confidence interval for c, where

ϕ(X, t) is the solution of c for the equation

1

m− 1

[
ln(1 + x−c

m )

ln(1 + x−c
1 )

− 1

]
= t

Theorem 3.4. Suppose that X =

(X1, X2, . . . , Xm) be the first m observed lower

record values from the Burr type III distribution

in (2). Then, the following inequalities determine

100(1− α)% joint confidence region for (c, θ):

ϕ[X,F 1+
√

1−α

2

(2m−2, 2)] < c < ϕ[X,F 1−
√

1−α

2

(2m−2, 2)]

χ2
1+

√

1−α

2

(2m)

2 ln(1 + x−c
m )

< θ <
χ2

1−
√

1−α

2

(2m)

2 ln(1 + x−c
m )

,

where 0 < α < 1, and ϕ(X, t) is the solution of c

for the equation

P1(c) =
1

m− 1

[
ln(1 + x−c

m )

ln(1 + x−c
1 )

− 1

]
= t

4 Numerical Example

In this example we consider one real life data set

to illustrate the proposed methods of estimation.

The data represent 24 observations on the period

between successive earthquakes in the last century

in North Anatolia fault zone. These data are ana-

lyzed by Kus (2007).

1163, 501, 2039, 4863, 3258, 616, 217, 143,

323, 398, 9, 182, 159, 67, 633, 2117, 756,

896, 461, 3709, 409, 8592, 1821, 979

Here, we checked the validity of the Burr

type III model based on the parameters ĉ =

0.59785, θ̂ = 30.08471 (MLEs of parameters), us-

ing the Kolmogorov-Smirnov (K-S) test. It is ob-

served that the K-S distance is K − S = 0.145263

with a corresponding p − value = 0.6569509. So,

the Burr type III model provides a good fit to the

above data. For the above data, we observe the

following five lower record values:

1163, 501, 217, 143, 9.
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Using the formula described in Section 2, we obtain

the MLEs of the parameters c and θ to be ĉMLE =

0.36887 and θ̂MLE = 13.5921, respectively. By

Theorem 3.3 and using the S-PLUS package, the

95% confidence interval for c is (0.12896, 1.05174)

with confidence length 0.92278. By Theorem 3.4

and using the S-PLUS package for solving non-

linear equation, the 95% joint confidence region for

c and θ is determined by the following inequalities:

0.10591 < c < 1.18956,

0.12634

2 ln(1 + x−c
m )

< θ <
78.11416

2 ln(1 + x−c
m )

.

with area 60.93374. Figure 1, shows the 95% joint

confidence region for (c, θ).

0.0 0.2 0.4 0.6 0.8 1.0 1.2

c

0

50

100

150

Figure 1: Joint confidence region for c and θ
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1 INTRODUCTION

Recently, attempts have been made to define new
families of probability distributions that extend
well-known families of distributions and at the
same time provide great flexibility in modeling
data in practice. The exponential-geometric (EG),
exponential-Poisson (EP), exponential-logarithmic
(EL), exponential-power series (EPS), Weibull-
geometric (WG) and Weibull-power series (WPS)
distributions were introduced and studied by
Adamidis and Loukas [1], Kus [8], Tahmasbi and
Rezaei [16], Chahkandi and Ganjali [5], Barreto-
Souza et al. [3] and Morais and Barreto-Souza et
al. [15], respectively.

Barreto-Souza and Cribari-Neto [2] and
Louzada et al. [9] introduced the exponentiated
exponential-Poisson (EEP) and the complementary
exponential-geometric (CEG) distributions where
the EEP is the generalization of the EP distribu-
tion and the CEG is complementary to the EG
model proposed by Adamidis and Loukas [1]. Re-
cently, Cancho et al. [4] introduced the two-
parameter Poisson-exponential (PE) lifetime distri-
bution with increasing failure rate. Mahmoudi and
Jafari [10] introduced the generalized exponential-
power series (GEPS) distribution by compound-
ing the generalized exponential (GE) distribution

with the power series distribution. Also expo-
nentiated Weibull-logarithmic (EWL), exponenti-
ated Weibull-geometric (EWG) and exponentiated
Weibull-power series (EWP) distributions has been
introduced and analyzed by Mahmoudi and Sepah-
dar [11] and Mahmoudi and Shiran [12, 13].

In this paper, we propose a new two-
parameters distribution, referred to as the Lindley
binomial (LB) distribution, which contains as spe-
cial sub-models the Lindley.

The paper is organized as follows. In Sec-
tion 2, we define the LB distribution. The density,
survival and hazard rate functions of the new dis-
tribution is obtained in this section. We derive mo-
ments of the LB distribution in Section 3. Section 4
is devoted to the Bonferroni and Lorenze curves of
the LB distribution. Estimation of the parameters
by EM-algorithm and inference for large sample are
presented in section 5.

∗Corresponding Author
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2 LINDLEY Binomial DIS-
TRIBUTION

Suppose that the random variable X has the Lind-
ley distribution where its cdf and pdf are given by

FX(x) = 1− (1 +
γx

γ + 1
)e−γx, x > 0, (1)

fX(x) =
γ2

γ + 1
(1 + x)e−γx, x > 0. (2)

Given N , let X1, · · · , XN be independent and iden-
tify distributed random variables from Lindley dis-
tribution. Let N is distributed according to bino-
mial distribution with pdf

P (N = n) =

(
m
n

)
θn

(θ + 1)m − 1
, n = 1, 2, · · · , 0 < θ, n < m.

Let Y = min(X1, · · · , XN ), then the cdf of Y |N = n
is given by

FY |N=n(y) = 1− ((1 +
γy

γ + 1
)e−γy)n,

The Lindley binomial distribution, denote by
LB(θ, γ), is defined by the marginal cdf of Y , i.e.

F (y) =
(θ + 1)m − (θ(1 + γy

γ+1 )e
−γy + 1)m

(θ + 1)m − 1
. (3)

The pdf of LB distribution is given by

f(y) =
mθ γ2

γ+1e
−γy(1 + y)(θ(1 + γy

γ+1 )e
−γy + 1)m−1

(θ + 1)m − 1
,

(4)
where θ > 0, γ > 0.
The survival and hazard rate functions of LB dis-
tribution are given, respectively, by

S(y) =
(θ(1 + γy

γ+1 )e
−γy + 1)m − 1

(θ + 1)m − 1
, (5)

and

h(y) =
mθe−γy γ2

γ+1 (1 + y)(θ(1 + γy
γ+1 )e

−γy + 1)m−1

(θ(1 + γy
γ+1 )e

−γy + 1)m − 1
.

(6)

Proposition 2.1. The limiting distribution of LB
(θ, γ) where θ → 0+ is

lim
θ→0+

F (y) = 1− (1 +
γx

γ + 1
)e−γx,

which is the cdf of Lindley distribution.

3 MOMENTS OF LB DIS-
TRIBUTION

Some of the most important features and charac-
teristics of a distribution can be studied through its
moments such as tending, dispersion, skewness and
kurtosis.We obtain the moment generating function
of the LB distribution. Suppose that Y ∼ LB(θ, γ)
and X(1) = min(X1, · · · , Xn), where Xi ∼ L(γ) for
i = 1, 2, · · · , n, then

MX(t) =
∑∞

n=1 P (N = n)MX(1)
(t)

=
∑∞

n=1 P (N = n)
∑n−1

i=0

(
n−1
i

)
( γ
γ+1 )

n−inγ

×
[

Γ(n−i)
(nγ−t)n−i +

Γ(n−i+1)
(nγ−t)n−i+1

]
=

θn(mn)
(θ+1)m−1

∑∞
n=1

∑n−1
i=0

(
n−1
i

)
γn−i+1

(γ+1)n−i

×
[

Γ(n−i)
(nγ−t)n−i +

Γ(n−i+1)
(nγ−t)n−i+1

]
.

(7)
One can useMX(t) to obtain the kth moment about
zero of the LB distribution. We have

E(Y k) =
∑∞

n=1 P (N = n)E(Xk
(1))

=
∑∞

n=1

∑n−1
i=0

(
n−1
i

) (mn)nθ
nγi+2

(γ+1)i+1((θ+1)m−1)

×
[
Γ(k+i+2)
(nγ)k+i+2 + Γ(k+i+1)

(nγ)k+i+1

]
.

(8)
The mean and variance of the LB distribution are
given, respectively, by

E(Y ) =
∑∞

n=1

∑n−1
i=0

(
n−1
i

)
n

(mn)θ
nγi+2

(γ+1)i+1((θ+1)m−1)

×
[

Γ(i+3)
(nγ)i+3 + Γ(i+2)

(nγ)i+2

]
,

(9)
and

V ar(Y ) =
∑∞

n=1

∑n−1
i=0

(
n−1
i

)
n
(
m
n

)
θnγi+2

(γ+1)i+1((θ+1)m−1)

×
[

Γ(i+4)
(nγ)i+4 + Γ(i+3)

(nγ)i+3

]
− E2(Y ),

(10)
where E(Y ) is given in Eq. (9).

4 Bonferroni and Lorenz
curves

Study of income inequality has gained a lot of im-
portance over the last many years. Lorenz curve
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and the associated Gini index are undoubtedly the
most popular indices of income inequality. However,
there are certain measures which despite possessing
interesting characteristics have not been used of-
ten for measuring inequality. Bonferroni curve and
scaled total time on test transform are two such
measures, which have the advantage of being repre-
sented graphically in the unit square and can also be
related to the Lorenz curve and Gini ratio (Giorgi,
[6]). These two measures have some applications
in reliability and life testing as well (Giorgi and
Crescenzi, [7]). The Bonferroni and Lorenz curves
and Gini index have many applications not only in
economics to study income and poverty, but also in
other fields like reliability, medicine and insurance.

For a random variable X with cdf F (.), the
Bonferroni curve is given by

BF [F (x)] =
1

µF (x)

∫ x

0

uf(u)du.

From the relationship between the Bonferroni curve
and the mean residual lifetime, the Bonferroni curve
of the LB distribution is given by

BF [F (x)] = 1
µF (x)

mθ(γ)2

((θ+1)m−1)(γ+1)

∑m−1
i=0

∑i
j=0

×
(
m−1

i

)(
i
j

)
(θ)i( γ

γ+1 )
j

×
[

1
(γ(i+1))j+2Γγ(i+1)x(j + 2)

+( 1
γ(i+1) )

j+3Γγ(i+1)x(j + 2)
]
,

where µ is the mean of the LB distribution.
The Lorenz curve of the LB distribution can
be obtained via the expression LF [F (x)] =
BF [F (x)]F (x).
The scaled total time on test transform of a distri-
bution function F is defined by

SF [F (t)] =
1

µ

∫ t

0

S(u)du.

If F (t) denotes the cdf of the LB distribution then

SF [F (t)] = 1
µ((1+θ)m−1)

[∑m
i=0

∑i
j=0

(
m
i

)(
i
j

)
(θ)i

× ( γ
γ+1 )

j( 1
γi )

j+1Γ(j+1) + t
]
.

The cumulative total time can be obtained by using

formula CF =
∫ 1

0
SF [F (t)]f(t)dt and the Gini index

can be derived from the relationship G = 1− CF .

5 EM-algorithm

The MLEs of the parameters θ and γ must be de-
rived numerically. Newton-Raphson algorithm is
one of the standard methods to determine the MLEs
of the parameters. To employ the algorithm, sec-
ond derivatives of the log-likelihood are required for
all iterations. The EM-algorithm is a very power-
ful tool in handling the incomplete data problem
(McLachlan and Krishnan, [14]). It is an iterative
method by repeatedly replacing the missing data
with estimated values and updating the parameters.
It is especially useful if the complete data set is easy
to analyze.

Let the complete-data be Y1, · · · , Yn with ob-
served values y1, · · · , yn and the hypothetical ran-
dom variable Z1, · · · , Zn. The joint probability den-
sity function is such that the marginal density of
Y1, · · · , Yn is the likelihood of interest. Then, we
define a hypothetical complete-data distribution for
each (Yi, Zi) i = 1, · · · , n, with a joint probability
density function in the form

g(y, z; Θ) = f(y|z)f(z) = z γ2

γ+1 (1 + y)e−zγy

×(1 + γy
γ+1 )

z−1 (mz )θ
z

(θ+1)m−1

where Θ = (θ, γ), y > 0 and z ∈ N.
Under the formulation, the E-step of an EM cy-
cle requires the expectation of (Z|Y ; Θ(r)) where
Θ(r) = (θ(r), γ(r)) is the current estimate of Θ (in
the rth iteration).
The pdf of Z given Y , say g(z|y) is given by

g(z|y) =
ze−γ(z−1)y(1 + γy

γ+1 )
z−1

(
m
z

)
θz−1

m(θ(1 + γy
γ+1 )e

−γy + 1)m−1
,

with the expectation

E[Z|Y = y] = 1 +
θe−γy(1+ γy

γ+1 )(m−1)

θe−γy(1+ γy
γ+1 )+1 .

The EM cycle is completed with the M-step
by using the maximum likelihood estimation over Θ,
with the missing Z’s replaced by their conditional
expectations given above.
The log-likelihood for the complete-data is

l∗n(y1, · · · , yn; z1, · · · , z; Θ)

∝ n log( γ2

γ+1 )−
∑n

i=1 γziyi
+
∑n

i=1(zi − 1) log(1 + γyi

γ+1 )

−n log((θ + 1)m − 1) +
∑n

i=1 zi log(θ).

3
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The components of the score function

U∗
n(Θ) = (

∂l∗n
∂θ

,
∂l∗n
∂γ

)T

are given by

∂l∗n
∂θ =

∑n
i=1 zi
θ − nm(θ+1)m−1

(θ+1)m−1−1 ,

∂l∗n
∂γ = n(γ+2)

γ(γ+1) −
∑n

i=1 ziyi

+
∑n

i=1(zi − 1) yi

(γ(1+yi)+1)(γ+1) .

From a nonlinear system of equations U∗
n(Θ) =

0, we obtain the iterative procedure of the EM-
algorithm as

θ̂(t+1) =
((θ̂(t+1)+1)m−1)

∑i=1
n ẑi

t

nm(θ̂(t+1)+1)m−1
,

where θ̂(t+1) and γ̂(t+1) are found numerically.
Hence, for i = 1, · · · , n, we have that

z
(t)
i = 1 +

(θ̂(t)e−γ̂ty(1 + γ̂(t)y
γ̂(t)+1

))(m− 1)

(θ̂(t)e−γ̂ty(1 + γ̂(t)y
γ̂(t)+1

) + 1)
.
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Abstract: In this paper, we first derive two results on the Shannon entropy contained in the order statistics

and their concomitants of a sequence of iid continuous random variables. We then compute this entropy for

the general form of the Farlie-Gumbel-Morgenstern distribution.
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1 INTRODUCTION

Let {(Xi, Yi) : i = 1, 2, ...} be a sequence of bi-

variate random variables from a continuous distri-

bution. If we arrange the X-values in ascending

order, the corresponding Y -values are called the

concomitants of the relevant order statistics. Con-

comitants of order statistics arise in several appli-

cations. In selection procedures, items or subjects

may be chosen on the basis of their X characteris-

tic, and an associated characteristic Y that is hard

to measure or can be observed only later may be

of interest. For example, X may be the score of a

candidate on a screening test, and Y is the measure

of his/her final performance. The first study of un-

certainty (information) measure was undertaken by

Nyquist (1924, 1924) and Hartley (1928), although

they were introduced by Clausius in the year 1850

in the context of classical thermodynamics. Later

Shannon (1946) studied the properties of informa-

tion sources and the communication channels used

to transmit their output, and defined an entropy

known as Shannon entropy. For an absolutely con-

tinuous random variable X having pdf fX(x), the

Shannon entropy is defined as

H(X) = −
∫ +∞

−∞
fX(x) ln fX(x)dx

The Shannon entropy of a random variable X is a

mathematical measure of information which mea-

sures the average reduction of uncertainty of X.

Because of its descriptive character, analytical ex-

pressions for univariate distributions have been ob-

tained, among others, by Lazo and Rathie (1978)

and Cover and Thomas (1991). For multivariate

distributions, formulas for the Shannon entropy

have appeared in papers by Ahmed and Gokhale

(1989) and Darbellay and Vajda (2000). Shannon

entropy has been used to study the different emer-

gent behaviors exhibited by the system in a cellu-
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lar automata model. Mainly the laser spiking and

the laser constant operation [8]. Recently several

authors have investigated the Shannon entropy in

record values (Madadi and Tata 2011). The con-

cept of entropy can be successfully used to quan-

tify the amount of information regarding the parent

distribution that one may obtain by observing an

additional record value. The organization of this

article is as follows: In Section 2 we obtain general

formulas for the Shannon entropy for order statis-

tics and their concomitants and, in particular, for

FGM distributions.

2 Entropy of The Order

Statistics and Their con-

comitants

In this section we introduce order statistics and

concomitants of order statistics and then compute

relevant Shannon entropy.

2.1 Entropy of Order Statistics

Definition 2.1.1 Let X1:n, ..., Xn:n denote the or-

der statistics of a random sample X1, ..., Xn from a

distribution with cdf FX(x) and pdf fX(x). Then

the pdf of Xj:n ; 1 ≤ j ≤ n is

fXj:n(x) =
n!

(j − 1)!(n− j)!

(
FX(x)

)j−1

×
(
1− FX(x)

)n−j

fX(x)

and the joint pdf of Xi:n and Xj:n ; 1 ≤ i < j ≤ n

is

fXi:n,Xj:n(x, y) =
n!

(i− 1)!(j − i− 1)!(n− j)!

×
(
FX(x)

)i−1

×
(
1− FX(y)

)n−j

×
(
FX(y)− FX(x)

)j−i−1

×fX(x) fX(y).

Lemma 2.1.1 The entropies of the j-th order

statistic and joint order statistics are respectively

given by

H(Xj:n) = − ln cj + cj(j − 1)I(j : n)

+cj(n− j)I(n− j + 1 : n)

+cjφX(j : n)

H(Xi:n, Xj:n) = − ln ci,j + ci(i− 1)I(i : n)

+cj(n− j)I(n− j + 1 : n)

+(j − i− 1) [cjI(j : n)

+(j − i)

(
j − 1

i− 1

)
×I(j − i : j − 1)]

+ciφX(i : n) + cjφX(j : n),

where

cj =
n!

(j − 1)!(n− j)!

ci,j =
n!

(i− 1)!(j − i− 1)!(n− j)!

and

φX(j : n) =

∫ +∞

−∞

(
− ln fX(x)

)(
FX(x)

)j−1

×
(
1− FX(x)

)n−j

fX(x)dx

I(j : n) =

n−j∑
m=0

(
n− j

m

)
(−1)m

(m+ j)2
.

2.2 Entropy of Order Statistics and

its Concomitants

Definition 2.2.1 Let X1, ..., Xn be a ran-

dom sample from a continuous population with

cdf FX(x) and pdf fX(x) and suppose that

(X1, Y1) , (X2, Y2) , ..., (Xn, Yn) is a random sample

from a joint distribution with cdf FX,Y (x, y) and

pdf fX,Y (x, y). We denote the the r-th order statis-

tic corresponding to the X−values by Xr:n and the

corresponding concomitants by Y[r:n]. Then the

joint distribution of (Xr:n, Y[r:n]) is given by

fXr:n,Y[r:n]
(x, y) =

n!

(r − 1)!(n− r)!

(
FX(x)

)r−1

×
(
1− FX(x)

)n−r

fX,Y (x, y) ;

2
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where r = 1, 2, ..., n.

Also the joint pdf of the collection of C(X,Y ) =

{(Xr1:n, Y[r1:n]), (Xr2:n, Y[r2:n]), ..., (Xrk:n, Y[rk:n])}
is

f(x1, .., xk; y1, .., yk) =
n!

(r1 − 1)!(n− rk)!

×
(
FX(x1)

)r1−1

×
(
1− FX(xk)

)n−rk

×
k∏

i=2

(
FX(xi)− FX(xi−1)

)ri−ri−1−1

( ri − ri−1 − 1)!

×
k∏

i=1

fX,Y (xi, yi)

Theorem 2.2.1 The entropy of (Xr:n, Y[r:n]) is

given by

H(Xr:n, Y[r:n]) = − ln cr + cr(r − 1)I(r : n)

+cr(n− r)I(n− r + 1 : n)

+Ψ(r : n)

where

Ψ(r : n) = E
(
− ln fX,Y (Xr:n, Y[r:n])

)
=

∫ +∞

−∞

∫ +∞

−∞
cr

(
− ln fX,Y (x, y)

)
×
(
FX(x)

)r−1(
1− FX(x)

)n−r

×fX,Y (x, y)dxdy

Theorem 2.2.2 The entropy of C(X,Y ) ; r1 <

r2 < ... < rk is

H
(
C(X,Y )

)
=

k∑
i=1

H(Xri:n, Y[ri:n]) + ln c

−
k∑

i=2

cri(ri − 1)I(ri : n)

−
k−1∑
i=1

cri(n− ri)

×I(n− ri + 1 : n)

+
k∑

i=2

(ri − ri−1 − 1)

× [criI (ri : n) + (ri − ri−1)

×
(

ri − 1

ri−1 − 1

)
×I (ri − ri−1 : ri − 1)]

+
k∑

i=2

ln(ri − ri−1 − 1)!

