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Abstract: In this paper, we study the estimation problem for the Burr type III distribution based on

record values. The maximum likelihood method is used to derive the point estimators of the parameters.

An exact confidence interval and a joint confidence region are constructed for the parameters of Burr type

IIT distribution based on record data. A numerical example is presented to illustrate the proposed methods.
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1 INTRODUCTION

Let Xl, XQ,
and identically distributed (iid) continuous random
variables with cdf F(z) and pdf f(z). An observa-

tion X is called an upper (lower) record value of

be a sequence of independent

this sequence if its value exceeds (is lower than)
that of all previous observations. Generally, let us
define T1 = 1, U1 = Xl, and for n > 2

T, = mln{j >Th_q1: Xj > XTn—1}7 U, =Xr,.

(1)
Then the sequence {U,}({T},}) is known as upper
record statistics (upper record times). Similarly,
the lower record times .S,, and the lower record val-
ues L, are defined as follows: S7 =1, L1 = Xy,
and for n > 2, S, = min{j > Sp—1 : X; <
Xs, .}y Ln=Xsg,.

The statistical study of record statistics

started with Chandler (1952) and has now spread

in different directions. Record data arise in a

*Corresponding Author

wide variety of practical situations and there are
several situations pertaining to meteorology, hy-
drology, sporting and athletic events wherein only
record values may be recorded. For more details
and applications in the record values, see Arnold
et al. (1998).

In this paper, we restrict attention to the
Burr type III distribution. The probability density
function (pdf) and cumulative distribution function
(cdf) of the two-parameter Burr type IIT distribu-

tion are given, respectively, by
Fz:0,¢c)=1+2797°% 2,0,c>0, (2
and
f(z;:0,¢) = fca™ V(A 4 270)~ O+ 2 0 ¢ > 0.
3)
Interval estimation of the parameters of the
Burr type III distribution has not yet been studied

based on record values. The main purpose of this

paper is to construct an exact confidence interval ¢
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and an exact joint confidence region for (¢, 8) based
on lower record values.

2 Point Estimation

Suppose we observe m lower record values X,y =
21, X0 = 22, , Xp(m) = Tm from the Burr
type III distribution with pdf (3). The Log-

likelihood function is given by

InL(c,§) = mlnch—0In(l+x.°)

- (e+ l)ilnwi — iln(l +z;9
_ _ ()

Taking the derivative with respect to ¢ and 6 and
equating to zero, we obtain the likelihood equations
for c and 6 as

dL(c,0)  m e
7 = 3 In(1+2,°) =0, (5)
dL(c,0) m ln:rm

dc7 - ?+ Zlnxl
n i x;clnvxi o, (©)

From (5), we obtain the maximum likelihood esti-

mate (MLE) of § as a function of ¢, say 8(c), as
~ m

t(c) = (1 22 (7)

Substituting #(c) in (6) we have

m+ m x, ‘1lnxy,
c (1+ 2m") In(1 + z,°)

Zlnxl

=1

“CInx;

* Z 14z - ®
Since (8) can not be solved analytically with
respect to ¢, some numerical methods such as
Newton-Raphson or fix-point methods should be
used to find the MLE of ¢ (¢prg). It can be shown
that the solution of (8) can be obtained as a fixed

point solution of the following equation

h(c) = ¢, 9)

where, h(c) is given by

. fnw,
h = Inz;
(<) " lz e 1—|—:r Nn(1l + zm°)

-1

m

x; Cln:rl
_ ;(

We apply iterative procedure to find the solution
of (9). Once épypg is obtained, the MLE of 6,
say O LE, can be obtained from (8) as Opmre =

0(érLe)-

(10)

3 Confidence

Joint Confidence Region

Interval and

LetX 1) > Xp2) > -+ > Xp(m) be the first m ob-
served lower record values from the Burr type III
distribution. In this section, a 100(1 — a)% confi-
dence interval for parameter ¢ and a 100(1 — @)%
joint confidence region for (c,#) are constructed
based on the observed lower records. For nota-
tion simplicity, we will write X; for Xp;. Let
Y, = -InF[X;) =01+ X;°,i=1,..,m. It
can be shown that that Y7 < Yy < --- <Y, are
the first m upper record values from a standard
exponential distribution. Moreover, the spacings
7y =Y1,Zo=Yo—-Y1, - Zpy =Y, —Y,,_1 are
iid random variables from a standard exponential
distribution (see Arnold et al. (1998)). Hence