+
k∑

i=1

ln cri

We note that H
(
C(X,Y )

)
−

k∑
i=1

H(Xri:n, Y[ri:n])

does not depend on the distribution.

2.3 Farlie-Gumbel-Morgenstern

Family

In this section we compute the Shannon entropy

of concomitants of order statistics for the Farlie-

Gumbel-Morgenstern (FGM) family of distribu-

tions [13]. The general form of the joint pdf of

these distributions

fX,Y (x, y) = fX(x)fY (y)
[
1 + α

(
1− 2FX(x)

)
×
(
1− 2FY (y)

)]
,

where −1 < α < 1 and fX(x), fY (y), FX(x) and

FY (y) are respectively marginal the pdfs and cdfs

of X and Y.

Theorem 2.3.1 The Shannon entropy contained
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in the concomitants of the FGM family is

(i) H(Xr:n, Y[r:n]) = − ln cr + cr(r − 1)I(r : n)

+cr(n− r)I(n− r + 1 : n)

+crφX(r : n) + φY (1 : 1)

×
(
1 + α− 2αr

n+ 1

)
+
( 4αr

n+ 1
− 2α

)
φY (2 : 2)

+crGα(r : n) +
1

2
(ii) H(Y[r:n]) = φY (1 : 1)

×
(
1 + α

(n− 2r + 1

n+ 1

))
−2αφY (2 : 2)

(n− 2r + 1

n+ 1

)

+

(
(n+ 1) + α(n− 2r + 1)

)2

4(n− 2r + 1)(n+ 1)

×
(
− ln

(
1 + α

(n− 2r + 1

n+ 1

)))

+

(
(n+ 1)− α(n− 2r + 1)

)2

4(n− 2r + 1)(n+ 1)

×
(
− ln

(
1− α

(n− 2r + 1

n+ 1

)))
+
1

2
,

Gα(r : n) =

∫ 1

0

ur−1(1− u)n−r

4α(1− 2u)

×
(
1− α(1− 2u)

)2

× ln
(
1− α(1− 2u)

)
du

−
∫ 1

0

ur−1(1− u)n−r

4α(1− 2u)

×
(
1 + α(1− 2u)

)2

× ln
(
1 + α(1− 2u)

)
du (1)

We now mention some simple properties of Gα(r :

n) definition in (1):

(1) Gα(r : n) = Gα(n− r + 1 : n).

(2) Gα(r : n) = G−α(r : n).

(3) Gα(r : n) does not depend on the distribution

F (.).
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Oscillation Space Embedding and the Estimation of

Box Dimension: A Correction on Previous Attempts
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Abstract: Based on an embedding on a Besov space, many fractal dimension estimations have been proposed

using wavelet transformation. Many of them were diminished by the counter-example on the embedding

but corrected by defining a bounded variational seminormed space. Thus, we correct the fractal function

estimation approaches which have employed the wrong embedding. The results are given for the problem of

estimation of multi-dimensional functions instead of simple univariate case. We also obtain the consistency

of the proposed estimator in the probability space induced by random functions. The results are examined

through a simulation study on the index-β family of incremental stationary Gaussian fields. Moreover,

under the laboratory situations, the procedure of equilibration of heap in a liquid is studied in view of this

estimator.

Keywords: box dimension; Hölder continuity; index-β Gaussian field; spatial adaptation; wavelet.

1 INTRODUCTION

Put a surface in an XY Z Cartesian system and

consider XY plane as time index while Z repre-

sents surface height in each index. We therefore an-

alyze the surface as a noisy path of a random field.

This idea would be extended similarly to higher

dimensional real value data, which mainly appear

in specially astronomical problems. Regardless of

physics theories on the noise creation due to uncer-

tainty, noise is an inseparable part of observations

even in precise tools. We then often confront with

noisy time plots which may cause misunderstand-

ing in exploring the pattern of the surface. Let A

be a non-empty bounded subset in RN+1, N ∈ N,
and Cδ(A) be the smallest number of sets of diam-

eter lower than δ which cover A. Then the box

dimension of A is dimBA = limδ→0
log Cδ(A)
− log δ . The

lim inf and lim sup are computed when the limit

does not exist. The results are then called lower

and upper box dimensions and denoted by dimB

and dimB, respectively. It follows by the defini-

tion that dimBA ≤ N + 1 and there is nothing to

guarantee that the dimension remains an integer

number.

A variety of approaches has been proposed for com-

puting the box dimension of signals or surfaces.

The statistical literatures containing theoretical ap-

proaches to accomplish good estimators are re-

stricted and we mention [11] and [9] as essentially

opening solutions for the statistical box dimension

estimation. Statistical results such as asymptotic

variance and bias of capacity based box dimension

were motivated by [5].

Linking the box dimension to wavelet coefficients
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is the basis of our estimator. This linkage was per-

formed by [3] for real value functions on a bounded

interval I ⊂ R The result is generalized here for real

value functions on I ⊂ RN and then a consistent

estimator grows up by applying an inferential solu-

tion to the ideal spatial adaptation problem. This

procedure was introduced by [12] for simple one-

dimensional stochastic processes which is corrected

and extended here.

2 Preliminaries

Let X(t), t ∈ RN , be an N -dimensional random

field and let x(t) be a realization of X(t). Practi-

cally, the regular observations are collected through

a bounded subset of RN , hence without loss of gen-

erality, assume that t ∈ I0 = [0, 1]N . At reso-

lution j = (j1, . . . , jN+1) ∈ NN+1 and translation

k = (k1, . . . , kN ) ∈ NN , let Qj,k be a dyadic sub-

cube of I0 i.e.

Qj,k =
{
t ∈ I0

∣∣∣ ki
M ji

≤ ti ≤
ki + 1

M ji
; i = 1, . . . , N ;

ki = 0, . . . ,M ji − 1
}
,

where M is a large enough integer number. Since

the resolution will be employed in covering the

graph of random field, we let j ∈ NN+1. We also

denote the oscillation of x over the set Q by

osc(x;Q) = sup
Q

{x(t)− x(s)|t, s ∈ Q}

= sup
Q
x− inf

Q
x.

Let j. =
∑N

i=1 ji and assume that, I0 is grid-

ded by N j. numbers of the disjoint sub-cubes with

the same volumes. Thus, the total oscillation of

x is defined by Osc(x; j) =
∑

∥Q∥=M−j. osc(x;Q)

where the summation is over all dyadic sub-cubes

Q with volume equal to M−j. . Define Gx(A) :=

{(t, x(t))|t ∈ A} which is the graph of x on A.

According to [7] we have

CM−j.

(
Gx(I0)

)
∼M j. +M jN+1Osc(x; j), (1)

where A ∼ B if A = O(B) and B = O(A). The re-

maining is the relationship between oscillation and

wavelet which traces back to [3] where the oscilla-

tion of x is related to the Besov space of particular

index. The results were confronted by a counter-

example by [7] and have been corrected by [6].

Consider the representation

x =
∑
Q∈Q

⟨x, φQ⟩ψQ, (2)

for x where φQj,k
(·) = 2j./2φ(2j · −k) and 2j =

(2j1 , . . . , 2jN ). The summation represents the

wavelet decomposition of x, and φ is called mother

wavelet or wavelet, briefly. The sequence wQ =

⟨x, φQ⟩ is also called wavelet coefficient. The oscil-

lation is related to the wavelet by

lim inf
j→∞

logOsc(x, j)

log 2−j

= lim sup
j→∞

log
∑

k supQj′,k′ |wQj′,k′ |
j log 2

. (3)

Employing (1) and (3) or directly from [6], for any

continuous real value sample path x on [0, 1]N we

have with probability one, dimBGx([0, 1]
N ) =

max
{
N, 1 + lim sup

j→∞

log
∑

k supQj′,k′ |wQj′,k′ |
j log 2

}
. (4)

3 Fractal dimension estima-

tion

3.1 Consistent estimation

Our sample includes the values of x only on the

nodes of a lattice L and there is no observation

within sub-cubes. Let n = (n1, . . . , nN ) be the

gridding level which means that the interval [0, 1]

on the ith axis of the Cartesian system divided

into ni = 2Ji+1 equidistant parts where Ji > 1

is an integer number. For convenience, let l/n de-

notes the node (l1/n1, . . . , lN/nN ) for 0 ≤ li ≤ ni,

i = 1, . . . , N . The foregoing sampling assumptions

confirms that the data y(l/n) is observed from the

nonparametric regression model

y
( l
n

)
= x

( l
n

)
+ ε

( l
n

)
, (5)
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for l/n ∈ L where ε(l/n) are independently dis-

tributed as N(0, σ2) and x is the real path of X

which we would like to find wavelet coefficients for.

We need to compute the empirical wavelet coeffi-

cients of Y , named w′
Q. Threshold w′

Q by a soft

or hard thresholding rules according to the func-

tions ηS(w
′) = sgn(w′)(|w′| − λn∗) or ηS(w

′) =

|w′|1(|w′| > λn∗), respectively. Let us now recon-

struct the function by the generated coefficients.

This function estimation was introduced by [4] and

was called Wavelet shrinkage. With reference to [4]

and due to some restrictions for dyadic sub-cubes

we have

w′
Q = wQ + uQ, (6)

where u is the empirical wavelet coefficient of ε. For

the N -dimensional sequence jn = (j1n, . . . , jNn) in

which the ith element is O(
√
log n) we have the

following theorem.

Theorem 3.1. Under the model (5) if y is a con-

tinuous noisy sample path of X on [0, 1]N , then

T (y; jn) = 1 +

log2

(∑
k supQj′n,k′ |ηS(w′

Qj′n,k′ )|
)

j.n
p−−→ dimBGX([0, 1]N ). (7)

Employing (7), one may estimate the upper box

dimension of the graph of a noisy random field,

consistently.

Concerning the index-β family: We show that

the wavelet coefficients for Qj,k is rewritten as

|wQj,k
| ≤ c2−j./22−βj(1)

∫
∥v∥β |φ(v)| dv

+c2−j./22−βj(1)∥k∥β
∫

|φ(v)| dv,

in this family. The order of noise term in [12] is

n−1/2 while it is shown that this order is constant

here. Thereupon, our estimator is more flexible in

constructing precise decisions by using high reolu-

tions. Note that the method of computing the em-

pirical wavelet coefficients is different from the one

used by [12]. On the other hand, in low resolutions

the variation of w′ is controlled by w. It is worth

mentioning that in low resolutions the new prob-

lem is letting j to infinity which may cause failure

in preparing a large enough j to hold the conver-

gence true. Thus, a noticeable point is the behavior

of convergence. Surprisingly, the order of noise, is

not affected by dimension growth of the random

field. More precisely, the noise term affects on es-

timation only via σ2.

4 Differences with the denois-

ing problem

One may denoise the surface before performing

any estimation procedure to ensure that the es-

timated parameter of roughness measurement is

specialized to the surface and is not affected by

noise. An efficient method of denoising is based

on the wavelet approximation. Projecting the sur-

face onto spaces generated by mother and father

wavelets, this method decomposes the surface into

two approximation and detail parts, respectively.

Since the surface is observed on discrete nodes of

the lattice, the projection is strongly affected by

the width of the windows which used for estimat-

ing the approximation coefficients with respect to

mother wavelet. Just like our method, the problem

of resolution is arisen here again. In low resolu-

tions, we may loose some parts of the surface and

in high resolutions the approximated surface is not

well-denoised. According to the wavelet shrinkage

technique, denoising is succeeded optimally. After

denoising, we will confront the difficulties of us-

ing intrinsic estimators. Therefore, if denoising is

based on wavelet methods, it can be seen an equiva-

lence between this approach and the one introduced

in this paper.

In some problems, one may need to control the

roughness instead of measurement. An upper (or

lower) bound for the box dimension is required

in such cases. Considering the bounded variation

property and (1) together is useful to this end. Let

3
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V α be the class of all functions x : [0, 1]N → R
satisfying

sup
j.∈N

Osc(x; j)

M (j.+jN+1)(1−α)
<∞, (8)

and hence the space V α is non-decreasing in α. As-

sume that x is continuous on [0, 1]N . Using (1), for

any 0 < α < 1

dimBGx([0, 1]
N ) = N + 1− α,

if and only if x ∈
∩

β<α V
β\

∪
β>α V

β . For the sake

of conciseness, the proof is referred to [8] where care

to be taken with deducing the last sentence of the

proof of sufficiency. This equation can make an

upper bound for the box dimension.
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1 INTRODUCTION

Simply speaking, a point pattern as a realization

of a point process is a set of points in the window

where practically the positions and the number of

points are random. There are many observations

in form of point patterns in nature; for instance,

the positions of trees in a forest, and galaxies in

the universe. Analysis of spatial point process have

been carried out in the spatial and frequency do-

mains via the semivariogram and periodogram, re-

spectively [6]. Just like the time series analysis,

the results interpretations in time domain are more

objective. This makes a great interest in analysis

of spatial point process with the same approach

in. The difficulty of Frequency domain analysis is

usually originates from application of the Fourier

transforms and Hilbert space theory.

On the other hand, the geometric structure of a

point pattern has been brought to the interest.

This structure is relative to the structure of points

aggregation and the effect of points interactions.

In the spatial point pattern, the structure of points

aggregation and interactions is characterised by in-

tensity and covariance density functions, respec-

tively. Spectral density is the Fourier transform

of the complete covariance density function. For

stationary point process, spectral density is func-

tion of intensity and the Fourier transform of the

covariance density functions. Therefore, it is aimed

to show that the difference in spectral density func-

tions is resulted from difference in the covariance

density functions for two spatial point processes

with the same constant intensity functions.

Firstly, [3] suggested spectral techniques for ana-

lyzing the spatial point patterns. The technique

has been studied and extended by [10] to two-

dimensional point patterns. Our method is based

on the asymptotic distribution of the ratios of pe-

riodograms. For time series problems, [4] initiated

a model for spectral ratios and accordingly intro-

duced a nonparametric test for the equality of two

∗Corresponding Author

1

19

19



spectra. Reference [7] assumed a regression model

for the logarithm of periodogram. Then, they ap-

plied generalised likelihood ratio tests to investi-

gate belonging of the spectral density of a station-

ary time series to a special parametric family. In

this paper, a different method is used for testing

the equality of the spectral densities of two inde-

pendent stationary point processes. Accordingly,

the theory of spectral analysis of spatial point pro-

cesses is briefly reviewed in Section 2. In viewpoint

of frequentists, a Bayesian testing procedure is pre-

sented in Section 3.

2 PRELIMINARIES

It is often possible to discriminate several spa-

tial point processes by comparing their first- and

second-order properties. The first order property,

namely intensity function, is defined as the ex-

pected number of points per unit volume [5] as fol-

lows:

λX(a) = lim
|da|→0

E[NX(da)]

|da|
, a ∈ Rd, (1)

where d ∈ N, da is the small region around the

point a, |da| is the volume of this region, and

NX(da) is the cardinality measure of this region.

Furthermore, the second-order properties, often de-

scribed by means of second-order intensity, charac-

terize the covariance between the number of points

at different regions [5] as follows:

λXX(a,b) = lim
|da|→0
|db|→0

E[NX(da)NX(db)]

|da||db|
,

a ̸= b, a,b ∈ Rd. (2)

Reference [3] proposed a complete covariance den-

sity function for description of second-order prop-

erties of orderly spatial point process as follows:

κXX(a,b) = λX(a)δ(a1−b1) . . . δ(ad−bd)+γXX(a,b),

where δ(a) is the Dirac delta-function and γXX is

the covariance density function, which in turn can

be defined as:

γXX(a,b) = λXX(a,b)− λX(a)λX(b). (3)

For a stationary point process the intensity func-

tion is constant, i.e. λX(a) = λ and λXX(a,b) =

λXX(a−b) = λXX(h). The second equation means

that the second-order intensity depends merely on

the vector difference, h, among a and b. Conse-

quently, the complete covariance density function

of a stationary point process is reduced to

κXX(h) = λXδ(h1) . . . δ(hd) + γXX(h). (4)

Reference [3] extended spectral analysis for the case

d = 1 to spatial case d = 2, which has been used

by [2].

The characterization of the spectral density func-

tion of a point process is carried out similarly to

the Fourier transform of the complete covariance

density function. It is given by following equation

for stationary point process:

fX(ω) =

∫
Rd

κXX(h)e−i⟨ω,h⟩dh =

∫
Rd

[λXδ(h1) . . . δ(hd)

+ γXX(h)]e−i⟨ω,h⟩dh = λX +

∫
Rd

γXX(h)e−i⟨ω,h⟩dh.

Assume that an observed pattern contains NX

events in a rectangular region W , in which W

has sides of length Li, where along the i’th co-

ordinate of the Cartesian system for i = 1, . . . , d.

Let zj , j = 1, ..., NX , indicate the positions of the

events. The spectral density function for such pat-

tern can be estimated by the discrete Fourier trans-

form, called periodogram, specified at the Fourier

frequencies ωp = 2πp, with p = (p1, . . . , pd), pj =

0,±1,±2, . . . for j = 1, . . . , d [6]. Suppose that

{z1, . . . , zNX
} is the observed point pattern in the

Euclidean space. The periodogram according to

this sample path is defined as follows:

IX(ω) = FX(ω)FX(ω)

=

NX∑
j=1

exp{iωTL−1zj}

NX∑
k=1

exp{iωTL−1zk}


=

NX∑
j=1

NX∑
k=1

exp{iωTL−1(zj − zk)} (5)
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where FX(ω) is the complex conjugate of FX(ω),

and L is a scaling matrix given by L =

diag(L1, . . . , Ld).

It is easily verified that by symmetry, IX(ωp) =

IX(ω−p). The periodogram is an unbiased but in-

consistent estimate of the spectral density fX(ω)

[8]. Reference [8] recommended computation of

IX(ωp) for p ∈ {0,±1, . . . ,±16}d when NX <

100. However, in this study, we consider p ∈
{±1, . . . ,±8}d for comparing the spectral densities

of two point processes.

Reference [9] confirmed that for random fields in

two dimensions, when NX → ∞, spectral estimates

have asymptotically χ2 distribution. Reference [12]

extended this problem to the higher dimensions.

Similar result satisfied for d-dimensional point pro-

cesses as follow:

2IX(ωp)

fX(ωp)
∼ χ2

(2), ωp ̸= 0, (6)

and
2{IX(0)− λX}

fX(0)
∼ χ2

(1). (7)

There is restriction for the independency of peri-

odograms at different frequencies and it highly de-

pends on the geometry of the window W . Con-

cerning the random fields, [1] showed that the in-

dependency of periodograms can be obtained when

W is a hyper-cube in Rd. In our problem we then

consider that the assumptions of [1] hold true.

3 TESTING APPROACH

In this section, a test based on periodogram ordi-

nates is proposed for comparing the spectral densi-

ties of two independent stationary point processes

in R2. Symmetric property of periodogram al-

lows us to only calculate periodogram values for

p1 = ±1, ...,±8 and p2 = 1, ..., 8.

Suppose that X and Y are independent station-

ary point processes and let IX and fX and IY and

fY be respectively their corresponding periodogram

and spectral density functions.

In this condition, the test can be discussed with

respect to the following hypotheses:

H0 : fX(ω) = fY (ω), versus

H1 : fX(ω) ̸= fY (ω), ω ∈ R2. (8)

We attempt to find a rejection area based on the

estimates at only Fourier frequencies. Set η(p) =

fX(ωp)/fY (ωp) and ηj be the restriction of η to

Hj , j = 0, 1. From (6), and independence of IX

and IY , it is clear that

IX(ωp)/fX(ωp)

IY (ωp)/fY (ωp)
∼ F (2, 2), (9)

and hence T (p) = IX(ωp)/IY (ωp) is distributed

as

fT (t|η) =
η

(η + t)2
, t > 0. (10)

Under the null hypothesis, η0 = 1 and T (p) =

IX(ωp)/IY (ωp) ∼ F (2, 2) with the following den-

sity

fT (t|η0) =
1

(1 + t)2
, t > 0. (11)

3.1 Bayesian approach

Here, the [11] definition was used for calculation

of the Bayes factor and comparison of the spectral

densities of two stationary point processes.