Vv o= 221:2Y1,

U 222_2 ' — Y1),

respectively have a 2 distribution with 2 degrees
of freedom and a 2 distribution with 2m — 2 de-
grees of freedom. We can also find that U and V
are independent random variables. Let
U/2m—-1) U

b= V/2 (m—1)V

and
P =U+V =2Y,,. (12)
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It is easy to show that P, has an F' distribution
with 2m — 2 and 2 degrees of freedom and P has
a chi-square distribution with 2m degrees of free-
dom. Furthermore, P; and P, are independent, see
Johnson et al. (1994, P. 350).

To derive the exact confidence interval for ¢
and the exact joint confidence region for (c,8), we
need the following two lemmas.

Lemma 3.1. For any 0 < z,, < x1 < o0, the
function
In(1+4+z,°
g(c) = In(l + ') _c) ;
In(1+ z7°)

is a strictly increasing function of ¢ for any ¢ > 0.

Lemma 3.2. Suppose that 0 < z,, < 1 < 00.
Then for any m > 1,

(1) The function Pi(c) = -5 [% - 1} is
strictly increasing in ¢ > 0.

(2) For x1 > 1, and any t > 0, the equation
Pi(c) =t has a unique solution for some ¢ > 0.
(8) For z1 <1 and any 0 < t < —L= [%—1},

the equation Pi(c) = t has a unique solution for

some ¢ > 0.

Let F,(v1,v2) be the percentile of F distri-
bution with right-tail probability e and v; and vg
degrees of freedom and x2 (v) denote the percentile
of x? distribution with right-tail probability a and
v degrees of freedom.

Next theorems gives an exact confidence in-
terval for parameter ¢ and an exact joint confidence

region for the parameters ¢ and 6.

Theorem 3.3.
(X1, Xo,...
record values from the Burr type III distribution in
(2). Then, for any 0 < a < 1,

Suppose  that X =
, Xm) be the first m observed lower

(‘P[&; Fl—% (2m -2, 2)]7 @[Xv F% (2m -2, 2)])

is a 100(1 — @)% confidence interval for c, where

o(X,t) is the solution of ¢ for the equation

1 [m+a) ],
m—1 [In(1+4z7°) B

Theorem 3.4.
(X1, Xo,...
record values from the Burr type III distribution

Suppose  that X =

, Xm) be the first m observed lower

in (2). Then, the following inequalities determine
100(1 — )% joint confidence region for (c,0):

(p[&, F1+\/2m (2m—2, 2)] <c< QO[K, F1,\/Zm (2m—2, 2)]

X%+VT:E(2n0 X%_VT:E(2WQ

27_ <0< 27_

2In(1 + z°) 2In(1 + z°)
where 0 < o < 1, and (X ,t) is the solution of ¢
for the equation

M

Pi(c) = 1 {ln(l +x5) 1] .,

m—1 [In(1+ 27

4 Numerical Example

In this example we consider one real life data set
to illustrate the proposed methods of estimation.
The data represent 24 observations on the period
between successive earthquakes in the last century
in North Anatolia fault zone. These data are ana-
lyzed by Kus (2007).

1163, 501, 2039, 4863, 3258, 616, 217, 143,
323, 398, 9, 182, 159, 67, 633, 2117, 756,

896, 461, 3709, 409, 8592, 1821, 979

Here, we checked the wvalidity of the Burr
type III model based on the parameters ¢ =
0.59785,0 = 30.08471 (MLEs of parameters), us-
ing the Kolmogorov-Smirnov (K-S) test. It is ob-
served that the K-S distance is K — S = 0.145263
with a corresponding p — value = 0.6569509. So,
the Burr type III model provides a good fit to the
above data. For the above data, we observe the

following five lower record values:

1163, 501, 217, 143, 9.
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Using the formula described in Section 2, we obtain
the MLEs of the parameters ¢ and 6 to be ¢y p =
0.36887 and Oy = 13.5921, respectively. By
Theorem 3.3 and using the S-PLUS package, the
95% confidence interval for ¢ is (0.12896,1.05174)
with confidence length 0.92278. By Theorem 3.4
and using the S-PLUS package for solving non-
linear equation, the 95% joint confidence region for
c and 6 is determined by the following inequalities:

0.10591 < ¢ < 1.18956,
0.12634 78.11416
T = < PR
2In(1 4+ zm°) 2In(1 4 zm°)
with area 60.93374. Figure 1, shows the 95% joint
confidence region for (c,6).