Reference [11] described the Bayes factor as equa-

tion (12) by taking into account the point null hy-

pothesis H0 and marking by g1 and m1, respec-

tively, the prior density and marginal distribution

under H1,

Bπ
01 =

f(t|η0)
m1(t)

=
f(t|η0)∫∞

0
f(t|η)g1(η)dη

. (12)

For the sake of conciseness, we refer to [11][Section

5.2] for the rejection criterion using the Bayes fac-

tor. For convenience, fX(ωp) and fY (ωp) are ab-

breviated as fX and fY . Suppose fX and fY have

the Log-normal prior distributions with parameters

(µX , σ2
X) and (µY , σ

2
Y ), respectively, i.e., the den-

sity function of fX is

ffX (f) =
1

f
√

2πσ2
X

exp{− 1

2σ2
X

(ln f− µX)2},

f > 0, µX ∈ R, σX > 0. (13)
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The prior distribution of η(p) under the alter-

native hypothesis is Log-normal with parameters

(µX −µY , σ
2
X +σ2

Y ), and the marginal distribution

of T on H1 is

m1(t) =

∫ ∞

0

η

(η + t)2
1

η
√
2π(σ2

X + σ2
Y )

×

exp{− 1

2(σ2
X + σ2

Y )
(ln η − (µX − µY ))

2}dη. (14)

For this problem, the Bayes factor equals to

Bπ
10 =

1

Bπ
01

= (1 + t)2
∫ ∞

0

1

(η + t)2
1√

2π(σ2
X + σ2

Y )
×

exp{− 1

2(σ2
X + σ2

Y )
(ln η − (µX − µY ))

2}dη. (15)

A numerical study based on 1000 simulation repli-

cates from Strauss process with parameters β = 5

(intensity parameter), γ = 0.7 (interaction param-

eter) and R = 0.05 (interaction radius) on a 10×10

square and assuming values µX = µY = 5 and

σ2
X = σ2

Y = 1 for hyper parameters, shows that this

test reject the null hypothesis at level less than 1%.

When two point processes with the same constant

intensities were compared, rejection of the null hy-

pothesis indicated that their spectral densities were

different. Since for a stationary point process the

spectral density is a function of constant inten-

sity and covariance density function, so, one can

conclude that the difference of two spectral den-

sities are due to the difference of their covariance

density functions. But this is not true for Pois-

son processes, due to the independency of points

position in stationary Poisson processes, in which

λXX(a,b) = λXX(h) = λ2 and γXX(a,b) =

γXX(h) = 0, so the spectral density function equals

to the constant intensity.
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1 INTRODUCTION

Machine translation (MT) is the automatic trans-

lation of a text in one language into another. Sta-

tistical Machine Translation (SMT) is one of the

methods of MT that is based on statistical models.

[2]

There are two general models to build SMT

systems: word-based and phrase-based models, but

the latter is currently used [3].

Word alignment is used by phrase-based sys-

tems to extract phrase pairs from trining data and

build tables of possible translations of phrase [2].

There are several methods for word alignment that

are divided into two groups: generative word align-

ment and discriminative word alignment models.

The former is usually based on IBM models. For

the first time, Brown et. al [1] introduced IBM

models.

In this paper, it is considered IBM model

1 and its parameter estimation via Expectation-

Maximization (EM) algorithm. For a number

of bilingual parallel corpus it has been done by

Giza++ [5]. But we do it by R software for 100,000

sentence pairs for an English-Persian named Mizan

[4] and over 80 percentage of word alignments hav-

ing true link (translation) between English and Per-

sian words.

2 Definitions

Sentence-aligned Parallel Corpus: Large set of

bilingual texts such that for each sentence in one

natural language there is its translation into an-

other [2].∗

Alignment : It is a link between English and Per-

sian words.

Alignment Function: Alignment can be formal-

ized with an alignment function. Mapping an En-

glish target word at position j to a Persian source

∗Corresponding Author
∗In this paper it is considered an English-Persian parallel corpus.
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word at position i with a function a : j → i [3].

In this paper it is assumed that we want to

translate Persian sentence into English.

3 IBM Model 1

The fundamental aim of SMT is finding most prob-

able English sentence given a Persian sentence as

follows:

ê = argmaxeP (e|f) (1)

Probability are determined by training a sta-

tistical model using the parallel corpus [2].

Assuming that we have a sentence-aligned

parallel corpus (F,E) where F (E) is a set of f (e)

sentences, also is called source (target) language

and fi(ej) denotes the i− th (j − th) word in f (e)

sentence with length of lf (le).

In IBM model 1, we have

P (e|f) =
∑
a

P(a, e|f) (2)

where P (a, e|f) is the translation probability for a

Persian sentence f to an English sentence e with an

alignment of each English word ej to a Persian word

fi according to the alignment function a : j → i as

follows

P (a, e|f) = ε

(lf + 1)le

le∏
j=1

t(ej|fa(j)) (3)

where ε is a normalization constant and t(ej |fa(j))
is the (conditional) probability of the words being

aligned [3].

Relative frequency estimates can be used to

estimate t(ej |fa(j)). The problem is that we do not

have word-aligned data. There is a mathematical

solution to this problem which is EM algorithm.

3.1 IBM Model 1 and EM algorithm

As we mentioned above, t(ej |fa(j)) is to be esti-

mated via EM algorithm. To do this, we obtain

t(ej |fi; e, f) =
∑

e,f c(ej|fi; e, f)∑
e

∑
e,f c(ej|fi; e, f)

(4)

where c(ej |fi; e, f) is a count function. It collects

evidence from a sentence pair (e,f) that a particu-

lar source word fi translates into the target word

ej i.e

c(ej |fi; e, f) =
∑
a

P(a|e, f)
le∑
j=1

δ(e, ej)δ(f , fa(j))

(5)

where δ(x, y) is 1 if x = y and 0 otherwise and

using (3) P (a|e, f) can be calculated as bellow

P (a|e, f) = P (a, e|f)∑
a P (a, e|f)

=

le∏
j=1

t(ej |fa(j))∑le
i=0 t(ej |fa(j))

(6)

Applying (5) in (6), it is obtained

c(ej |fi; e, f) =
t(ej|fi)∑lf
i=0 t(ej|fi)

le∑
j=1

δ(e, ej)

lf∑
i=0

δ(f , fi)

(7)

Thus the EM algorithm works as the following:

1. Initialize value for t(ej |fi), (e.g. uniform).

2. Calculate c(ej |fi; e, f) by (7) (Expectation

Step).

3. Recalculate t(ej |fi) by (4) (Maximization Step).

4. Iterate steps 2 and 3 until convergence [3].

R codes are available in appendix.

4 Word Alignment Based on

IBM Models

To use the IBM models for word alignment, it is it-

erated EM algorithm to find estimation of t(ej |fi)
and then obtain P (a, e|f) using (3). It is also called

Viterbi alignment.

5 Results

EM algorithm is applied to estimate parameters

of IBM model 1 for the English-Persian Parallel

Corpus Mizan (only for 100,000 sentence pairs) [4].

Over 80 percentage of parameter estimations are

reasonable.
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6 Appendix

a1=a2=a=b=t=u=bb=c()

a1=as.character(read.delim(‘D:/Mizan_En1.txt‘

,sep=‘\n‘,nrows=100000,h=F)[[1]])

a2=as.character(read.delim(‘D:/Mizan_Fa1.txt‘

,sep=‘\n‘,encod=‘UTF-8‘,nrows=100000

,h=F)[[1]])

a=cbind(a1,a2)

a3=nrow(a)

b=apply(a,1,function(x)cbind(Var1=rep.int

(strsplit(as.character(x[1]),’ ’)[[1]],

length(strsplit(as.character(x[2]),’ ’)

[[1]])), Var2=rep(strsplit(as.character

(x[2]),’ ’)[[1]], each=length(strsplit

(as.character(x[1]),’ ’)[[1]]))))

bb=unlist(b)

cc=sapply(b,length)

kk1=c(1,cumsum(cc[-length(cc)])+1)

kk2=kk1+cc/2-1

pp=eval(parse(text=paste(’c(’,paste(kk1,kk2

,sep=’:’,collapse=’,’),’)’,\\sep=’’)))

e=bb[-pp]

f=bb[pp]

k=cc/2

g=rep(1:a3,k)

t=as.numeric(rep(1/k,k))

e=tolower(e)

f=tolower(f)

library(’AnnotationDbi’)

o1=order(paste(g,e,f))

z3=paste(f,e)

jjj=order(z3)

t=t[jjj]

for(iiii in 1:10)

{

count0=by(t,paste(g[jjj],e[jjj]),

function(x)x/sum(x))

count=by(unlist(count0),paste(f[o1],e[o1]),

function(x)rep(sum(x),length(x)))

total= by(unlist(count0),f[o1],function(x)

rep(sum(x),length(x)))

t=unlist2(count)/unlist2(total)

}
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آنها ویژگیهای برخͬ و EW و TTT تصادفͬ های ترتیب
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دو این ارتباط همچنین و آنها های ویژگͬ از برخͬ و معرفͬ (EW ثروت( فزونͬ و (TTT ) آزمون زمان کل تصادفͬ های ترتیب مقاله این در چͺیده:

قابلیت نظریه و بیمه در تصادفͬ های ترتیب این از کاربردهایی ادامه در گیرد. مͬ قرار مطالعه مورد تصادفͬ های ترتیب سایر و یͺدیͽر با تصادفͬ ترتیب

شود. مͬ ارایه اعتماد

زیان توقف تبدیل ،F با EWمرتبط تبدیل ،F با مرتبط TTT تبدیل ثروت، فزونͬ تصادفͬ ترتیب آزمون، زمان کل تصادفͬ ترتیب کلیدی: کلمات

تصادفͬ ترتیب در Y از کوچͺتر را X آنگاه
∫ G−1(p)

0
Ḡ(x)dx

مͬ نشان F ≤ttt G یا X ≤ttt Y نمادهای با و گوییم TTT

∞∫دهیم.
F−1(p)

F̄ (x)dx ≤ ،p ∈ (0, 1) اگر ب)

EWگوییم ترتیب در Y از کوچͺتر Xرا آنگاه
∫∞
G−1(p)

Ḡ(x)dx

دهیم. مͬ نشان F ≤ew G Xیا ≤ew Y نمادهای با و

و F توزیع توابع با تصادفͬ متغیر دو Y و X کنید فرض .٢ تعریف

باشند، G و F معکوس توابع ترتیب به G−1 و F−1 و باشند G

G−1(p) − F−1(p) و باشند پیوسته راست از G−1 و F−1اگر

با و نامند پراکندگͬ ترتیب در Y از کوچͺتر Xرا آنگاه صعودی، تابعͬ

دهیم. مͬ Xنشان ≤disp Y نماد

توزیع توابع با نامنفͬ تصادفͬ متغیر دو Y Xو کنید فرض .٣ تعریف

[0, b) و [0, a) های گاه تکیه دارای که باشند G و F پیوسته مطلقا

اند: نامتناهͬ یا متناهͬ ثابتهای b و a و هستند

Y از کوچͺتر را X آنگاه باشد محدب تابعͬ G−1(F ) الف)اگر

F ≤c G یا X ≤c Y نمادهای با و نامند محدب تبدیل ترتیب در

دهیم. مͬ نشان

را X آنگاه باشد صعودی x > 0 به نسبت G−1(F )
x اگر ب)

مͬ نشان X ≤∗ Y نماد با و نامیم ستاره ترتیب در Y از کوچͺتر

دهیم.

مقدمه

برانک و برمنر بارتالومو، بارلو، توسط جدی بطور TTT تصادفͬ ترتیب

داکسوم و بارلو آن از پس و گرفت قرار مطالعه و بررسͬ مورد (١٩٧٢)

ترتیب با آن رابطه و TTT تصادفͬ ترتیب خواص از برخͬ (١٩٧٢)

روی زیادی تحقیقات کردند. بیان را آن از کاربردهایی همچنین محدبو

،(١٩٨۶) بارتازویچ مثال عنوان به است، شده انجام تصادفͬ ترتیب این

سال در کرد. بیان را TTT تبدیل از کاربردهایی (١٩٩۵) و (١٩٩٨)

توجه مورد EW و TTT تصادفͬ های ترتیب بین رابطه اخیر های

و (٢٠٠۴) شیͺد و لͬ و (٢٠٠٢) کوچار و شیͺد و لͬ مانند محققانͬ

است. گرفته قرار (٢٠٠٧)

تصادفͬ ترتیب

سایر EW و TTT تصادفͬ های ترتیب معرفͬ از پس بخش این در

و گردد(شیͺد مͬ معرفͬ مقاله در مطالعه مورد تصادفͬ های ترتیب

.(٢٠٠٧ شانتیͺو

با ترتیب به نامنفͬ تصادفͬ متغیر دو Y و X کنید فرض .١ تعریف

Gباشند: و F های ∫توزیع F−1(p)

0
F̄ (x)dx ≤ ،p ∈ (0, 1) ظ اگر الف)

١
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و F پیوسته توزیع تابع با نامنفͬ تصادفͬ Xمتغیر کنید فرض .١ قضیه

صورت این در باشد. µ = E(X) < ∞

است. TTT تبدیل Xtttمعکوس توزیع تابع الف)

است. ثروت فزونͬ تبدیل Xewمعکوس بقای تابع ب)

.Xew = µ−Xttt آنگاه باشد برقرار ١ قضیه شرایط اگر .١ نتیجه

مͬ محاسبه زیر صورت Xewبه Xtttو گشتاورهای k ≥ 1 هر برای

شود:

E[Xttt]
k =

∫ ∞

0

[

∫ x

0

F̄ (y)dy]kdF (x)

=

∫ ∞

0

∫ x

0

...

∫ x

0

[

k∏
i=1

F̄ (yi)]dy1...dykdF (x)

= k!

∫
..

∫
0≤y1≤..≤yk

F̄ (y1)..F̄ (yk−1)[F̄ (yk)]
2dy1..dyk

داریم: k = 1 برای خاص حالت در

E[Xttt] =

∫ ∞

0

F̄ 2(x)dx,

Xewداریم: برای مشابه طور به

E[Xew]
k = k!

∫
..

∫
0≤y1≤..≤yk

F (y1)F̄ (y1)..F̄ (yk)dy1..dyk,

داریم: k = 1 برای خاص حالت در و

E[Xew] =

∫ ∞

0

F (x)F̄ (x)dx.

با EW و TTT تصادفͬ های ترتیب ارتباط

تصادفͬ های ترتیب سایر و یͺدیͽر

ترتیب برخͬ EWبا و TTT تصادفͬ های ترتیب ارتباط قسمت این در

دهیم. قرارمͬ بررسͬ مورد تصادفͬ های

آنگاه: باشند نامنفͬ تصادفͬ متغیر دو Y Xو ٢.اگر قضیه

Xttt ≤st Yttt ⇐⇒ X ≤ttt Y الف)

Xو ≤ttt Y =⇒ Xttt ≤ttt Yttt ب)

X ≤st Y =⇒ Xttt ≤st Yttt

آنگاه µy < ∞, µx < ∞ اگر ج)

Xew ≤st Yew ⇐⇒ X ≤ew Y

اگر آن بر علاوه و (aX)ttt =st aXttt, a > 0 هر برای د)

باشند: تصادفͬ متغیر دو Y Xو کنید فرض .۴ تعریف

E[ϕ(X)]آنگاه ≤ E[ϕ(Y )] ،ϕمحدب تابع هر برای اگر الف)

نمادهای با و شود مͬ نامیده محدب ترتیب در Y از کوچͺتر را X

دهیم. مͬ نشان F ≤cx G Xیا ≤cx Y

E[ϕ(X)] ≤ ،ϕ صعودی محدب تابع هر برای اگر ب)

نامیده صعودی محدب ترتیب در Y از کوچͺتر Xرا E[ϕ(Yآنگاه )]

دهیم. مͬ نشان F ≤icx G Xیا ≤icx Y نمادهای با و شود مͬ

E[ϕ(X)] ≤ E[ϕ(Y )] ،ϕ صعودی مقعر تابع هر برای اگر ج)

با و شود مͬ نامیده صعودی مقعر ترتیب در Y از کوچͺتر را X آنگاه

دهیم. مͬ نشان F ≤icv G Xیا ≤icv Y نمادهای

EW و TTT تصادفͬ های ترتیب های ویژگͬ

مطالعه بخش این در EW و TTT تصادفͬ های ترتیب های ویژگͬ

شود. مͬ

،p ∈ (0, 1) آنگاه باشد F توزیع تابع با تصادفͬ متغیری X اگر

مͬ F با مرتبط TTT تبدیل را TX(p) =
∫ F−1(p)

0
F̄ (x)dx

تبدیل را WX(p) =
∫∞
F−1(p)

F̄ (x)dx ،p ∈ (0, 1) و نامیم

همͺاران٢٠٠٢). و نامیم(کوچار F با EWمرتبط

مشاهده باشد µ < ∞ با نامنفͬ تصادفͬ متغیر ͷی X وقتͬ

به و دهیم مͬ نشان Xttt با را داده رخ X وقتͬ آزمون زمان کل

فزونͬ مشاهده و شود مͬ تعریف Xttt = TX(F (X)) صورت

صورت به و دهیم مͬ نشان Xew با را است داده رخ X وقتͬ ثروت

شود. مͬ Xewتعریف = WX(F (X))

است (0, 1) بازه روی یͺنواخت توزیع دارای F (X) چون .١ تبصره

و Xew =st WX(U) همچنین و Xttt =
∫ x

0
F̄ (x)dx و

توزیع در برابری معنای به =st آن در که Xew =
∫∞
x

F̄ (x)dx

است.

F̄ (x) = 1
1+x ،x > 0 بقای تابع با متغیرتصادفͬ X اگر .١ مثال

آنگاه: باشد

Xttt =

∫ x

0

1

1 + x
dx = log(1 +X),

FXttt(X) = 1− e−y ،y > 0 با است Xtttبرابر توزیع تابع و

.Xew =
∫∞
x

1
1+xdx ولͬ

٢
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Yttt = و است E(X) میانگین با نمایی تصادفͬ متغیر ͷی Y

تصادفͬ متغیر اگر که دهد مͬ نتیجه ٣ قضیه بنابراین .U(0, E(X))

Xttt ≥icv آنگاه باشد HNBUE خاصیت دارای X نامنفͬ

.U(0, E(X))

کاربردها

بیمه در کاربرد

نشان را بیمه ͷی ضرر میزان F (x) توزیع با تصادفͬ متغیر اگر

E(X) = با است برابر ضرر) ریاضͬ ضرر(امید متوسط آنگاه دهد،

هر برای اضافͬ پرداخت در E(X) ضرر، متوسط .
∫∞
0

F̄ (x)dx

خطر ͷریس وقتͬ دیͽر عبارت به باشد. مͬ قرار توجه مورد بیمه قرارداد

لͬ به بیشتر اطلاع گیرد(برای مͬ بیشتری وزن ضرر مقدار است بیشتر

شود). مراجعه ٢٠٠٧ وشیͺد

ΠX(t) ≤ اگر باشند. مخاطره دو Y و X کنید فرض .۵ تعریف

زیان توقف ترتیب در Y از کوچͺتر را X آنگاه ΠY (t), t ≥ 0

ΠX(t) = آن در که دهیم مͬ نشان X ≤st Y نماد با و نامیم

Xگوییم(مولر مخاطره زیان توقف تبدیل را
∫∞
t

F̄X(x)dx, t ≥ 0

.(١٩٩۶

شود: مͬ نتیجه راحتͬ به فوق تعریف از

ΠX(X) =

∫ ∞

X

F̄X(x)dx = Xew (١)

است: زیر خواص ΠXدارای تابع

است. محدب و ΠXنزولͬ (١

−1 ≤ و دارد وجود D+ΠX یعنͬ ΠX راست سمت مشتق (٢

.D+ΠX ≤ 0

.limt→∞ΠX(t) = 0 (٣

ͷی باشد بالا خواص دارای که Π : R+ → R تابع هر برای

تابع است. X زیان توقف تبدیل Π بطوریͺه دارد وجود X مخاطره

نوشت FX(t) = D+ΠX(t) + 1 صورت به توان مͬ Xرا زیان

.ΠX(0) = E(X) همچنین و

نامنفͬ تصادفͬ متغیر برای قیمت تغییر کلͬ مقدار (٢٠٠١) هورلیمن

نمود. معرفͬ زیر صورت به را F (x) توزیع تابع Xبا

P3(x) =

∫ ∞

0

(F̄ (x))ρdx , 0 < ρ < 1

(aX)ew =st aXew آنگاه µ < ∞

تصادفͬ متغیرهای EWبرای تصادفͬ های ترتیب های ویژگͬ از برخͬ

ثروت فزونͬ های تبدیل تبدیل و متناهͬ میانگین با Y و X نامنفͬ

شده اثبات و بررسͬ شانتیͺومار(١٩٩٨) و شیͺد توسط WY و WX

X ≤ew Y آنگاه WX ≤ WY اگر دادند نشان آنها است.

Xew ≤st کردند ثابت این بر علاوه ،E(X) ≤ E(Y ) و

اگر کرد ثابت نیز (١٩٩٨) فرناندز .Yew ⇐⇒ X ≤ew Y

E|X1 − و V ar(X) ≤ V ar(Y ) آنگاه Xew ≤st Yew

اگر دادند نشان (٢٠٠۴) شیͺد و لͬ .X2| ≤ E|Y1 − Y2|

Y و X از مستقل نمونه دو Y1, Y2, ..., Yn و X1, X2, ..., Xn

[min{X1, X2, ..., Xn−r}]ew ≤st،1 ≤ r ≤ n−1 و باشند

E(X(r+1) − X(r)) ≤ آنگاه [min{Y1, Y2, ..., Yn−r}]ew
است. ترتیبی آماره iامین X(i)همان آن در E(Y(r+1)که − Y(r))

است NBUE خاصیت دارای X که داد نشان (١٩٩٩) بلزونس

با نمایی تصادفͬ متغیر ͷی Y آن در که X ≤ew Y اگر تنها و اگر

E(X)داریم = E(Y ) چون طرفͬ از E(X)است. میانگین

X ≤ew Y ⇐⇒ X ≥ttt Y

.(٢٠٠٢ همͺاران و (کوچار

در است آزمون زمان کل مشاهده معرف که Xttt تصادفͬ متغیر

پارتو توزیع دارای Y اگر کند مͬ صدق نیز IFRA و IFR مفاهیم

که داد نشان توان مͬ سادگͬ به ،F̄ (y) = 1
1+y , y ≥ 0 یعنͬ باشد

علاوه و X ≤c Y اگر تنها و اگر است IFR خاصیت دارای Xttt

دهد مͬ نتیجه (١٩٩۵) بارتازوویچ ١ قضیه Xآنگاه ≤∗ Y اگر این بر

است. IFRAخاصیت Xtttدارای

کردند ثابت شیͺد(٢٠٠۴) و لͬ

X ≤dmrl Y آن در Xewکه ≥∗ Yew ⇐⇒ X ≤dmrl Y

مͬ و باشد صعودی p ∈ (0, 1) برای
1

µY

∫ ∞
G−1(p)

Ḡ(x)dx
1

µX

∫∞
F−1(p)

F̄ (x)dx
اگر

است. dmrl تصادفͬ ترتیب در Y از Xکوچͺتر گوییم

آنگاه باشند. نامنفͬ تصادفͬ متغیر دو Y Xو کنید فرض .٣ قضیه

X ≤icv Y =⇒ Xttt ≤icv Yttt الف)

X ≤disp Y ⇐⇒ Xttt ≤disp Yttt ⇐⇒ ب)

Xew ≤disp Yew

نامنفͬ تصادفͬ متغیر که دادند نشان (١٩٩۴) شانتیͺومار شیͺد

آن در که X ≥icv Y اگر است HNBUE خاصیت دارای X

٣
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آنگاه Xi ≤ttt Yi و باشد سری سیستم اگر الف)

.min{X1, ..., Xn} ≤ttt min{Y1, ..., Yn}

آنگاه Xi ≤ew Yi و باشد موازی سیستم اگر ب)

.max{X1, ..., Xn} ≤ew max{Y1, ..., Yn}

نتایج

سایر با آنها ارتباط و EW و TTT تصادفͬ های ترتیب های ویژگͬ

ارتباط در تحقیق است. گرفته قرار بررسͬ مورد تصادفͬ های ترتیب

ترتیب آوردن بدست و نشده ذکر نوشته این در که دیͽر های ترتیب با

باشد. مͬ مدنظر تحقیق آینده در رکوردها EWبرای و TTT تصادفͬ
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کار سیستم اگر Ψ(X) = 0 و کند کار سیستم اگر Ψ(X) = 1

نکند.

مولفه از کدام هر عمر طول که مولفه n با سری سیستم ͷی عمر طول

با است برابر است توزیع هم و مستقل تصادفͬ متغیرهای (Xi) ها

عمر طول و min{Xi} یعنͬ ها مولفه بین در عمر طول کوچͺترین

(Xi) ها مولفه از کدام هر عمر طول که مولفه n با موازی سیستم ͷی
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آستانه متغیر دو با آستانه�ای رگرسیو اتو مدل

amiri@SCI.ikiu.ac.ir ، (ره) خمینͬ امام المللͬ بین دانشͽاه �آمار، گروه علمͬ هيأت عضو ،* امیری اسماعیل

p.yousefipoor@yahoo.com ، (ره) خمینͬ امام المللͬ بین دانشͽاه ارشد، کارشناسͬ دانشجوی ، پور یوسفͬ زینب

r.kazemi@SCI.ikiu.ac.ir (ره)، خمینͬ امام المللͬ بین دانشͽاه �آمار، گروه علمͬ هيأت عضو ، کاظمͬ رامین

سری�های از بسیاری غیرخطͬ رفتار مدل�سازی برای که است خطͬ قطعه�ای مدلͬ آستانه�ای اتورگرسیو مدل چͺیده:
با آستانه�ای اتورگرسیو مدل کاربردها، از بسیاری در است. یافته فراوانͬ کاربردهای مالͬ زمانͬ سری�های به�ویژه زمانͬ
ͷی در و معرفͬ آستانه متغیر دو با آستانه�ای اتورگرسیو مدل ͷی است. گرفته قرار استفاده مورد آستانه متغیر ͷی تنها
استرپ، بوت روش ͷکم به آماره�ها حدی توزیع تقریب و درستنمایͬ نسبت آزمون�های از استفاده با تجربͬ رهیافت
متغیر دو انتخاب با است. گرفته قرار بررسͬ مورد داوجونز بورس شاخص بازده زمانͬ سری بودن رژیمͬ چند امͺان
دو با آستانه�ای اتورگرسیو مدل ͷی سپس و شده آزمون زمانͬ سری در رژیم ۴ وجود آستانه، متغیرهای عنوان به برون�زا

است. شده براورد آن پارامترهای و برازش داوجونز بورس شاخص بازده به آستانه متغیر
درستنمایͬ. نسبت آزمون حدی، توزیع استرپ، بوت روش آستانه�ای، اتورگرسیو مدل�های کلیدی: کلمات

استفاده سهام قیمت نوسانات پیش�بینͬ برای مدل این از
متغیر ͷی با TAR مدل�های ازمؤلفان بسياری نمود.
در حالͬ�که در داده�اند، قرار استفاده مورد را آستانه
متغیر دو با مدل تجربͬ، کاربردی برنامه�های از بسیاری
این در باشد. مناسب�تر است ممͺن بیشتر یا آستانه
مدل�سازی برای آستانه متغیر دو با TAR مدل ͷی مقاله
استفاده مورد داوجونز بورس شاخص سهام قیمت بازده
شاخص گذشته قیمت�های هم�چنین و است گرفته قرار
نظر در آستانه متغیرهای عنوان به بازار معاملات حجم و
رهیافت ͷی در که است این هدف اند. شده گرفته
مدل ͷی پارامترهای براورد و آزمون روش�های تجربͬ
با و معرفͬ را آستانه متغیر دو با آستانه�ای اتورگرسیو
آستانه متغیرهای عنوان به برون�زا متغیر دو از استفاده

مقدمه

عوامل تاثیر تحت مالͬ زمانͬ سری�های از بسیاری
سازی مدل برای هستند. غیرخطͬ رفتار دارای مختلف،
غیرخطͬ مدل�های معمولا˟ زمانͬ سری�های این�گونه
مدل�های از ͬͺی باشند. مناسبͬ گزینه است ممͺن
مدل است گرفته قرار توجه مورد بسیار که غیرخطͬ
صورت به مدل این است. (TAR) آستانه�ای اتورگرسیو
به مربوط ایده�های از بسیاری لذا است، خطͬ قطعه�ای
مͬ�باشند. مدل نوع این به تعمیم قابل خطͬ مدل�های
بخاطر در آن قابلیت TAR مدل جالب و مهم ویژگͬ ͷی
͹تان است. نامنظم و نامعلوم تناوب دوره�های سپردن
͹تان نمودند. معرفͬ را TARمدل (١٩٨٠) لیم و
و ارائه را TAR مدل دیͽر جزئیات از بسیاری (١٩٩٠)

١
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داریم i ̸= j برخͬ برای و هستند ساختاری پارامترهای
.β(i) ̸= β(j)

قرار خطͬ اتورگرسیو مدل ͷی رژیم هر درون
متغیرهای مͬ�توانند z۲t و z۱t آستانه�ای متغیرهای دارد.
نظر در با باشند. yt تاخیرهای از توابعͬ یا برون�زا
و γ آستانه پارامترهای براورد هدف {yt, zt}Tt=۱, گرفتن
دادن دست از بدون است. β(j) ساختاری پارامترهای

کلیت،
p = max {pj} مͬ�کنیم فرض j = ۱,۲,۳,۴ ازای به

.β(j)
q = ۰, q > pj برای و

(١) مدل محاسبات، شدن ساده براي
ماتریسͬ شͺل به مͬ�توان به را

Y =
۴∑

j=۱

Ij(γ
۰)Xβ(j) + U, (٢)

آن در که نوشت

X =


۱ yT−۱ yT−۲ ... yT−p

۱ yT−۲ yT−۳ ... yT−p−۱

....

۱ yp yp−۱ ... y۱


هم�چنین و (T −p)× (p+۱) ماتریس ͷی X به�طوری�که

و Ij(γ۰) = diag{ψ(j)
T (γ۰), ψ

(j)
T−۱(γ۰), ..., ψ

(j)
p+۱(γ۰)}

Y = (yT , yT−۱, ..., yp+۱)
′, U = (uT , uT−۱, ..., up+۱)

′.

مͬ�گیریم: نظر در را زیر مفروضات
.E(y۴

t ) <∞ و است ͷارگودی مانای yt (١
توزیع با هم�توزیع و مستقل خطاهای از دنباله�ای {ut} (٢

هستند. σ۲ واریانس و صفر میانͽین با نرمالͬ
توزیع و هستند مانا اکیداً z۲t و z۱t آستانه متغیرهای (٣
مشتق متغیر هردو به نسبت که دارند را F (γ) پیوسته توام
چͽالͬ تابع دهنده�ی نشان f(γ) کنید فرض است. پذیر
۰ < که مͬ�کنیم فرض .fi(γ) = ∂F (γ)

∂γi
و باشد توأم

برای مفروضات این .i = ۱,۲ برای fi(γ) ≤ fi < ∞

فرض با مͬ�باشند. لازم آستانه مقادیر براورد سازگاری

سری به را آستانه دومتغیر با آستانه�ای اتورگرسیو مدل ͷی
پارامترهای و برازش داوجونز شاخصبورس بازده زمانͬ

نماییم. براورد را مدل
آستانه متغیر دو با آستانه�ای اتورگرسیو مدل ٢ بخش در
بخش در است. شده معرفͬ پارامترها براورد شیوه و
و رژیم�ها تعداد تعیین برای درستنمایͬ نسبت آزمون ٣
براورد روش ارزیابͬ برای استرپ بوت روش از استفاده
داده�ها، معرفͬ به اختصاص ۴ بخش است. شده تشریح
بخش در و دارد شده براورد مقدارهای و آستانه متغیرهای

است. شده بیان گیری نتیجه نیز آخر

شیوه و آستانه متغیر دو با TAR مدل
پارامترها براورد

مدل (٢٠١١) همͺاران و چِن مقاله����������ی از استفاده با
نظر در را زیر آستانه متغیر دو با آستانه�ای اتورگرسیو
شده�اند: طبقه�بندی رژیم چهار در yt مشاهدات که بͽیرید

yt =
۴∑

j=۱

ψ
(j)
t (γ۰)(β(j)

۰ +

pj∑
i=۱

β
(j)
i yt−i + ut), (١)

است ͷی برابر و است نشانͽر تابع ψ(j)
t (γ۰) آن در که

برابر صورت این غیر در کند. صدق آستانه شرط در اگر
داریم: j = ۱,۲,۳,۴ ازای به است. صفر

ψ
(۱)
t (γ۰) = I(z۱t ≤ γ۰

۱, z۲t ≤ γ۰
۲),

ψ
(۲)
t (γ۰) = I(z۱t ≤ γ۰

۱, z۲t > γ۰
۲),

ψ
(۳)
t (γ۰) = I(z۱t > γ۰

۱, z۲t ≤ γ۰
۲),

ψ
(۴)
t (γ۰) = I(z۱t > γ۰

۱, z۲t > γ۰
۲).

سویͬ از
و آستانه�ای متغیرهای بردار zt = (z۱t, z۲t)

باید که است آستانه پارامتر بردار γ۰ = (γ۰
۱, γ

۰
۲) ∈ Ω

مجموعه�ای زیر Ω = [γ
۱
, γ۱] × [γ

۲
, γ۲] و شود براورد

اتو مرتبه�ی pj(j = ۱,۲,۳,۴) است. zt تͺیه�گاه از
β(j) = (β

(j)
۰ , β

(j)
۱ , ..., β

(j)
pj ) است. رژیم هر در رگرسیو

٢
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توزیع که داد نشان (١٩٩۶) هʿنسن نیست. استاندارد
مͬ�شود. زده تقریب زیر بوت�استرپ روش با مجانبͬ

هم�توزیع و مستقل ها u∗t ; (t = ۱, ..., T ) کنید فرض
محاسبه، را y∗t = u∗t باشند. (N(۰,۱)) استاندارد نرمال
رگرس xt = (۱, y∗t−۱, y

∗
t−۲, ..., y

∗
t−p) روی را y∗t سپس

و محاسبه را J∗
T (γ) = (T − p) σ̃

∗۲−σ̂∗۲(γ)
σ̂∗۲(γ) و مͬ�کنیم

آوریم. مͬ بدست را J∗
T = maxγ∈Ω J

∗
T (γ) سرانجام

احتمال ضعیفدر همͽرایͬ تحتفرضصفر، J∗
T توزیع

J∗
T بوت�استرپ مقدار مͬ�توان بنابراین دارد. JT توزیع به
JT صفر) فرض (تحت مجانبͬ توزیع تقریب برای را
رویͺرد ͷی از رژیم�ها تعداد تعیین برای کرد. استفاده
رژیم سه دارای مدل ابتدا شود. مͬ استفاده جزء به کل
کدام هر مͬ�شود. آزمون رژیم چهار دارای مقابل�مدل در

فرض�های از

(I) H۰ : β
(۱) = β(۲) (II) H۰ : β

(۱) = β(۳)

(III) H۰ : β
(۱) = β(۴) (IV ) H۰ : β

(۲) = β(۳)

(V ) H۰ : β
(۲) = β(۴) (V I) H۰ : β

(۳) = β(۴)

مͬ آزمون رژیم ۴ وجود مقابل فرض مقابل در را
کنیم.

آزمون از بالا تایͬ دو فرض�های آزمون انجام برای
استرپ بوت شیوه و (۶) مشابه درستنمایͬ نسبت

مͬ�شود. استفاده
مقادیر اتورگرسیو، مرتبه تجربͬ، بررسͬ�های در
ترتیب این به ساده الͽوریتم ͷی با مدل ضرایب و آستانه
اول مرتبه TAR مدل ͷی اول گام در مͬ�شوند. براورد
آستانه مقادیر براورد برای اولیه براورد سپس و براورد
شرط به دوم گام در مͬ�گیرد. قرار استفاده مورد (γ̂t)
اطلاع معیار اول، گام از آمده بدست آستانه مقادیر
اتورگرسیو مرتبه�ی انتخاب منظور به (AIC) کائیͺه آ
گام در (تͬ�س˼ͬ،١٩٩٨). مͬ�رود کار به رژیم هر در
درستنمایͬ نسبت آزمون رژیم�ها تعداد تعیین برای سوم
بدست نتیجه چهارم گام در مͬ�شود. اجرا ترتیبͬ(متوالͬ)
مͬ�رود کار به آستانه مقادیر اصلاح برای سوم گام از آمده
همͽرا براوردگرها همه�ی که زمانͬ تا را سوم و دوم گام و

دوم توان�های حداقل براوردگر ،γ = (γ۱, γ۲) بودن معلوم
صورت به β(j)برای (CLS)

β̂(j)(γ) = (X ′Ij(γ)X)−۱X ′Ij(γ)Y (٣)

شͺل به باقیمانده دوم توان مجموع و

RSST (γ) = ||
۴∑

j=۱

Ij(γ
۰)Xβ(j)+U−

۴∑
j=۱

Ij(γ)Xβ̂
(j)(γ)||۲

را RSST (γ) که مقداری عنوان به را γ۰ براوردگر است.
مͬ�شوند: تعریف زیر فرم به مͬ�کند مینیمم

γ̂ = argmin
γ∈Ω

RSST (γ). (۴)

به به، آستانه مقادیر بر مبتنͬ ساختاری براوردگرهای
صورت

β̂(j)(γ̂) = (X ′Ij(γ̂)X)−۱X ′Ij(γ̂)Y. (۵)

(γ̂۱, β̂
(j)(γ̂)) براوردگرهای که داد نشان مͬ�توان هستند.

هستند. سازگار

آستانه براورد و آزمون

اثر بدون را صفر فرض ابتدا رژیم�ها، تعداد تعیین برای
.H۰ : β(۱) = β(۲) = β(۳) = β(۴) صورت به آستانه
وجود رژیم ͷی تنها فرضصفر، تحت مͬ�گیریم نظر در

صورت به درستنمایͬ نسبت آزمون آماره دارد.

JT = maxγ∈Ω(T − p)
σ̃۲ − σ̂۲(γ)

σ̂۲(γ)
. (۶)

تحت دوم توان مجموع (T − p)σ̃۲ که مͬ�شود تعریف
توان مجموع (T −p)σ̂۲(γ) حالیͺه در است، فرضصفر
نشود، رد H۰ اگر است. فرضمقابل تحت باقیمانده دوم
فرض رد است. ساده AR اتورگرسیو مدل ͷی مدل پس
وجود مدل در رژیم ͷی از بیش که مͬ�کند بیان صفر
γ̂ = argmin σ̂۲(γ) = صورت به آستانه براوردگر دارد.
فرض تحت γ چون شود. مͬ تعریف argmax JT (γ)

(χ۲) خͬ�دو JT (γ̂) مجانبͬ استپستوزیع نامعلوم صفر
٣
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متغیرهای عنوان به زا برون متغیر دو است. رفته به�کار
مͬ�دهد نشان نتایج گرفته�اند. قرار استفاده مورد آستانه
رژیم رژیم، سه در مͬ�توان را داوجونز شاخص بازده که
ͷی و نوسانͬ و پایین بازده با رژیم باثبات، و بالا بازده با
عملͬ و نظری مبانͬ مͬ�توان کرد. طبقه�بندی خنثͬ رژیم
مورد آتͬ پژوهش�های در را مدل�ها این�گونه با پیش�بینͬ

داد. قرار مطالعه
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مͬ�شود. تͺرار شوند

براوردها و داده�ها

شاخص روزانه بازده سری�های به پیشنهادی، مدل
سال ژانویه ١ از نمونه دوره است. شده برازش داوجونز
سری�های مͬ�باشد. ٢٠١٢ سال دسامبر ٣١ تا ٢٠٠٢
تعریف شاخصداوجونز لͽاریتمͬ تفاضل عنوان به بازده
مشاهده ٢٧٠٠ از بیش مͬ�شوند. داده نشان yt با و
مشابه زا برون آستانه متغیر دو دارد. وجود نمونه در
تعریف (٢٠٠٠) سوامیناتان و لͬ ،(١٩۶٣) گ˼رانویل با

صورت به آستانه متغیر دومین و اولین شده�اند.

Z۱t =
P۲۰t
P۲۵۰t

, Z۲t = log(Vt−۱)− V ۲۵۰t−۱,

و مͯ�شوند تعريف

P۲۵۰t =

∑۲۵۰
j=۱ Pt−j

۲۵۰
, P۲۰t =

∑۲۰
j=۱ Pt−j

۲۰
.