150

100

50 4

Figure 1: Joint confidence region for ¢ and 6

References

[1] B. C. Arnold, Balakrishnan, N. and Nagaraja,
H. N. Records, John Wiley & Sons, New York,
1998.

[2] K.N. Chandler, ”"The distribution and fre-
quency of record values,” Journal of Royal
Statist, Soc., pp. 220-228, 1952.

[3] N.L. Johnson, Kotz, S., and Balakrishnan, N.,
Continuous Univariate Distribution, John Wiley
and Sons, Inc., New York, 1994.

[4] C. Kus, ” A new lifetime distribution,” Comput.
Statist. Data Anal., (9), pp. 44974509, 2007.



The 45" Annual Tranian
Mathematics Conference
014

August 26-29

A New Generalization of the Lindley Distribution

E. Mahmoudi*

Academic member of School of Mathematics, Yazd University

emahmoudi@yazd.ac.ir
S. Abolhosseini
M. Sc. student of School of Mathematics, Yazd University

s-abolhoseini@yahoo.com

Abstract: In this paper we introduce the new generalization of the Lindely distribution and obtain several
properties of the new distribution such as its probability density function, its reliablity and failure rate
functions and moments. EM-algorithm is presented in this paper.

Keywords: Bonferroni and Lorenze curves, EM-algorithm, Power series, Survival function.

1 INTRODUCTION

Recently, attempts have been made to define new
families of probability distributions that extend
well-known families of distributions and at the
same time provide great flexibility in modeling
data in practice. The exponential-geometric (EG),
exponential-Poisson (EP), exponential-logarithmic
(EL), exponential-power series (EPS), Weibull-
geometric (WG) and Weibull-power series (WPS)
distributions were introduced and studied by
Adamidis and Loukas [1], Kus [8], Tahmasbi and
Rezaei [16], Chahkandi and Ganjali [5], Barreto-
Souza et al. [3] and Morais and Barreto-Souza et
al. [15], respectively.

Barreto-Souza and Cribari-Neto [2] and
Louzada et al. [9] introduced the exponentiated
exponential-Poisson (EEP) and the complementary
exponential-geometric (CEG) distributions where
the EEP is the generalization of the EP distribu-
tion and the CEG is complementary to the EG
model proposed by Adamidis and Loukas [1]. Re-
cently, Cancho et al. [4] introduced the two-
parameter Poisson-exponential (PE) lifetime distri-
bution with increasing failure rate. Mahmoudi and
Jafari [10] introduced the generalized exponential-
power series (GEPS) distribution by compound-
ing the generalized exponential (GE) distribution

*Corresponding Author

with the power series distribution. Also expo-
nentiated Weibull-logarithmic (EWL), exponenti-
ated Weibull-geometric (EWG) and exponentiated
Weibull-power series (EWP) distributions has been
introduced and analyzed by Mahmoudi and Sepah-
dar [11] and Mahmoudi and Shiran [12, 13].

In this paper, we propose a new two-
parameters distribution, referred to as the Lindley
binomial (LB) distribution, which contains as spe-
cial sub-models the Lindley.

The paper is organized as follows. In Sec-
tion 2, we define the LB distribution. The density,
survival and hazard rate functions of the new dis-
tribution is obtained in this section. We derive mo-
ments of the LB distribution in Section 3. Section 4
is devoted to the Bonferroni and Lorenze curves of
the LB distribution. Estimation of the parameters
by EM-algorithm and inference for large sample are
presented in section 5.
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LINDLEY Binomial DIS-
TRIBUTION

2

Suppose that the random variable X has the Lind-
ley distribution where its cdf and pdf are given by

Yr
v+1 (1)

Fy(z)=1—(1+ e T, x>0,

~2

fx(z) 1 (2)
Given N, let X;,---, X be independent and iden-
tify distributed random variables from Lindley dis-
tribution. Let N is distributed according to bino-
mial distribution with pdf

()o"

@+ 1)m—1

(I+z)e ™, z>0.

P(N =n)= ,nm=12---,0<6, n<m.