٢٠ و ٢۵٠ برای قیمت متوسط ترتیب به P۲۵۰t و P۲۰t

طرفͬ هستند.از گذشته معاملاتͬ روز
معاملات حجم Vt که ،V ۲۵۰t =

∑۲۵۰
j=۱ log(Vt−j)

۲۵۰

داده نشان زیر در شده برازش مدل است. t زمان در بازار
کم بازده II رژیم وباثبات، بالا بازده I رژیم است. شده

دهد. مͬ نشان را خنثͬ رژیم III رژیم و نوسانͬ و

z۱t > ۰/۲۷, z۲t < ۰/۹۲ yt = ۰/۰۰۰۳ − ۰/۰۶۶xt−۱ + ۰/۰۲۰xt−۲ I

−۰/۰۲۴xt−۳ − ۰/۰۰۲xt−۴ − ۰/۰۶۴xt−۵

z۱t < ۰/۲۷, z۲t > ۰/۹۲ yt = ۰/۰۰۰۵ − ۰/۰۵xt−۱ − ۰/۲۷xt−۲

+۰/۲۳xt−۳ II

yt = −۰/۰۰۱ − ۰/۲۳xt−۱ III

نتایج

متغیر ͷی شامل تنها متعارف آستانه�ای مدل�های ˠمعمولا
آستانه متغیر دو با اتورگرسیو مدل ͷی هستند. آستانه
درستنمایͬ نسبت آزمون از است. گرفته قرار بررسͬ مورد
مدل است. شده استفاده آستانه اثر تشخیص برای
داوجونز سهام بازار رژیم�های شناسایͬ برای پیشنهادی

۴
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Abstract: This paper provides a stochastic model for HIV (Human Immunodeficiency Virus) infections and

diffusion of AIDS in Iran. For this purpose the deterministic model of diffusion process will be transferred to

stochastic model and then this model will be solved numerically. The effects of colored noise perturbations on

the parameters will be investigated. Finally numerical example is performed by using the Euler-Maruyama

method in order to show the accuracy of the present work.

Keywords: Stochastic differential equations, Diffusion process, HIV model, Colored noise.

1 INTRODUCTION

In recent decades, Stochastic Differential Equations

(SDEs) have been used to model the systems that

are subject to vacillations. Diffusion processes have

been utilized in modeling several phenomena, for

example noisy tumor growth and interest rates.

The modeling of population growth in random en-

vironment is one of the most suitable application

of SDEs. Modeling is a way of making complex

data more easily understood. By creating a model,

we can earn an overall picture of an event, known

in modeling terms as a system. A mathematical

model is produced by a mathematical equation de-

signed to resemble actual facts.

One of the problems in most countries is to pre-

vent the publication of deadly virus. The scope of

this paper is to investigate the SDE for HIV (Hu-

man Immunodeficiency Virus) in Iran using differ-

ent noise terms. The first case of HIV was diag-

noised in IRAN in 1986. To date several works

have been presented on the mathematical modeling

of ADIS epidemic. For example Arni and Rao via

an excellent paper have been presented modeling of

ADIS in India. Adituma has been investigate the

mathematical modeling of HIV epidemic in Indone-

sia in 2008-2014. Pasha and Mostafaee examined

the diffusion process of ADIS in Iran. Up to now, to

our best knowledge the HIV model with nonwhite

noises has not been studied before. Since the path

of a Wiener process are nowhere differentiable, a

white noise can not be considered a stochastic pro-

cess in the usual way but it can be approximate by

conventional stochastic processes with wide spec-

tral bands which are commonly known as colored

noise processes. The most famous example of this

sort of noise is the Ornestein-Uhlenbeck process.

The outline of this paper is as follows. Section 2

describes the stochastic model for HIV. The SDE

of HIV with colored noise is stablished in section 3.

Numerical experiments are conducted to verify the

accuracy of the proposed method in section 4.

∗Corresponding Author
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2 Stochastic model with white

noise

The simplest population growth in a stochastic

crowded environment is the form,

dNt

dt
= a(t)N(t), N(0) = No, (1)

where N(t) is the size of the population at time t,

and a(t) is the relative rate of growth at time t. It

might happen that a(t) is not completely known,

but subject to random environmental effects, so

that we have,

a(t) = a+ ”noise” = a+ bξt

where ξt is a white noise process of mean zero and

variance one, and a, b are constants. By substitute

this in Eq. (1), we get,

dNt = aNtdt+ bNtξtdt, (2)

it is reasonable to consider ξtdt by a term dBt,

where Bt is a Wiener process. The Eq. (3) is

achieved,

dNt = aNtdt+ bNtdBt, (3)

Eq. (3) known as Geometric Brownian motion.

The explicit solution is,

Nt = Noexp(a− 1

2
b2)t+ bBt.

Let xt be the number of persons susceptible to in-

fected with HIV in time t, yt be the number of HIV

infected and zt, the number of death from HIV all

at time t in the population. From Arni and Rao,

the relationship between these is as follows,

dxt

dt = −r1xtyt,

dyt

dt = r1xtyt − r2yt,

dzt
dt = r2yt,

(4)

where r1 and r2 are constants of proportionality.

For a given positive integer n, let ∆t = T
n and con-

sider the partitions,

Πn = {0,∆t, 2∆t, . . . , (n− 1)∆t, T}

of the interval [0, T ]. With a simple Euler forward

discritization of the Eq. (4), r1

and r2 can be obtained easily,

r̂1 = yt+∆t−yt+zt+∆t−zt
∆tytzt

,

r̂2 = zt+∆t−zt
∆tyt

,

(5)

such that lim∆t→0 r̂1 = r1, lim∆t→0 r̂2 = r2.

Now let us allow some randomness in the r1 and r2,

then

r1 = r1 + b1ξt, r2 = r2 + b2ξt,

the stochastic differential equations describing this

situation are,

dxt = −r1xtytdt− b1xtytdBt

dyt = (r1xtyt − r2yt)dt+ (b1xtyt − b2yt)dBt

dzt = r2ytdt+ b2ytdBt.

(6)

The solution of these equations are infection dif-

fusion process and the death process. Using the

explicit Euler method, the approximation solution

of equations can be acquired.

3 Stochastic model with col-

ored noise

A white noise process can not be physically realized

but can be approximated by conventional stochas-

tic processes with wide spectral bands which are

commonly known as colored noise processes. The

stochastic process β(t) is called colored noise if it

is an Orstein-Uhlenbeck process that satisfies the

linear SDE

dβ(t) = µβ(t)dt+ σdB(t), (7)

where µ, σ are constants. The explicit solution of

Eq. (7) is given by

β(t) = eµt(β(0) + σ

∫ t

0

e−µsdB(s)).

2
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Let us consider the noise term ξ(t) as a colored

noise process. Therefore

r1 = r1+”colored noise”, r2 = r2+”colored noise”,

with substitute dβt into equation 6 instead of dBt,

we have,

dxt = −r1xtytdt− b1xtytdβt

dyt = (r1xtyt − r2yt)dt+ (b1xtyt − b2yt)dβt

dzt = r2ytdt+ b2ytdβt.

(8)

By means of the Euler method the approximation

solution of infection diffusion is equal to,

yt+∆t = yt + (r1xtyt − r2yt)∆t

+(b1xtyt − b2yt) · (µβt∆t+ σ∆Bt),

(9)

and the number of death is equal to,

zt+∆t = zt + r2yt∆t+ b2yt(µβt∆t+ σ∆Bt). (10)

The Matlab procedure of these equations are given

in section 4.

4 Numerical simulation

In order to make clear whether the colored noise ob-

tained in this paper are accurate, we present a sim-

ulation in this section. Using the published statis-

tics about HIV in Iran up to 2004 and the number

of death from HIV, we estimate the yt and zt with

the initial values x0 = 65540000, y0 = 3680, r̂1 =

3 ∗ 10−8, r̂2 = 0.2656, n = 20 and h = 1 by using

matlab programming and consider the noise as a

colored noise process. The estimated values are

shown in table 1. Our results are closer to the

recorded values.

Table 1: Numerical estimation for the HIV infected people

in Iran.
t 2002 2003 2004 2005 2006 2007 2008 2009 2010

yt 3680 5422 5611 7032 8904 11390 14725 19157 25082

zt 364 1341 2542 4032 5900 8265 11291 15202 20290
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چوله پیوند تابع به�وسیله سؤال پاسخ نظریه مدل بیزی تحلیل
نرمال

maryamaghasi۶٨٠@yahoo.com سمنان، دانشͽاه ریاضͬ، آمار ارشد كارشناسͬ دانشجوی ، آقاسͬ مریم

omid.karimi@profs.semnan.ac.ir سمنان، دانشͽاه �آمار، گروه علمͬ هيأت عضو ، کریمͬ امید

اساس بر به�توان تا است سؤال ویژگͬ�های تعیین و مطالعه برای آماری جامع نظریه ͷی سؤال پاسخ نظریه چͺیده:
چند روابط سازی مدل سؤال پاسخ نظریه نمود. قضاوت توانایͬ�ها سنجش ͬͽونͽچ و آزمودنͬ�ها وضعیت درباره آن
فرد) توانایͬ رابطه�ی ) پنهان متغیر شامل مدل این مͬ�کند. بیان را سؤال k و فرد n از توانایͬ�ها و پاسخ�ها بین متغیره
برای نرمال) پروبیت (مدل متقارن پیوند توابع از معمولا مدل�ها این در است. سؤال به وابسته پارامترهای مجموعه و
مجموعه از بعضͬ برای مناسبͬ ارائه متقارن پیوندهای همیشه اما مͬ�شود. استفاده درست پاسخ احتمال سازی مدل
این�گونه تحلیل برای مناسب گزینه�ای مͬ�تواند چوله نامتقارن توزیع�های از استفاده با نامتقارن پیوند تابع ندارند. داده�ها
مͬ�دهیم. قرار مطالعه مورد چوله پیوند تابع ͷی از استفاده با را سؤال پاسخ نظریه مدل مقاله این در باشد. داده�ها
داد. قرار تحلیل مورد سؤال جدید پارامتر به�عنوان و مدل�بندی نرمال چوله توزیع توسط مͬ�توان را مدل این در ͬͽچول
اطلاع معیار با متقارن و چوله پروبیت مدل دو مقایسه و شده انجام وزن داده�های مجموعه برای مدل بیزی رهیافت
را مناسبͬ برازش اما مͬ�کند وارد مدل در را پیچیدگͬ�هایͬ ͬͽچول پارامتر اینͺه علارغم است. گرفته صورت کیبش

مͬ�سازد. فراهم
نرمال. پروبیت مدل بیزی، استنباط سؤال، پاسخ نظریه چوله، پروبیت مدل کلیدی: کلمات

توسط که است (ICC) ٢ سؤال ویژه منحنͬ یعنͬ
پاسخ احتمال بین رابطه دادن نشان برای تاکر(١٩۴۶)
است. رفته به�کار مستقل متغیر ͷی و یͷسؤال درست
و فرد توانایͬ رابطه متغیرپنهان، شامل IRT مدل
مͬ�دهد. توضیح را سؤال به وابسته پارامترهای مجموعه
پاسخ سازی مدل (١٩٩٧) همبلتون و ون�درلیندن

مقدمه

توسط بار اولین (IRT) ١ سؤال پاسخ نظریه
در نوین روش�های به�عنوان آن از و بیان لرد(١٩٨٠)
واقع، در شد. استفاده اندازه�گیری و سنجش حوزه
حوزه این بنیادی اصطلاح بر مبتنͬ نامͽذاری این

١Item Response Theory
٢Item Characteristic Curve

١
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با و مͬ�باشند (cdf) استاندارد نرمال توزیع تابع و
ͬͽچول میزان λ پارامتر مͬ�دهیم، نشان z ∼ SN(λ)

λ < و مثبت ͬͽچول λ > ۰ وقتͬ مͬ�کند، کنترل را
λ = ۰ نرمال توزیع در است. منفͬ ͬͽچول ۰
به�صورت: Z ∼ SN(λ) تجمعͬ توزیع تابع است.

ΦSN (z;λ) = ۲Φ۲(
( z

۰

)
;
( ۰

۰

)
,
( ۱ −δ

−δ ۱

)
)

دو استاندارد نرمال توزیع cdf ،Φ۲ آن در که است
ساده�گͬ برای و است −δ ͬͽهمبست ضریب با متغیره
آن در که مͬ�دهیم، نمایش Φ۲((z,۰)T ,−δ) به�صورت

است. δ = λ√
۱+λ۲

IRTچوله پروبیت مدل

به�صورت IRT چوله پروبیت مدل

Yij |ui, aj , bj , λj ∼ Bern(pij), i = ۱, ..., n
pij = p[Yi = ۱|ui, aj , bj , λj ], j = ۱, ..., k

= ΦSN [mij ;λj ]

= ۲Φ۲[(mij ,۰)T ;−δj ],

mij = ajui − bj (١)

ui از شرطͬ مستقل Yij آن در که مͬ�شود. تعریف
مستقل پاسخ�ها متفاوت سؤال�های برای یعنͬ است.
،b = (b۱, ..., bk)T ،a = (a۱, ..., ak)T هستند.
قرارمͬ�دهیم، y = (y۱۱, ..., ykn)T ،λ = (λ۱, ..., λk)

T

تابع کنیم، تعریف شده مشاهده داده�های را Dobs اگر
به�صورت IRT چوله پروبیت مدل برای درستنمایͬ

L(u, a, b, λ|Dobs) = Πn
i=۱Π

k
j=۱[ΦSN (mij , λj)]

yij

×[۱− ΦSN (mij , λj)]
۱−yij

افزایش با است، نامعلوم پارامتر n+3k شامل که است.
پارامترها تعداد تعدادسؤال�ها و آزمون�شونده�ها تعداد
زیادی نامعلوم پارامترهای با بنابراین مͬ�یابد، افزایش

pij به�صورت= درست پاسخ احتمال طریق از را دوگانه
ICC سؤال ویژه منحنͬ را آن و کردند تعریف F (mij)

i = ۱, ..., n ،mij = ajui − bj آن در که نامیدند.
aj که هستند سؤال به وابسته پارامتر ،j = ۱, ..., k و
مͬ�کند. معین را ۴ دشواری پارامتر bj و ٣ تمیز پارامتر
دارای و مͬ�باشد ام i فرد توانایͬ به وابسته پنهان متغیر ui

است. استاندارد نرمال توزیع
نامیده پیوند تابع F−۱(·) خطͬ معادله به�طورکلͬ
F (·) = Φ(·) به�صورت آن خاص حالت دو مͬ�شود.
تجمعͬ توزیع تابع Φ(·) که است F (·) = L(·)و
ͷلجستی تجمعͬ توزیع تابع L(·) و استاندارد نرمال
و البرت توسط IRT پروبیت مدل است. استاندارد
بایوم بیرن توسط IRT ͷلجستی مدل و (٢٠٠٠) قوش
دو هر خاص ویژگͬ�های از است. شده بیان (١٩۶٨)
و ͷلجستی خطͬ تابع و پروبیت متقارن طبیعت مدل
همͺاران و چن که همان�طور است. مربوطه ICCهای
ارائه متقارن پیوندهای همیشه کردند تاکید (١٩٩٩)

نمͬ�دهند. داده�ها مجموعه از برخͬ برای خوبͬ
خانواده از استفاده با مقاله این در پروبیت مدل ͬͽچول
همچنین مͬ�شود. مدل�بندی نرمال چوله توزیع�های
توزیع کلͬ�تر حالت به آن تعمیم و مدل این بیزی تحلیل
مدل�ها مقایسه به�علاوه مͬ�گردد. بیان بسته نرمال چوله
مدل نهایتا و انجام (DIC) ۵ کیبش اطلاع معیار با

مͬ�شود. ارزیابͬ واقعͬ مثال ͷی در پیشنهادی

نرمال چوله توزیع

استفاده نامتقارن پروبیت بندی مدل راه�های از ͬͺی
مͬ�توان آن مهمترین از که است چوله توزیع�های از
احتمال چͽالͬ تابع کرد. اشاره نرمال چوله توزیع به
ϕSN (z;λ) = به�صورت نرمال چوله توزیع (pdf)
pdf به�ترتیب Φ و ϕ آن در که مͬ�باشد ۲Φ(z)Φ(λz)

٣Discrimination Parameter
۴Difficulty Parameter
۵Deviance Information Criterion

٢
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p(yij |zij) = I(zij > آن در که مͬ�آید، به�دست
I و است +I(zij ≤ ۰)I(yij = ۰) ۰)I(yij = ۱)

مͬ�باشد. نشانͽر تابع

مدل بیزی تحلیل

به�صورت پیشین مدل پارامترها، استقلال از استفاده با
است: شده گرفته نظر در زیر

π(u, a, b, λ) = Πn
i π(ui,۰,۱)Πk

jπ۱(aj)π۲(bj)π۳(λj)

استفاده aj برای بخش گاهͬ آ توزیع�های معمولا
نرمال نیمه توزیع از ،(٢٠٠۶) همͺاران و بنزن مͬ�شود.
σ۲
aو µa مقادیرمشخص با N(µa, σ

2
a)I(aj > 0) ٧

پیشین ساختار نیازمند کلͬ به�طور کرده�اند. استفاده
برای هستیم. پارامترها بررسͬ و اطلاعات توسعه برای
δj =

λj√
۱+λ۲

j

را پیشین توزیع دلتا کردن پارامتری

در [−۱,۱] فاصله در مقادیر مͬ�گیریم. نظر در
به�صورت پیشین صورت آن در مͬ�شود. گرفته نظر
که λj ∼ T (۰,۰٫۵,۲) معادل است، δj ∼ U(−۱,۱)
پارامتر با استیودنت t توزیع معنͬ به T (µ, σ۲, υ) آن در
انجام برای است. آزادی درجه υ و σ۲ مقیاس و µ مͺان
کرد. استفاده برنولͬ درستنمایͬ از مͬ�توان بیزی برآورد
دو از و است دشوار خیلͬ حاشیه�ای انتͽرال محاسبه
رهیافت�ها این که مͬ�شود استفاده افزایͬ داده رهیافت
کامل درستنمایͬ مدل مͬ�آید. روشMCMCبه�دست از
زیر به�صورت دلتا کردن پارامتری برای مراتبͬ سلسله

است:

Z∗
ij |υij , yij , aj , bj , δj ,

∼ N(ajui − bj − δjυij ,۱− δ۲j )I(z
∗
ij , yij);

Vij ∼ HN(۰,۱);Ui ∼ N(۰,۱);
aj ∼ π۱(µa, σ

۲
a ); bj ∼ π۲(µb, σ

۲
b ); δj ∼ π۳(·)

برای صحیح جواب شرطͬ احتمال pij هستیم. مواجه
است آزمون iامین با متناظر و ui پنهان متغیر با jام سؤال
معادله در اگر مͬ�شود. گفته ICC پروبیتچوله آن به که
مدل همان که مͬ�شود pij = Φ(mij) باشد λ = ۰ (١)
چوله پارامتر به�عنوان λ بنابراین است. نرمال پروبیت

�مͬ�شود. گرفته نظر در

بسته نرمال چوله IRT مدل

چوله IRT مدل حالت به را چوله IRT بخشمدل این در
اولین CSN توزیع مͬ�دهیم. تعمیم (CSN) ۶ بسته نرمال
شد. معرفͬ (٢٠٠٣) همͺاران و دامینͽوس توسط بار

مͬ�شود: تعریف زیر به�صورت توزیع چͽالͬ

CSNn,q(µ,Σ,Γ, ν,∆) = [Φq(۰; ν,∆+ ΓΣΓ′)]−۱

×Φq(Γ(x− µ); ν,∆)

×ϕn(x;µ,Σ)

به�ترتیب Φ(·, ν,∆) و ϕn = (·;µ,Σ) آن در که
نرمال بعدی q توزیع تابع و بعدی n چͽالͬ تابع
کوواریانس ماتریس و ν و µ میانͽین با متغیره چند
مͬ�شود. نامیده ͬͽچول پارامتر Γ هستند، ∆ و Σ

معادل شونده آزمون n و سؤال k شامل IRT مدل

آن در که است Yij =

 ۱ Zij > ۰
۰ Zij ≤ ۰

تعریف

در مͬ�باشد. Zij ∼ CSN۱,۱(mij ,۱,−λj ,۰,۱)
مشابه نتایج j = ۱, ..., n ،λj = ۰ که خاص حالت
چشم برای مͬ�باشد. متقارن IRT پروبیت مدل با
Zij پنهان متغیر برنولͬ درستنمایͬ به�کارگیری از پوشͬ
D۱ = ،z = (z۱۱, ..., zkn)T و است شده معرفͬ
پروبیت مدل درستنمایͬ تابع مͬ�دهیم. قرار (zT , yT )T

به�صورت IRT

L(u, a, b, λ|D۱) ∝

Πn
i=۱Π

k
j=۱ϕCSN (Zij ;mij ,۱,−λj ,۰,۱)p(yij |zij)

۶Closed Skew Normal
٧Half-normal Distribution

٣
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وزن داده�های مجموعه

با نوجوان دختر ٢١۴١ داده مجموعه مطالعات نتایج
داده�ها مجموعه که است. شده گزارش سؤال ١۵
متروپلیس غذایͬ رژیم اختلال گیرشناسͬ همه به مربوط
مجموعه این بیزی تحلیل برای مͬ�باشد. (Per)لیما
IRT چوله پروبیت و پروبیت مدل توسط داده�ها

aj ∼ N(۱,۰٫۵)I(aj > ۰), پیشین�های
است. رفته به�کار bj ∼ N(۰,۲), δj ∼ U(−۱,۱)
شده پیشنهاد مدل�های مقایسه�ی و بیزی استنباط برای
مͬ�اندازیم. دور را آن اول ٢٠٠٠تای تͺرار ٢٢٠٠٠ از
چوله پروبیت و نرمال پروبیت مدل برای DIC مقدار
نشان که است ٢٨٣١۵/۵ و ٣١٠٢٨/٨ به�ترتیب، نرمال
معرفͬ مدل به نسبت IRT چوله پروبیت مدل مͬ�دهد
داریم انتظار این�رو از است. شده برازش بهتر شده
داشته بیشتری دقت نامتقارن پروبیت مدل ICC برآورد

باشد.

نتایج

همچنین و شد معرفͬ نرمال چوله IRT مدل مقاله این در
چوله توزیع�های خانواده از بزرگتری کلاس به آن تعمیم
برآورد برای داده�افزایͬ رهیافت گردید. بیان بسته نرمال
پیشنهاد چوله پروبیت مدل در MCMC روش با بیزی
افزایͬ داده از زیاد ͬͽخودهمبست احتمال به�خاطر شد.
برآورد در تͺرارها افزایش آن لازمه که مͬ�کنیم استفاده
مدل�های مقایسه�ی است. ͬͽچول پارامتر برای پارامترها
از استفاده با IRT نرمال چوله پروبیت و نرمال پروبیت
IRT نرمال چوله مدل داد نشان و شد انجام DIC معیار

است. مناسب�تر

۴

41

41



Lindley Logarithmic Distribution: Model, Properties and Applications

E. Mahmoudi∗

Academic member of School of Mathematics, Yazd University

emahmoudi@yazd.ac.ir

S. Abolhosseini

M. Sc. student of School of Mathematics, Yazd University

s-abolhoseini@yahoo.com

Abstract: In this paper we propose a new distribution with increasing and bathtub shaped failure rate,

called as the Lindley logarithmic (LL) distribution. We obtain several properties of the new distribution such

as its probability density function, its reliablity and failure rate functions, quantiles and moments. Rényi

and Shannon entropies are presented in this paper.
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1 INTRODUCTION

Recently, attempts have been made to define new

families of probability distributions that extend

well-known families of distributions and at the

same time provide great flexibility in modeling

data in practice. The exponential-geometric (EG),

exponential-Poisson (EP), exponential-logarithmic

(EL), exponential-power series (EPS), Weibull-

geometric (WG) and Weibull-power series (WPS)

distributions were introduced and studied by

Adamidis and Loukas [1], Kus [6], Tahmasbi and

Rezaei [13], Chahkandi and Ganjali [5], Barreto-

Souza et al. [3] and Morais and Barreto-Souza et

al. [12], respectively.

Barreto-Souza and Cribari-Neto [2] and

Louzada et al. [7] introduced the exponentiated

exponential-Poisson (EEP) and the complementary

exponential-geometric (CEG) distributions where

the EEP is the generalization of the EP distribu-

tion and the CEG is complementary to the EG

model proposed by Adamidis and Loukas [1]. Re-

cently, Cancho et al. [4] introduced the two-

parameter Poisson-exponential (PE) lifetime distri-

bution with increasing failure rate. Mahmoudi and

Jafari [8] introduced the generalized exponential-

power series (GEPS) distribution by compound-

ing the generalized exponential (GE) distribution

with the power series distribution. Also expo-

nentiated Weibull-logarithmic (EWL), exponenti-

ated Weibull-geometric (EWG) and exponentiated

Weibull-power series (EWP) distributions has been

introduced and analyzed by Mahmoudi and Sepa-

hdar [9] and Mahmoudi and Shiran [10, 11].

In this paper, we propose a new two-

parameters distribution, referred to as the Lind-

ley logarithmic (LL) distribution, which contains

as special sub-models the Lindley and exponential

logarithmic distributions. The main reasons for in-

troducing the LL distribution are: (i) This distri-

bution due to its flexibility in accommodating dif-

ferent forms of the risk function is an important

∗Corresponding Author
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model that can be used in a variety of problems in

modeling lifetime data. (ii) It provides a reason-

able parametric fit to skewed data that cannot be

properly fitted by other distributions and is a suit-

able model in several areas such as public health,

actuarial science, biomedical studies, demography

and industrial reliability.

The paper is organized as follows. In Section

2, we review the Lindley distribution and its prop-

erties. In Section 3, we define the LL distribution.

The density, survival and hazard rate functions and

some of their properties are given in this section.

We derive quantiles and moments of the LL distri-

bution in Section 4. Rényi and Shannon entropies

are provided in Section 5.

2 LINDLEY DISTRIBU-

TION: A BRIEF REVIEW

The random variable X has Lindley distribution if

its cumulative distribution function (cdf) takes the

form

FX(x) = 1− (1 +
γx

γ + 1
)e−γx, x > 0, (1)

where γ > 0. The corresponding probability den-

sity function (pdf) is

fX(x) =
γ2

γ + 1
(1 + x)e−γx, x > 0. (2)

The survival and hazard rate functions of the Lind-

ley distribution are

S(x) = (1 +
γx

γ + 1
)e−γx,

and

h(x) =

γ2

γ+1 (1 + x)

(1 + γx
γ+1 )

,

respectively. The kth moment about zero of the

Lindley distribution is given by

E(Xk) =
γ2

γ + 1

[
Γ(k + 1)

(γ)k+1
+

Γ(k + 2)

(γ)k+2

]
.

3 LINDLEY LOGARITH-

MIC DISTRIBUTION

Suppose that the random variable X has the Lind-

ley distribution where its cdf and pdf are given in

(1) and (2). Given N , let X1, · · · , XN be inde-

pendent and identify distributed random variables

from Lindley distribution. Let N is distributed ac-

cording to logarithmic distribution with pdf

P (N = n) =
−θn

n log(1− θ)
, n = 1, 2, · · · , 0 < θ < 1.

Let Y = min(X1, · · · , XN ), then the cdf of Y |N =

n is given by

FY |N=n(y) = 1− ((1 +
γy

γ + 1
)e−γy)n,

The Lindley logarithmic distribution, denote by

LL(θ, γ), is defined by the marginal cdf of Y , i.e.

F (y) = 1−
log(1− θ(1 + γy

γ+1 )e
−γy)

log(1− θ)
. (3)

The pdf of LL distribution is given by

f(y) =
θ γ2

γ+1e
−γy(1 + y)

(θ(1 + γy
γ+1 )e

−γy − 1) log(1− θ)
, (4)

where 0 < θ < 1, γ > 0.

The survival and hazard rate functions of LL dis-

tribution are given, respectively, by

S(y) =
log(1− θ(1 + γy

γ+1 )e
−γy)

log(1− θ)
, (5)

and

h(y) =
θ γ2

γ+1e
−γy(1 + y)

(θ(1 + γy
γ+1 )e

−γy − 1) log(1− θ(1 + γy
γ+1 )e

−γy)
.

(6)

Proposition 3.1. The limiting distribution of LL

(θ, γ) where θ → 0+ is

lim
θ→0+

F (y) = 1− (1 +
γx

γ + 1
)e−γx,

which is the cdf of Lindley distribution.

Proposition 3.2. The limiting behavior of hazard

function of LL distribution in (6) is

limy→0 h(y) =
θ γ2

γ+1

(θ−1) log(1−θ) and limy→∞ h(y) = 0

2
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Theorem 3.3. Considering the LL distribution

with the probability density function (4),

we have the following properties:

(i) As θ → 0, then LL(θ, γ) leads to Lindley dis-

tribution with parameter γ.

(ii) If γ ≥
√
1− θ, f(y) is decreasing in y. If

0 < γ <
√
1− θ, f(y) is a unimodal function

with mode at y0, where y0 is the solution of

the equation γ(y+1)+(A−1)−A γ(y+1)
γ(y+1)+1 =

0, with A = θ(1 + γy
γ+1 )e

−γy.

Theorem 3.4. considering the hazard function of

the LL distribution (6),, we have the following

properties:

(i) If (θ − 1)(γ − 1) > ( θγ2

γ+1 ) and the equation[
γ(A− 1) + θ γ2

γ+1e
−γy(1 + y)(1− γ(1 + y))

]
(A−

1)(1 + y)

+ [(A − 1) − θ γ2

γ+1e
−γy(1 + y)2](1 − γ(1 +

y))(A− 1)

+ θ γ2

γ+1e
−γy(1 + y)2[(γ(1 + y) − 2)(A − 1) +

(A− 1)− θ γ2

γ+1e
−γy(1 + y)2] = 0

has no real roots, then the hazard function is

increasing.

(ii) If (θ − 1)(γ − 1) < ( θγ2

γ+1 ) and the equation[
γ(A− 1) + θ γ2

γ+1e
−γy(1 + y)(1− γ(1 + y))

]
(A−

1)(1 + y)

+ [(A − 1) − θ γ2

γ+1e
−γy(1 + y)2](1 − γ(1 +

y))(A− 1)

+ θ γ2

γ+1e
−γy(1 + y)2[(γ(1 + y) − 2)(A − 1) +

(A− 1)− θ γ2

γ+1e
−γy(1 + y)2] = 0

has one real roots, then the hazard function

is bathtub shaped.

4 QUANTILES AND MO-

MENTS OF LL DISTRI-

BUTION

Some of the most important features and charac-

teristics of a distribution can be studied through

its moments and quantiles such as tending, disper-

sion, skewness and kurtosis. Also, the quantiles of

a distribution can be used in data generation from

a distribution. The pth quantile of the Lindley log-

arithmic distribution is given by

xp =
γ + 1

γ
(
eγx

θ
(1− (1− θ)1−p)− 1), (7)

which is used for data generation from the LL dis-

tribution.

Now we obtain the moment generating function of

the LL distribution. Suppose that Y ∼ LL(θ, γ)

and X(1) = min(X1, · · · , Xn), where Xi ∼ L(γ) for

i = 1, 2, · · · , n, then

MX(t) =
∑∞

n=1 P (N = n)MX(1)
(t)

=
∑∞

n=1 P (N = n)
∑n−1

i=0

(
n−1
i

)
( γ
γ+1 )

n−i+1nγ

×
[

Γ(n−i)
(nγ−t)n−i +

Γ(n−i+1)
(nγ−t)n−i+1

]
= −θn

log(1−θ)

∑∞
n=1

∑n−1
i=0

(
n−1
i

)
γn−i+2

(γ+1)n−i+1

×
[

Γ(n−i)
(nγ−t)n−i +

Γ(n−i+1)
(nγ−t)n−i+1

]
.

(8)

One can use MX(t) to obtain the kth moment

about zero of the LL distribution. We have

E(Y k) =
∑∞

n=1 P (N = n)E(Xk
(1))

=
∑∞

n=1

∑n−1
i=0

(
n−1
i

) −θnγi+2

(γ+1)i+1 log(1−θ)

×
[
Γ(k+i+2)
(nγ)k+i+2 + Γ(k+i+1)

(nγ)k+i+1

]
.

(9)

The mean and variance of the LL distribution are

given, respectively, by

E(Y ) =
∑∞

n=1

∑n−1
i=0

(
n−1
i

) −θnγi+2

(γ+1)i+1 log(1−θ)

×
[

Γ(i+3)
(nγ)i+3 + Γ(i+2)

(nγ)i+2

]
,

(10)

and

V ar(Y ) =
∑∞

n=1

∑n−1
i=0

(
n−1
i

) −θnγi+2

(γ+1)i+1 log(1−θ)

×
[

Γ(i+4)
(nγ)i+4 + Γ(i+3)

(nγ)i+3

]
− E2(Y ),

(11)

where E(Y ) is given in Eq. (10).
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5 Rényi and Shannon en-

tropies

If X is a random variable having an absolutely

continuous cumulative distribution function F (x)

and probability distribution function f(x), then

the basic uncertainty measure for distribution F

(called the entropy of F ) is defined as H(x) =

E[− log(f(X))]. Statistical entropy is a probabilis-

tic measure of uncertainty or ignorance about the

outcome of a random experiment, and is a mea-

sure of a reduction in that uncertainty. Numerous

entropy and information indices, among them the

Rényi entropy, have been developed and used in

various disciplines and contexts. Information theo-

retic principles and methods have become integral

parts of probability and statistics and have been

applied in various branches of statistics and related

fields.

Entropy has been used in various situations

in science and engineering. The entropy of a

random variable Y is a measure of variation of

the uncertainty. For a random variable with the

pdf f , the Rényi entropy is defined by IR(r) =
1

1−r log{
∫
R fr(y)dy}, for r > 0 and r ̸= 1. Using

the power series expansion

(1− z)−k =
∞∑
j=0

Γ(k + j)

Γ(k)j!
zj

gives∫∞
0

fr(y)dy =
(

θγ2

(γ+1) log(1−θ)

)r ∑r
i=0

(
r
i

)
(−1)r

×
∫∞
0

e−γryyi(1− θ(1 + γy
γ+1 )e

−γy)−rdy.

Thus, we have∫∞
0

fr(y)dy =
(

θγ2

(γ+1) log(1−θ)

)r ∑r
i=0

∑∞
j=0

∑j
k=0

×
(
r
i

)(
j
k

)
(−1)r Γ(r+j)

Γ(r)j! (
θγ
γ+1 )

j Γ(i+j+1)
(γ(j+r))i+j+1 .

According to the definition of Rényi entropy we

have

IR(r) = 1
1−r log[(

θγ2

(γ+1) log(1−θ) )
r
∑r

i=0

∑∞
j=0

∑j
k=0

×
(
r
i

)(
j
k

)
(−1)r Γ(r+j)

Γ(r)j! (
θγ
γ+1 )

j Γ(i+j+1)
(γ(j+r))i+j+1 ].

The Shannon entropy is defined by E[− log[f(Y )]].

This is a special case derived from limr→1 IR(r).
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Abstract: In this paper, we propose a new extension of the Rayleigh distribution. Several mathematical

properties of the new model, called the Marshall-Olkin extended Rayleigh distribution, are derived. We also

discuss the estimation of the model parameters by maximum likelihood and obtain the observed information

matrix. We provide an application to real data which illustrates the usefulness of the model.
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1 INTRODUCTION

Reference [1] introduced a new family of distribu-

tions, called the Marshall-Olkin extended (MOE)

family, by adding a new shape parameter to the

baseline distribution. Let G(x) be a cumulative

distribution function (cdf) of a continuous random

variable X. Suppose that X has survival function

(SF) Ḡ(x) = 1 − G(x). The new survival function

takes the form

F̄ (x) =
αḠ(x)

1− ᾱḠ(x)
, −∞ < x < ∞. (1)

This procedure of generalization was called

Marshall-Olkin’s (MO) scheme later by statisti-

cians. Note that for α = 1, F (x) = G(x) and

therefore G(x) is a basic exemplar of (1). Refer-

ence [1] studied two special cases of (1) by con-

sidering G(x) to be the exponential and Weibull

distributions, which are called MOE exponential

and MOEWeibull distributions, respectively. Since

then many authors introduced new extended distri-

butions using the MO scheme. Examples include

the MOE Lomax distribution [2], the MOE normal

distribution [3] and the MOE Fréchet distribution

[4] among others.

In this paper, we apply the MO scheme to

generalize the Rayleigh distribution. The Rayleigh

distribution is widely applied in several areas of

statistics, partly because of its linear and increasing

failure rate, which makes it an appropriate distribu-

tion for modeling the lifetime distribution of com-

ponents which age rapidly with time. This distribu-

tion is a special case of the two-parameter Weibull

distribution with the shape parameter equal to 2.

The SF of the Rayleigh distribution is given by

ḠR(x) = e−λx2

, x > 0, λ > 0.

Taking Ḡ(x) in (1) to be the SF of the Rayleigh

∗Corresponding Author

1

47

47



distribution, we obtain

F̄ (x) =
αe−λx2

1− ᾱe−λx2 , x > 0. (2)

Then the corresponding probability density func-

tion (pdf) of this new model is given by

f(x) =
2αλxe−λx2(
1− ᾱe−λx2

)2 , x > 0, α, λ > 0. (3)

We shall refer to the new model with pdf given

in (3) as the Marshall-Olkin extended Rayleigh

(MOER) distribution and we denote a random vari-

able X with this density function (3) by X ∼
MOER(α, λ). It may be noted that when α = 1,

(3) reduces to the pdf of the Rayleigh distribution.

Plots of MOER densities for some selected values

of α when λ = 1 are shown in Fig. 1. We derive

some mathematical properties of the MOER distri-

bution in Section 2. Data application is discussed

in Section 3.
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Figure 2: MOER pdfs for selected values of α when λ = 1.

2 GENERAL PROPERTIES

In this section, we discuss some general properties

as well as maximum likelihood estimation of the

parameters of the MOER distribution. The cdf of

the MOER distribution can be written as

F (x) =
1− e−λx2

1− ᾱe−λx2 , x > 0.

Inverting the cdf function, we readily obtain the

quantile function as

x = Q(u) =

√
1

2
log

(
1− ᾱu

1− u

)
. (4)

Simulation of an MOER random variable follows

directly from (4), i.e. if U is a simulated random

variable from uniform distribution on (0, 1), then

X = Q(U) ∼ MOER(α, λ).

Using (2) and (3), the hazard rate function

(hrf) of the MOER model is found to be

r(x) =
2λx

1− ᾱe−λx2 , x > 0. (5)

It is clear that r(0) = 0 and limx→∞ r(x) = ∞.

The first derivative of r(x) with respect to (w.r.t)

x is

r′(x) =
2λη

(
λx2

)(
1− ᾱe−λx2

)2 ,
where η(y) = 1 − ᾱ(1 + 2y)e−y. Take y = λx2,

if α > 1, then η(y) > 0 and hence r(x) is in-

creasing w.r.t. x. For α ≤ 1, consider the first

derivative of η(y) w.r.t. y which equals η′(y) =

ᾱ(2y− 1)e−y implying that η(y) has a unique crit-

ical point y∗ = 1/2. Since η′′(1/2) = ᾱe−1/2 ≥ 0,

η(y) has an absolute minimum at y∗. The absolute

minimum value of η(y) is η(1/2) = 1 − 2ᾱe−1/2.

Note that η(0) = α > 0 and limy→∞ η(y) = 1 > 0.

If η(y∗) ≥ 0 or equivalently α ≥ 1 −
√
e/2, then

η(y) ≥ 0 for all y ≥ 0 and hence r′(x) ≥ 0 for all

x > 0. If η(y∗) < 0, then η(y) has exactly two roots

x1 =
√
y1/λ < x2 =

√
y2/λ. Since r(0) = 0 and

limx→∞ r(x) = ∞ and r(x) > 0, then x1 (x2) must

be a point of local maximum (minimum) for r(x).

Summing up, if α ≥ 1−
√
e/2, then r(x) is increas-

ing w.r.t. x and if 0 < α < 1 −
√
e/2 ≃ 0.17564,

then r(x) is increasing-decreasing-increasing w.r.t.

x. Plots of MOER hrfs for some selected values of

α when λ = 1 are shown in Fig. 2.
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Figure 2: MOER hrfs for selected values of α when λ = 1.

Next, we provide useful expansions for the pdf and

cdf of the MOER model. Consider the following

well-known series expansion

(1− z)−s =

∞∑
j=0

(
s+ j − 1

s− 1

)
zj , (6)

for |z| < 1 and s > 0. Since 1− α < 1, we consider

two cases: if |1−α| < 1, or equivalently 0 < α < 2,

then from (3) and (6) we can write

f(x) = 2αλx
∞∑
j=0

(j + 1)ᾱje−(j+1)λx2

,

and the cdf can be expanded as

F (x) = (1− e−λx2

)
∞∑
j=0

ᾱje−jλx2

.

Now, if 1 − α < 1/2 or α > 1/2, then |ᾱ|/α < 1

and we use the following equality

1− ᾱe−λx2

= α
[
1 +

ᾱ

α

(
1− e−λx2

)]
.

Therefore, from (6) and the binomial expansion, we
can write

f(x) = 2λxe−λx2
∞∑
j=0

(j + 1)(−ᾱ)j

αj+1

(
1− e−jλx2

)j

= 2λx

∞∑
j=0

j∑
i=0

(j
i

) (j + 1)(−1)i+j ᾱj

αj+1
e−(i+1)λx2

,

and

F (x) =
∞∑
j=0

j+1∑
i=0

(
j + 1

i

)
(−1)i+jᾱj

αj+1
e−iλx2

.

Using the series expansions for the MOER pdf, we

can find the k-th (k > 0) moment of this new dis-

tributions in two cases: if 0 < α < 2, then

E(Xk) =
α

λk/2

∞∑
j=0

ᾱj

(j + 1)k/2
Γ(k/2 + 1),

where Γ(·) is the complete gamma function. If
α > 1/2, then the k-th moment can be written
as

E(Xk) =
1

λk/2

∞∑
j=0

j∑
i=0

(j
i

) (j + 1)(−1)i+j ᾱj

αj+1(i+ 1)k/2+1
Γ(k/2 + 1).