Let Y = min(Xy, -+, Xn), then the cdf of Y|N = n
is given by

Y o\ -
Fyinepn(y) =1 = ((1 4+ —==)e )",
Y|N (y) (( N+ 1) )
The Lindley binomial distribution, denote by
LB(0,~), is defined by the marginal cdf of Y, i.e.
O+ (001 + e W+ 1)
@+1)m -1

F(y) (3)

The pdf of LB distribution is given by

mO2re (L + ) (O(L + ) 4 1)m!
@+1)m -1 ’
(4)

fly) =

where 6 > 0,7 > 0.
The survival and hazard rate functions of LB dis-
tribution are given, respectively, by

y) = (9(1 + %)e—’vy + 1)m _1 (5)
and
2
hy) = mle™"Y 2z (14 y)(0(1 + 2 )e W + 1)
(O(1+ e +1)m — 1
(6)
Proposition 2.1. The limiting distribution of LB
(0,v) where § — 0T is
i yr _
]- F g ]_ — 1 vz
Jm, () (L e ™

which is the cdf of Lindley distribution.

MOMENTS
TRIBUTION

3 OF LB DIS-

Some of the most important features and charac-
teristics of a distribution can be studied through its
moments such as tending, dispersion, skewness and
kurtosis.We obtain the moment generating function
of the LB distribution. Suppose that Y ~ LB(6,7)
and X1y = min(Xy,---, X,), where X; ~ L(y) for
i=1,2,--- ,n, then

= Zf:l P(N = n)MXu) (t)

= Yol PV =) Y05 (") Gy

Mx (t)

D(n—i) L(n—it1)
an(rs) -1 /n—1 n—itl
= o)™ -1 S 2o (7 )(’y-‘,—l)n—i
I'(n—1i) T'(n—i+1)
X |:("’Y—t)"_i + (n'y—t)”—i‘*'l}
(7)

One can use Mx(t) to obtain the kth moment about
zero of the LB distribution. We have

Z’:,ozl
- 1 (n—1 (")nomy 2
—ZZO:1 Z?:o ( i )(7+1)i+1((9+1)m—1)
r(k+i+1)]

B(Y") P(N =n)E(X})

D(k+i+2)
X T

+

(ny)Ftitt

(8)
The mean and variance of the LB distribution are
given, respectively, by

s} n—1 —1 T:: 9n7i+2
BY) =X, (" )"(7+1)(i+2((9+1)m71)
(ny)t 3 1 (ny)iT2 )0
9)
and
oo n—1 —1 o~ it2
Var(Y) =300 50 ("7)n(h) groriero=—n
x [ £t + ] - B2 (y),
(10)

where E(Y) is given in Eq. (9).

4 Bonferroni and Lorenz

curves

Study of income inequality has gained a lot of im-
portance over the last many years. Lorenz curve
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and the associated Gini index are undoubtedly the
most popular indices of income inequality. However,
there are certain measures which despite possessing
interesting characteristics have not been used of-
ten for measuring inequality. Bonferroni curve and
scaled total time on test transform are two such
measures, which have the advantage of being repre-
sented graphically in the unit square and can also be
related to the Lorenz curve and Gini ratio (Giorgi,
[6]). These two measures have some applications
in reliability and life testing as well (Giorgi and
Crescenzi, [7]). The Bonferroni and Lorenz curves
and Gini index have many applications not only in
economics to study income and poverty, but also in
other fields like reliability, medicine and insurance.

For a random variable X with cdf F(.), the
Bonferroni curve is given by

l%(x) /Oz uf(u)du.

From the relationship between the Bonferroni curve
and the mean residual lifetime, the Bonferroni curve
of the LB distribution is given by

Bp[F(z)] =

= 1 mo(v)? m—1 i
= P [@F DT 2mim0 2j=0
("7 (GO ()

x [er(mn(j +2)

) P )2+ 2)] ;

where p is the mean of the LB distribution.

The Lorenz curve of the LB distribution can
be obtained via the expression Lp[F(z)] =
The scaled total time on test transform of a distri-
bution function F' is defined by

1 t
Sw[F(t)] = ~ / S(u)du.
K Jo
If F(t) denotes the cdf of the LB distribution then

SPIFM] = sty | Simo X (1) () (6

X (Y (PTG +1]-

The cumulative total time can be obtained by using
formula Cp = fol SE[F(t)]f(t)dt and the Gini index
can be derived from the relationship G =1 — Cp.