Now, we consider the estimation of the param-

eters of the MOER distribution using maximum

likelihood method. Suppose that x1, . . . , xn are an

observed random sample of size n from MOER dis-

tribution with unknown parameters α and λ, then

the log-likelihood function for (α, λ) becomes

ℓ = ℓ(α, λ) = n log 2αλ+
n∑

i=1

log xi − λ
n∑

i=1

x2
i

−2

n∑
i=1

log
(
1− ᾱe−λx2

i

)
. (7)

The maximum likelihood estimates of the unknown

parameters are obtained by maximizing the log-

likelihood function ℓ(α, λ) with respect to (α, λ).

The maximum likelihood estimators (MLEs) of α

and λ say α̂ and λ̂, respectively, can be obtained as

the solutions of the following non-linear equations

∂ℓ

∂α
=

n

α
− 2

n∑
i=1

e−λx2
i

1− ᾱe−λx2
i

= 0,

∂ℓ

∂λ
=

n

λ
−

n∑
i=1

x2
i − 2ᾱ

n∑
i=1

x2
i e

−λx2
i

1− ᾱe−λx2
i

= 0.

These equations can not be solved analytically and
statistical software can be used to solve them nu-
merically using iterative methods such as the New-
tonRaphson type algorithms. For interval estima-
tion and hypothesis testing of α and λ, we may use

the asymptotic joint distribution of (α̂, λ̂). Under
certain regularity conditions that are stated in [5],
pages 461-463, that are fulfilled for the parameters
in the interior of the parameter space, we have that√
n(θ̂ − θ)

a∼ N2

(
0, I−1

θ

)
, where

a∼ means approx-

imately distributed, θ = (α, λ)T is the vector of
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unknown parameters, θ̂ = (α̂, λ̂)T , Iθ is the ex-
pected information matrix and I−1

θ is the inverse
of Iθ. The asymptotic behavior remains valid if Iθ
is replaced by 1

nJn(θ) where Jn(θ) is the observed
information matrix defined as

Jn(θ) = −
[

Jαα Jαλ

Jλα Jλλ

]
= −

[
∂2

∂α2 ℓ(α, λ) ∂2

∂α∂λ ℓ(α, λ)
∂2

∂λ∂α ℓ(α, λ) ∂2

∂λ2 ℓ(α, λ)

]

The elements of Jn(θ) can be obtained as

Jαα = − n

α2
+ 2

n∑
i=1

e−2λx2
i(

1− ᾱe−λx2
i

)2 ,
Jλλ = − n

λ2
+ 2ᾱ

n∑
i=1

x4
i e

−λx2
i(

1− ᾱe−λx2
i

)2 ,
Jαλ = Jλα = 2

n∑
i=1

x2
i e

−λx2
i(

1− ᾱe−λx2
i

)2 .
Simply we have

J−1
n (θ) =

−1

JααJλλ − J2
αλ

[
Jλλ −Jαλ

−Jαλ Jαα

]

=

[
V̂ ar(α̂) Ĉov(α̂, λ̂)

Ĉov(α̂, λ̂) V̂ ar(λ̂)

]
The unknown parameters in the elements of

J−1
n (θ) can be replaced by their corresponding

MLEs. The asymptotic equal tailed 100(1−p) per-

cent confidence intervals for the parameters α and

λ are α̂ ± zp/2

√
V̂ ar(α̂) and λ̂ ± zp/2

√
V̂ ar(λ̂) re-

spectively, where za denotes the 100a percentile of

the standard normal random variable.

3 DATA APPLICATION

In this section, we analyze a real data set and com-

pare the MOER distribution with Rayleigh distri-

bution. The data set is taken from [6] p. 105 and

shows the relief times of 20 patients receiving an

analgesic in hours. These data are as follows

1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7,

4.1, 1.8, 1.5, 1.2, 1.4, 3, 1.7, 2.3, 1.6, 2.

We have fitted both Rayleigh and MOER distri-

butions to the above data using the Kolmogorov-

Smirnov (K-S) test. The values of K-S statistics

and their corresponding p-values are reported in

Table 1. In addition, the Akaike information crite-

rion (AIC) and the Bayesian information criterion

(BIC) are utilized to compare the candidate mod-

els. These measure are also presented in Table 1.

One can easily conclude from Table 1 that MOER

distribution fits the data better than the Rayleigh

distribution.

TABLE 1

MLEs, AIC, BIC, K-S statistics and p-value for the data set.

Model MLEs AIC BIC K-S p-value

Rayleigh λ̂ = 0.245 46.958 47.953 0.257 0.1436

MOER λ̂ = 0.463 15.393 17.385 0.171 0.6025

α̂ = 3.643
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Abstract: In this paper, we establish the stochastic ordering of median from an equi-correlated trivariate

normal vector based on the strength of the correlation coefficient. Specifically, by considering two equi-

correlated trivariate normal vectors with different correlation coefficients, we show that the absolute value of

the median in the vector with smaller correlation coefficient is stochastically smaller than the absolute value

of the median in the vector with larger correlation coefficient. We prove this result by utilizing skew-normal

distributions.

Keywords: Stochastic ordering, equi-correlated trivariate normal distribution, order statistics, median,

skew-normal distribution, correlation coefficient

1 INTRODUCTION

Let X = (X1, · · · , Xn)
T
and Y = (Y1, · · · , Yn)

T
be

two n-dimensional equi-correlated normal random

vectors as

X ∼ Nn

(
0n, (1− ρX) In + ρX11T

)
,

Y ∼ Nn

(
0n, (1− ρY ) In + ρY 11

T
)
, (1)

− 1

n− 1
< ρX , ρY < 1,

where 0n and 1n denote the vectors of

zeros and ones of dimension n, respectively,

and In denotes the identity matrix of dimen-

sion n. Let the cumultative distribution func-

tions (CDFs) of X and Y be denoted by

FX (x; ρX) = P (X1 ≤ x1, · · · , Xn ≤ xn) and

GY (x; ρY ) = P (Y1 ≤ x1, · · · , Yn ≤ xn), respec-

tively, for x =(x1, · · · , xn)
T ∈Rn . Further, let

X1:n ≤ · · · ≤ Xn:n and Y1:n ≤ · · · ≤ Yn:n denote

the order statistics arising by arranging in ascend-

ing order the components of X and Y, respectively,

and Fr:n(·; ρX) and Gr:n(·; ρY ) denote the CDFs of

Xr:n and Yr:n, respectively.

A random variable X is said to be smaller

than Y in the usual stochastic order, denoted by

X ≤st Y , if and only if P (X > x) ≤ P (Y > x)

(or FX (x) ≥ FY (x)), for all x ∈ R [?]. By us-

ing the result in Theorem 5.1 of Das Gupta et al.

[?], if ρX < ρY , then FX (x; ρX) ≤ GY (x; ρY ), for

x ∈Rn. If we set x =x1n, then if ρX < ρY , we

∗Corresponding Author
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deduce

Fn:n (x; ρX) = FX (x1n; ρX) ≤ GY (x1n; ρY )

= Gn:n (x; ρY ) , x ∈ R,

which shows

Yn:n ≤st Xn:n. (2)

Since, X1:n
d
= −Xn:n and Y1:n

d
= −Yn:n, if ρX <

ρY , we also readily obtain

X1:n ≤st Y1:n. (3)

A natural question is about the stochastic order-

ing of other order statistics. In this regard, we de-

rive some results by considering the trivariate case.

When n = 3, from (??) and (??), we have, for

−1
2 < ρX < ρY < 1,

Y3:3 ≤st X3:3 and X1:3 ≤stY 1:3. (4)

In this note, we establish that, for − 1
2 < ρX <

ρY < 1,

|X2:3| ≤st |Y 2:3| . (5)

A random variable Zλ is said to have the skew-

normal distribution with shape parameter λ ∈ R,
denoted by Zλ ∼ SN (λ), if its probability density

function (PDF) is [?],

fSN (z;λ) = 2ϕ (z)Φ (λz) , z ∈ R, (6)

where ϕ (·) and Φ (·) denote the PDF and CDF of

the standard normal distribution, respectively. By

using Proposition 6 in [?], if λ1 < λ2, then

Zλ1 ≤st Zλ2 . (7)

Also, it is known that [?],

X2:2 ∼ SN

(√
1− ρX
1 + ρX

)
, Y2:2 ∼ SN

(√
1− ρY
1 + ρY

)
.

(8)

Since
√

1−ρY

1+ρY
<
√

1−ρX

1+ρX
for ρX < ρY , the stochas-

tic ordering in (??) yields the results in (??) and

(??) for n = 2.

In this paper, by using normal skew-normal

and generalized normal distributions, we establish

the result in (??). in Section 2, we discuss some

stochastic ordering results for normal skew-normal

and generalized normal distributions. Then, by us-

ing these results, we establish the main result in

(??) in Section 3 and discussed some implications

briefly.

2 Stochastic orderings for

normal skew-normal (NSN)

and generalized normal

(GN) distributions

Azzalini and Regoli [?] discussed stochastic order-

ing a general class of skewed distributions. In this

section, we discuss briefly some stochastic orderings

for two distributions that we will use in the sequel.

Recently, Gomez et al. [?] proposed a normal skew-

normal (NSN) distribution. A random variable is

said to have a NSN distribution with parameters

α, β ∈ R if its PDF is

c (α, β)ϕ (z)FSN (αz;β) , z ∈ R,

where c (α, β) =

{
1
2 − 1

π arctan

(
β√

1+α2(1+β2)

)}−1

and FSN (·;β) denotes the CDF of SN (β). This

NSN distribution is, in fact, a special case of a

skew-normal distribution discussed by Loperfido et

al. [?]. Here, we consider a special case of this dis-

tribution when α = λ and β =
√

1+λ2

3−λ2 , for |λ| < 3.

If a random variable Z∗
λ has this specific NSN dis-

tribution, then we denote it by Z∗
λ ∼ NSN (λ),

and its PDF becomes

fNSN (z;λ) = 3ϕ (z)FSN

(
λz;

√
1 + λ2

3− λ2

)
, z ∈ R.

(9)

We denote the corresponding CDF by FNSN (·;λ).
Many of the properties of the NSN distribution in

(??) are similar to those of the SN distribution in

(??). For example, it reduces to the standard nor-

mal distribution when λ = 0 and it is strongly uni-

modal for all values of λ ∈ R and Loperfido et al.
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[?]. Moreover, just like the SN distribution, the

NSN distribution in (??) is stochastically ordered

with respect to λ. This property can not be ob-

tained by the result in Proposition 6 of [?]. To

prove this property, we need the following lemma.

In the lemma, we assume that a (λ) is a real-valued

function with domain Da ⊆ R, and also that the

first derivative of a (λ) exists for λ ∈ Da, and is

denoted by a′ (λ).

Lemma 1 For z ∈ R and λ ∈ Da, if(
λa(λ)
1+λ2 − a′(λ)

1+a2(λ)

)
≤ 0, then

∂

∂λ

∫ z

−∞
ϕ (t)FSN (λt; a (λ)) dt < 0.

By using the result in Lemma 1, we can

easily prove that the NSN distribution in (??) is

stochastically ordered with respect to λ, as done in

the following Corollary.

Corollary 1 If Z∗
λ1

∼ NSN (λ1) and Z∗
λ2

∼
NSN (λ2), and −

√
3 < λ1 < λ2 <

√
3, then

Z∗
λ1

≤st Z
∗
λ2
. A random variable Uλ is said to have

a GN distribution with parameter −
√
3 < λ <

√
3,

denoted by Uλ ∼ GN (λ), if its PDF is

fGN (u;λ) = 3fSN (u;λ)− 2fNSN (u;λ) , u ∈ R.
(10)

To see this is a valid density, we first note that

fGN (u;λ) = 6ϕ (u)
(
Φ(λu)− FSN

(
λu;

√
1+λ2

3−λ2

))
.

Because the CDF of the SN distribution in (??) is

decreasing with respect to λ and
√

1+λ2

3−λ2 > 0, we

have FSN

(
λu;

√
1+λ2

3−λ2

)
≤ FSN (λu; 0) = Φ (λu),

which implies that fGN (u;λ) ≥ 0. Next, it is clear

that
∫ +∞
−∞ fGN (u;λ) = 1 which means fGN (u;λ) is

a valid PDF. If λ = 0, then it reduces to the PDF

of the standard normal distribution. The CDF of

the GN density in (??) is clearly

FGN (u;λ) = 3FSN (u;λ)− 2FNSN (u;λ) , u ∈ R.
(11)

So the GN distribution in (??) is symmetric about

0. In the following lemma, we prove the stochastic

ordering of |Uλ|, which will be used to establish the

main result of this paper in the next section.

Lemma 2 For 0 ≤ λ1 < λ2 <
√
3, if Uλ1 ∼

GN (λ1) and Uλ2 ∼ GN (λ2), then

|Uλ2 | ≤st |Uλ1 | . (12)

3 Stochastic ordering of me-

dians in two equi-correlated

trivariate normal vectors

In this section, we prove the main result in (??)

and then mention an extension of this result. In

the following lemma, we express the distributions

of order statistics in terms of NSN and GN dis-

tributions. Although all these representations are

identical, there are two advantages in the last rep-

resentation. First, both NSN and GN distributions

have just one parameter, and in Loperfido et al.

[?] and Jamalizadeh and Balakrishnan [?], we deal

with two and three parameters. The representation

given here enables us to study several properties

of order statistics easily. The second advantage is

that in trivariate case, the result is very similar to

that of the bivariate case (see Eq. (??) and Lemma

3 ).

Lemma 3 We have

X1:3 ∼ NSN

(
−
√

1− ρX
1 + ρX

)
,

X2:3 ∼ GN

(√
1− ρX
1 + ρX

)
,

X3:3 ∼ NSN

(√
1− ρX
1 + ρX

)
.

Corollary 2 For −1
2 < ρX < ρY < 1, we have

|X2:3| ≤st |Y 2:3| .

The stochastic ordering of medians in

Lemma 3 translates immediately into a set of impli-
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cations about the ordering of moments and quan-

tiles of these medians. Specifically, for − 1
2 < ρX <

ρY < 1, we have the following:

(i) If Q|X2:3| (p) and Q|Y 2:3| (p) denote the pth

quantiles of |X2:3| and |Y 2:3| for any 0 < p <

1, then

Q|X2:3| (p) ≤ Q|Y 2:3| (p) ; (13)

(ii) For any non-decreasing function t(·) for which
the involved expectations exist, we have

E (t (|X2:3|)) ≤ E (t (|Y 2:3|)) . (14)

Moreover, from proof of lemma 2, both in-

equalities in (??) and (??) are also strict.

The result in Corollary can be extended

to scale mixture of normal distributions. More

specifically, n-dimensional random vectors X∗ =

(X∗
1 , · · · , X∗

n)
T

and Y∗ = (Y ∗
1 , · · · , Y ∗

n )
T
are said

to be scale mixures of vectors of X and Y in (??)

if there is a positive random vaiable W , with CDF

H, such that

X∗ d
=

√
WX and Y∗ d

=
√
WY,

where
d
= means equality in distribution. Some

prominent multivariate distributions, such as

Student-t snd Laplace, are scale mixtures of normal

distribution. If X∗
r:n and Y ∗

r:n denote the r-th or-

der statistics from X∗ and Y∗, then from (??) and

(??), we have Y ∗
n:n ≤st X

∗
n:n and X∗

1:n ≤st Y
∗
1:n, for

− 1
n−1 < ρX < ρY < 1. Although this latter result

can also be obtained directly from Theorem 5.1 of

[?], in the trivariate case, by Corollary 2, we also

have, for −1
2 < ρX < ρY < 1,

|X∗
2:3| ≤st |Y ∗

2:3|

in this general case.
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Abstract: In this paper, we compare the residual and past lifetimes of two (n − k + 1)-out-of-n systems

with non-identical and dependent components according to a multivariate log-normal distribution. We also

show that two univariate doubly truncated normal distributions with same variance and different means are

stochastically ordered with respect to hazard rate stochastic ordering.
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1 Introduction

The normal distribution has been used to model

the potential returns on an investment in capital

budgeting and portfolio analysis (see [10], and ref-

erences therein). Normal distributions have often

been investigated in the context of stochastic domi-

nance (e.g., [11, 3, 14, 2]). However, there are three

reasons why investigation of the truncation of the

distributions may be appropriate. First, the fact

that the normal is unbounded indicates that it is

only to be used as an approximation to an actual re-

turn distribution. In particular, the left tail of a re-

turn distribution must be zero below the maximum

loss possible for an investment. In many invest-

ment situations, the maximum loss possible is lim-

ited to the amount of the investment. In any case,

an investment must have a limited liability no mat-

ter how large that amount may be. Second, Ben-

Horim [2] censored his sample data before testing

for stochastic dominance. The motivation was to

eliminate outliers and thereby increase the chances

that the sample data would then agree with the

dominance relation existing between the two popu-

lations (i.e., reducing estimation risk). Third, when

X is the lifetime of a device, Xt = [X − t
∣∣X > t] is

the residual lifetime of the device at time t, given

that the device is alive at time t. As a dual notion

to the residual life, the past lifetime (or the inac-

tivity time) measures the time elapsed since the

system hazard. Past lifetime of a system is also a

truncated random variable.

Consider one degrading item which operates

in a baseline environment (regime) and denote the

corresponding distribution function of time to haz-

ard X by F (t). By degrading we mean that the

∗Corresponding Author
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hazard occurs due to some degradation processes,

e.g., as a result of wear accumulation. Let another

statistically item described by the lifetime Y with

the distribution function G(t) be operating in a

more severe environment. Assume for simplicity

that environments are not varying with time and

that distributions are absolutely continuous and let

λX(t) and λY (t) denote the corresponding hazard

rates. It is reasonable to assume that degradation

in the second regime is more intensive and, there-

fore, the time for accumulating the same amount

of degradation or wear is smaller than the baseline

one. Therefore, assume that the corresponding life-

times are ordered in terms of the (usual) stochastic

ordering (see e.g. [13]), i.e.,

F̄ (t) = 1− F (t) ≤ Ḡ(t) = 1−G(t), t ∈ R , (1)

in which case, we sayX is smaller than Y in (usual)

stochastic order and denote it by X ≺st Y . This

general relationship naturally models the impact of

a more severe environment as compared with the

baseline one. Note that, the corresponding hazard

rate ordering denoted by X ≺hr Y is defined as

λX(t) ≥ λY (t), t ∈ R . (2)

which is also very popular in reliability applications

and it is more stronger one such that (2) leads to

(1).

A (n − k + 1)-out-of-n system is a system

consisting of n components that works if and only

if at least n−k+1 of its components are operating

(k ≤ n). Thus, this system fails if k or more of its

components fail (see [7] for a thorough discussion

of these systems). It is indeed a very popular and

commonly studied reliability structure. If we de-

note the lifetimes of the individual components by

X1, . . . , Xn, then the lifetime of the (n−k+1)-out-

of-n system is simply the kth order statistic Xk:n.

The concept of the past lifetime of the components

of a parallel system (at the system level), under the

condition that the system has failed by time t, has

been introduced in [1] as

(t−Xl:n|Xn:n ≤ t), l = 1, 2, . . . , n.

Khaledi and Shaked [6] considered the residual life

of a coherent system, given that at least (n−k+1)

components of the system are working, and gave

some stochastic comparison results for this system.

Li and Zhao [9] carried out a stochastic comparison

on residual and past lifetimes of two (n − k + 1)-

out-of-n systems and generalized the results in [6].

Usually, it is assumed that the n lifetimes

X1, X2, . . . , Xn of the components of the system

are independent and identically distributed. In par-

ticular, however, there may be a structural depen-

dence among the components of the system. Such

a dependency may be due to a common shock af-

fecting system’s components. The objective of the

present work is to model the structural dependence

of the system using multivariate normal distribu-

tion and then establish some stochastic ordering

results.

The rest of this paper is organized as follows.

In Section 2, we extend the main result of Müller

[12] to the case of multivariate truncated normal

distribution, and then present some conditions un-

der which we can compare the residual and past

lifetimes of two (n− k+1)-out-of-n systems whose

component lifetimes are distributed as multivari-

ate log-normal. In Section 3, we consider stochas-

tic hazard rate ordering of two doubly univariate

truncated normal distributions.

2 Stochastic Comparisons of

Truncated Normal Distri-

butions

The following multivariate generalizations of the

usual stochastic order are well-known in the litera-

ture; see Shaked and Shanthikumar [13] for related

properties, equivalent definitions and applications.

Consider two multivariate random vectors X and

Y. We say that X is smaller than Y in the usual

stochastic order (denoted by X ≺st Y) if, and only

if, E[h(X)] ≤ E[h(Y)] for every increasing function
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h : Red → Re provided that both expectations ex-

ist. In this section, we consider stochastic orderings

of truncated normal distributions. Let us assume

Xi ∼ Nn(µi,Σ), i = 1, 2, Yi ∼ Xi|(c ≤ Xi ≤ d),

where c = (c1, . . . , cn) and d = (d1, . . . , dn) are vec-

tors of constants. Here, we consider joint density

function of a random vector Z as

ϕλ(x) =
exp{−1

2 (x− µ(λ))′Σ−1(x− µ(λ))}∫ n(λ)

m(λ)
exp{− 1

2u
′Σ−1u}du

, (3)

where m(λ) = c − µ(λ), n(λ) = d − µ(λ), and

µ(λ) = λµ1 + (1 − λ)µ2. Let us introduce the

following notation:

µ =

(
µ−l

µl

)
, Σ−1 =

(
Σ

(−1)
−l σ

(−1)
l

(σ
(−1)
l )′ σ

(−1)
ll

)
,

m(λ) =

(
m−l(λ)

ml(λ)

)
, n(λ) =

(
n−l(λ)

nl(λ)

)
,

where l = 1, . . . , n .

Now, we present a result that can be used

for comparing two multivariate truncated normal

random variables, with same truncation and covari-

ance matrices, with respective to multivariate usual

stochastic ordering. This result is an extension of

the main theorem in [12]. Since the proof of this

result is long and involved, we omit the proof of the

Theorem.

Theorem 2.1. Suppose f(x) : Rn → R is con-

tinuously differentiable and vanishes outside (c,d).

Then,

Ef(Y1)− Ef(Y2) =

n∑
l=1

µ12l

∫ 1

0

(∫ d

c

∂

∂xl
f(x)ϕλ(x)dx+

∫ d

c

f(x)ϕλ(x)
(
Idl(xl)− Icl(xl)

)
dx

+

∫ d

c

ϕλ(x)
(
Idl(xl)− Icl(xl)

)
dx∫ d

c

f(x)ϕλ(x)dx

)
dλ , (4)

where Iz(x) equals one when x = z and zero other-

wise, and µijl = µ
(i)
l − µ

(j)
l , i, j = 1, 2, l = 1, . . . , n ,

with µi = (µ
(i)
1 , . . . , µ

(i)
n ) .

Corollary 2.2. If µ1 ≤ µ2, then Y1 ≺st Y2.

Since the the residual [past] lifetime of a

(n − k + 1)-out-of-n system whose component

lifetimes are distributed as multivariate normal,

(Xk:n|X1:n ≥ t) [(Xk:n|Xn:n ≤ t)], can be con-

sidered as the order statistics from a multivariate

truncated normal distribution, we can compare the

residual and past lifetimes of two (n−k+1)-out-of-n

system whose component lifetimes are distributed

as multivariate normal, by Theorem 2.1 and Theo-

rem 6.B.23 in [13] as follows.

Corollary 2.3. Assume X and Y are two mul-

tivariate normal random vectors with means µ1

and µ2, respectively, and same covariance ma-

trix. Moreover, if µ1 ≤ µ2 and Xk:n and

Yk:n, k = 1, . . . , n, are the order statistics aris-

ing from random vectors X and Y, respectively,

then (Xk:n|X1:n ≥ t) ≺st (Yk:n|Y1:n ≥ t) and

(Xk:n|Xn:n ≤ t) ≺st (Yk:n|Yn:n ≤ t) for any con-

stant t.

Now, we can present a result regarding the

comparison of residual and past lifetimes of two

(n − k + 1)-out-of-n systems with respect to the

usual stochastic ordering. In this case, we assume

the components of the systems to be jointly dis-

tributed as multivariate log-normal.

Corollary 2.4. Assume X and Y are two mul-

tivariate log-normal random vectors with the cor-

responding normal distributions having means µ1

and µ2, respectively, and same covariance ma-

trix. Moreover, if µ1 ≤ µ2 and Xk:n and

Yk:n, k = 1, . . . , n, are the order statistics aris-

ing from random vectors X and Y, respectively,

then (Xk:n|X1:n ≥ t) ≺st (Yk:n|Y1:n ≥ t) and

(Xk:n|Xn:n ≤ t) ≺st (Yk:n|Yn:n ≤ t) for any con-

stant t.
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3 Univariate doubly trun-

cated normal distribution

In this section, we consider stochastic hazard rate

orderings of univariate truncated normal distribu-

tions. Let us assume Xi ∼ N(µi,Σ), i = 1, 2,

Yi ∼ Xi|(c ≤ Xi ≤ d). Here, we consider the

density function of a random variable Z as

ϕλ(x) =
exp{− (x−µ(λ))2

2σ2 }∫ n(λ)

m(λ)
exp{− u2

2σ2 }du
, (5)

where m(λ) = c − µ(λ), n(λ) = d − µ(λ), and

µ(λ) = λµ1 + (1 − λ)µ2. With an argument simi-

lar to the one in the proof of Theorem 2.1, we can

obtain the same results for the univariate doubly

truncated normal distribution as follows.

Theorem 3.1. Suppose f(x) : R → R is continu-

ously differentiable and vanishes outside (c, d) and

g(λ) =
∫ d

c
f(x)ϕλ(x)dx. Then,

Ef(Y1)− Ef(Y2) =

∫ 1

0

g′(λ)dλ = (µ1 − µ2)∫ 1

0

(
−
∫ d

c

f(x)
∂

∂x
ϕλ(x)dx

+

∫ d

c

f(x)ϕλ(x)
(
Id(x)− Ic(x)

)
dx

+

∫ d

c

ϕλ(x)
(
Id(x)− Ic(x)

)
dx∫ d

c

f(x)ϕλ(x)dx

)
dλ , (6)

where Iz(x) equals one when x = z and zero oth-

erwise.

We now consider a result which compares

hazard rate functions of two doubly truncated nor-

mal distribution functions with same variance in

terms of their means.

Corollary 3.2. If µ1 ≤ µ2, then Y1 ≺h Y2.
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مفصل تابع از استفاده با مدت ‐ طولانͬ بقا داده های بندی مدل
کلایتون

m-ruzbahani@mscstu.scu.ac.ir اهواز، چمران شهید دانشͽاه آمار، ارشد کارشناسͬ دانشجوی ، روزبهانͬ* مرضیه

mra.biostat@gmail.com اهواز، چمران شهید دانشͽاه آمار، گروه علمͬ هیأت عضو آخوند، رضا محمد

kheiri@hbi.ir.ac.ir شهرکرد، ͬͺپزش علوم دانشͽاه اپیدومولوژی، و آمار گروه علمͬ هیأت عضو خیری، سلیمان

بین وابستگͬ گرفتن نظر در راه های از ͬͺی و هستند وابسته هم به متغیره چند بقا داده های کلͬ حالت در چͺیده:
مفصل از استفاده با را مدت طولانͬ بقا داده های داریم قصد مقاله این در ͬ باشد. م مفصل تابع از استفاده داده ها
آن جایی از ͬ آوریم. م دست به بیزی روش ͷکم به را پارامترها برآورد منظور این برای کنیم. مدل سازی کلایتون
مونت روش کارگیری به با را پسین توزیع های مشخصات برآورد ͬ باشند، نم بسته ای فرم دارای پسین توزیع های که

آورد. خواهیم دست به مارکوفͬ زنجیر کارلوی
مارکوفͬ زنجیر کارلوی مونت روش های بیزی، روش مدت، طولانͬ بقا مفصل، کلیدی:تابع کلمات

به تصادفͬ اثر چند یا ͷی که است شͺنندگͬ مدل
وارد مدل در مشاهدات بین وابستگͬ دادن نشان منظور
گرفتن نظر در با شرطͬ طور به بقا زمان های و ͬ شود م
وایپل ͬ شوند. م گرفته نظر در مستقل هم از تصادفͬ اثر
را شͺنندگͬ مدل های بار اولین برای همͺاران[۴] و
عنوان به مفصل توابع اخیر، سال های در کردند. مطرح
مطرح متغیرها بین وابستگͬ بیان برای مناسب ابزار ͷی
مورد بیمه و مالͬ ،ͬͺپزش زمینه های بیشتر در و شده اند
تابع که هستند توابعͬ مفصل ها گرفته اند. قرار استفاده
متغیره ͷی حاشیه ای توزیع تابع به را متغیره چند توزیع

ͬ کنند. م متصل
افراد همه که ͬ شود م فرض کلͬ طور به بقا آنالیز در
تا را نظر مورد پیشامد و هستند خطر معرض در

مقدمه

زمان داده های با کاربردی زمینه های از بسیاری در
متغیره چند یا دو ساختاری که ͬ کنیم م برخورد شͺستͬ
را شͺست های زمان ͬ توان نم حالت این در دارند،
حالت در متغیره چند بقا داده های نمود. فرض مستقل
بین وابستگͬ از مطالعه ای و هستند وابسته هم به کلͬ
جمله از است. محققین توجه مورد معمولا متغیرها
متغیره چند بقا داده های مدل سازی روی بر که افرادی
رومئو همͺاران[١]، و اسلانید به ͬ توان م کرده اند کار
نظر در برای نمود. اشاره هنگل[٣] و همͺاران[٢] و
روش های داده هایی چنین میان وابستگͬ ساختار گرفتن
آن رایج ترین که ͬ گیرد. م قرار استفاده مورد مختلفͬ

١
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τα (T۱, T۲) =
α

α+۲

شفایافته بقا تابع

که است این بر فرض آمیخته شفایافته مدل های در
افراد از جامعه زیر دو به ناهمͽن صورت به جامعه
تقسیم خطر معرض در افراد و شفایافته یا مصون
فرد هر که ͬ شود م فرض مدل ها این در است. شده
معرض در ۱ − p احتمال با و شفایافته p احتمال با
افراد کل برای بقا تابع آمیخته مدل های در است. خطر

است: زیر صورت به جامعه

Sj (tj) = pj + (۱− pj)S۰ (tj)

بقا تابع S۰ (tj) و است شفایافته افراد از درصدی p که
توزیع آن برای معمولا که است. شفانیافته افراد برای

ͬ شود. م گرفته نظر در گامبرتز و وایبل نمایی،

درستنمایی تابع تشͺیل

زمان و (Ti۱, Ti۲) عمر طول زمان های که کنید فرض
یͺدیͽر از i = ۱, .., n برای (Ci۱, Ci۲) شدن سانسور
طول tij = min(Tij , Cij) نتیجه در هستند. مستقل
δij = I(tij = Tij) و ام i فرد برای شده مشاهده عمر
تابع نتیجه در است. j = ۱,۲ برای سانسور نشانگر
ͬ آید: م دست به زیر صورت به داده ها برای درستنمایی

L (θ) =

n∏
i=۱

f (ti۱, ti۲)

δi۱δi۲
∂S(ti۱, ti۲|θ)δi۱(۱−δi۲)

∂ti۱
×

∂S(ti۱, ti۲|θ)δi۲(۱−δi۱)

∂ti۲
× S(ti۱, ti۲)

(۱−δi۱)(۱−δi۲)

Tj ∼ حاشیه ها برای وایبل توزیع گرفتن نظر در با
پارامتر طریق از ͬͺکم متغیرهای weibull(rj , λj)

تابع و ͬ شوند م مدل وارد λij = (βj + βijXij)

صورت به بالا فرضیات گرفتن نظر در با درستنمایی

جامعه از قسمتͬ اگر ͬ کنند. م تجربه مطالعه پایان
افراد از این گونه نکنند تجربه را علاقه مورد پیشامد
شفایافته یا مدت طولانͬ بقا با افراد عنوان تحت
شفایافته، مدل های از نوع رایج ترین ͬ شوند. م نامیده
است. شده ارائه بوگ[۵] توسط که است آمیخته مدل
برای FGM مفصل تابع از همͺاران[۶] و لئوزادا
خیری کردند. استفاده متغیره دو بقا داده های مدل بندی
مدل بندی برای شͺنندگͬ مدل های از همͺاران[٧] و
قصد مقاله این در کردند. استفاده قرنیه قوز داده های
استفاده با مدت طولانͬ بقا داده های مدل سازی به داریم
برای مدل ها این از پایان در و بپردازیم مفصل توابع از

کنیم. استفاده قرنیه قوز پیوند داده های مد سازی

آماری مدل

توزیع توابع که هستند متغیره ای چند توابع مفصل ها
(۰,۱) بازه ی روی یͺنواخت صورت به آن ها حاشیه ای
کنید فرض متغیره دو حالت در شده اند. توزیع
بقا توابع با پیوسته تصادفͬ متغیرهای (T۱, T۲) که
صورت این در باشند. (S۱, S۲) ترتیب به حاشیه ای
به ͬ توان م Cϕ مفصل از استفاده با را توام بقا تابع

نوشت: زیر صورت

S (t۱, t۲) = Cϕ (S۱ (t۱) , S۲ (t۲))

به توام بقا تابع کلایتون مفصل تابع از استفاده با که
ͬ آید: م دست به زیر صورت

S (t۱, t۲) =
(
S۱(t۱)

−α
+ S۲(t۲)

−α − ۱
)− ۱

α

برای حاشیه ای بقا توابع S۲ (t۲) و S۱ (t۱) آن در که
اگر است. وابستگͬ پارامتر α و ترتیب به T۲ و T۱

S (t۱, t۲) = یعنͬ بود خواهند مستقل حاشیه ها α → ۰
نسبت توام بقا تابع از مشتق گیری با .S (t۱) × S (t۲)

آورد. دست به را توام چͽالͬ تابع ͬ توان م t۲ و t۱ به
میزان ͬ توان م تاوکندال همبستگͬ ضریب از استفاده با
تابع در که کرد درک بهتر را متغیرها بین همبستگͬ

ͬ آید: م دست به زیر فرمول از کلایتون مفصل

٢
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توام پسین توزیع گسترده ابعاد و پیچیدگͬ دلیل به
پارامترها پسین توزیع محاسبه امͺان آمده، دست به
توزیع تقریب برای ندارد. وجود تحلیلͬ روش به
مارکوفͬ زنجیر کارلوی مونت روش از پارامترها پسین
از تصادفͬ نمونه هایی روش این در ͬ گردد. م استفاده
استنباط نمونه ها اساس بر و ͬ شود م تولید پسین توزیع

ͬ گیرد. م صورت پارامترها مورد در

کاربردی مثال

عضو دفع پیوند، شͺست علت مهمترین که آن جایی از
عوامل دقیق تعیین و بررسͬ ͬ باشد. م پیوندی عضو
برخوردار ویژه ای اهمیت از قرنیه پیوند دفع بر موثر
طͬ که بیمار ١١٩ اطلاعات مقاله این در است.
طرفه دو قرنیه پیوند عمل تحت ۶۵-٨٠ سال های
است. گرفته قرار وتحلیل تجزیه گرفته اند،مورد قرار
از: عبارتند داده ها این در موجود ͬͺکم متغیرهای
تازگͬ گیرنده، بستر قطر قرنیه دهنده، قطر سن، جنس،
پیوند و واسͺولاریزیشن بهاره، ملتحمه ورم قرنیه،

شده اند. وارد مدل در که هستند مجدد
بخش ناآگاهͬ پیشین توزیع از بیزی تحلیل انجام برای
rj ∼ βij ∼ N

(
۰,۱۰۰۲

)
صورت به پارامترها برای

α ∼ و pj ∼ Beta(۱,۱) ، Gamma(۰/۱,۰/۰۰۱)
گردید. استفاده Gamma (۱,۰٫۰۰۱)

OpenBugs افزار نرم از تحلیل این انجام برای
برآوردهای براساس حاصل نتایج و است شده استفاده
فاصله و معیار انحراف میانگین، شامل که مدل، پسین
تمام است. ١آمده جدول در است ٩۵درصد باورمند
که هزار ۵٠ طول به زنجیر دو براساس سازی ها شبیه
گرفته نظر در داغیدن دوره عنوان به اول نمونه هزار ١٠
شده انتخاب مشاهده ͷی مشاهده ۵ هر از و است شده

است. آمده بدست است

ͬ آید م دست به زیر
:

L =
n∏

i=۱
(α+ ۱)

δi۱δi۲(
f۱ (ti۱)Si۱(ti۱)

−α−۱
)δi۱

(
fi۲ (ti۲)Si۲(ti۲)

−α−۱
)δi۲

(
Si۱(ti۱)

−α
+ Si۲(ti۲)

−α − ۱
)−δi۱−δi۲− ۱

α

که
Sj (tj) = pj + (۱− pj) exp

(
−λjt

rj
j

)
و

fj (tj) = (۱− pj)λjrjt
rj−۱
j exp (−λjtj

rj )

چͽالͬ و وایبل آمیخته شفایافته بقا تابع ترتیب به
است. j = ۱,۲ برای وایبل آمیخته

پسین و پیشین چͽالͬ
ͬ توان م مدت طولانͬ بقا داده های مدل سازی از پس
استفاده پارامترها برآورد برای مختلفͬ روش های از
نام را بیزی روش های ͬ توان م آنها جمله از که نمود،
ͷکلاسی روش به نسبت بیزی روش مزیت های از برد.
مورد در اضافͬ اطلاعات که صورتͬ در که است این
توزیع طریق از را آن ͬ توان م باشد اختیار در پارامترها
اطلاعاتͬ چنین که صورتͬ در و نمود مدل وارد پیشین
که بخش گاهͬ ناآ پیشین توزیع از باشد نداشته وجود
ͬ توان م ͬ کنند، نم مدل وارد اضافͬ اطلاعات هیچ گونه
برای پیشین توزیع های گرفتن نظر در با کرد. استفاده
، rj ∼ Gamma(aj , bj) صورت به مدل پارامترهای
α ∼ و pj ∼ Beta(vj , uj) ، βij ∼ N(µij , σij)
صورت به پارامترها توام پسین توزیع Gamma (c, d)

ͬ آید: م دست به زیر

π
(
α, r۱, r۲, β۱, β۲|X, δ۱, δ۲

)
∝

n∏
i=۱

(α + ۱)δi۱δi۲
(۱ − p۱

)
e

(
β۰۱+βk۱

)
t
r۱−۱
۱

(
p۱ +

(
۱ − p۱

)
e
− exp

(
β۰۱+βk۱

)
t
r۱
۱
)−α−۱δi۱

(۱ − p۲
)
e

(
β۰۲+βk۲

)
t
r۲−۱
۲

(
p۲ +

(
۱ − p۲

)
e
− exp

(
β۰۲+βk۲

)
t
r۲
۲
)−α−۱δi۲

(p۱ +
(
۱ − p۱

)
e
−λ۱t

r۱
۱
)−α

+

((
p۲ +

(
۱ − p۲

)
e
−λ۲t

r۲
۲
))−α

− ۱

−
( ۱
α

+δi۱+δi۲
)

a۱
۱ r۱

a۱−۱e−b۱r۱ b۲
a۲r۲

a۱−۱e−b۲r۲ cdαc−۱e−dαp۲
v۲−۱(۱ − p۲

)u۲−۱b

− ۱
۲σ۲

۰۱

(
β۰۱−µ۰۱

)۲
e

− ۱
۲σ۲

۰۲

(
β۰۲−µ۰۲

)۲
− ۱

۲σ۲
k۱

(
βk۱−µk۱

)۲
e

− ۱
۲σ۲

k۲

(
βk۲−µk۲

)۲
e
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نتایج

کلایتون مفصل از استفاده با داده ها چندگانه تحلیل
دهنده، قرنیه قطر پیوند، زمان در بیمار سن که داد نشان
و بهاره ملتحمه ورم قرنیه، تازگͬ گیرنده، بستر قطر
پیوند دفع زمان در ͬ داری معن عوامل واسͺولاریزیشن
مجدد پیوند و بیمار جنس چون عواملͬ اما بوده اند.
و زاده رحیم نداشته اند. پیوند بقای زمان بر تاثیری
های مدل از استفاده با که خود مطالعه [٨]در همͺاران
متغیرهای که دادند نشان است شده انجام شͺنندگͬ
روی بر ͬ دار معن اثری دارای واسͺولاریزیشن و سن

ͬ باشد. م پیوند دفع

بازه و استاندارد انحراف پسین، میانگین :١ جدول
قرنیه قوز پیوند برای ٠/٩۵ باورمند

٠/٩۵ باورمند بازه استاندارد انحراف میانگین پارامتر
(-1.539 , 0.775) 0.583 -0.369 جنس
(0.011 , 0.137) 0.032 0.077 سن
(-4.489 , -1.67) 0.830 -3.244 دهنده قرنیه قطر
(2.274 , 6.675) 1.493 4.119 گیرنده بستر قطر
(0.052 , 2.562) 0.645 1.265 قرنیه تازگͬ
(1.259 , 4.652) 0.874 3.049 بهاره ملتحمه ورم
(1.824 , 4.793) 0.758 3.36 واسͺولاریزیشن
(-5.664 , 0.381) 1.525 -2.302 مجدد پیوند
(0.39 , 0.679) 0.073 0.545 شفایافتگͬ نسب
(0.016, 1.649) 0.45 0.498 همبستگͬ میزان
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