5 EM-algorithm

The MLEs of the parameters 6§ and v must be de-
rived numerically. Newton-Raphson algorithm is
one of the standard methods to determine the MLEs
of the parameters. To employ the algorithm, sec-
ond derivatives of the log-likelihood are required for
all iterations. The EM-algorithm is a very power-
ful tool in handling the incomplete data problem
(McLachlan and Krishnan, [14]). It is an iterative
method by repeatedly replacing the missing data
with estimated values and updating the parameters.
It is especially useful if the complete data set is easy
to analyze.

Let the complete-data be Y7, - -+ ,Y,, with ob-
served values y1,--- ,y, and the hypothetical ran-
dom variable Zy, - -- , Z,. The joint probability den-
sity function is such that the marginal density of
Y1,---,Y, is the likelihood of interest. Then, we
define a hypothetical complete-data distribution for
each (Y;,Z;) i=1,---,n, with a joint probability
density function in the form

= (012 (2) = 2507 (L + e

9(y,20) 5

m)ge
<(L+ ) gy

where © = (0,7), y >0 and z € N.

Under the formulation, the E-step of an EM cy-

cle requires the expectation of (Z|Y;0()) where

0 = ("), ~() is the current estimate of © (in

the rth iteration).

The pdf of Z given Y, say g(z|y) is given by

ze—'y(z—l)y(l_’_%)z—l(?)ez—l

m(O(+ e W T

g(zly) =

with the expectation

Oe™ " (1+ ) (m—1)
Oe=7v(1+ 55 )+1

ElZlY =y =1+

The EM cycle is completed with the M-step
by using the maximum likelihood estimation over O,
with the missing Z’s replaced by their conditional
expectations given above.
The log-likelihood for the complete-data is

l:(yl, e 72}/n3217 e ,Z;@)
x nlog(L7) — Y, v

+0 (2 — 1) log(1 + 24)
—nlog((0+1)™ —1) + > i, z;log(6).



10

The components of the score function

alr ol
U* 0) = n7 n\7T
20) = (G55
are given by
oy,  _ Xz nm(O+n)™ !
00 0 O+ )m-1-1>

ol _ n(y+2) n o
3 = At T 2im1 Al

n 1) —_ Y
+ 2z - Do

From a nonlinear system of equations U}(0) =
0, we obtain the iterative procedure of the EM-
algorithm as

G+ — (O™ 1) 53 £t
B nm(@+D 41)ym=-1

where A+ and 40D are found numerically.
Hence, for ¢ = 1,- -+ ,n, we have that

(0" (1 + ) (m

RO g )m — 1)
7 ~ ot 2 (t .
(OWe=7v(1+ Z54) +1)
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1 INTRODUCTION

Let {(X;,Y;) :
variate random variables from a continuous distri-

i = 1,2,...} be a sequence of bi-

bution. If we arrange the X-values in ascending
order, the corresponding Y-values are called the
concomitants of the relevant order statistics. Con-
comitants of order statistics arise in several appli-
cations. In selection procedures, items or subjects
may be chosen on the basis of their X characteris-
tic, and an associated characteristic Y that is hard
to measure or can be observed only later may be
of interest. For example, X may be the score of a
candidate on a screening test, and Y is the measure
of his/her final performance. The first study of un-
certainty (information) measure was undertaken by
Nyquist (1924, 1924) and Hartley (1928), although
they were introduced by Clausius in the year 1850
in the context of classical thermodynamics. Later
Shannon (1946) studied the properties of informa-

*Corresponding Author
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tion sources and the communication channels used
to transmit their output, and defined an entropy
known as Shannon entropy. For an absolutely con-
tinuous random variable X having pdf fx(x), the
Shannon entropy is defined as

+o0
H(X)= —/ fx(@)ln fx(x)dx
The Shannon entropy of a random variable X is a
mathematical measure of information which mea-
sures the average reduction of uncertainty of X.
Because of its descriptive character, analytical ex-
pressions for univariate distributions have been ob-
tained, among others, by Lazo and Rathie (1978)
and Cover and Thomas (1991). For multivariate
distributions, formulas for the Shannon entropy
have appeared in papers by Ahmed and Gokhale
(1989) and Darbellay and Vajda (2000). Shannon
entropy has been used to study the different emer-

gent behaviors exhibited by the system in a cellu-
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lar automata model. Mainly the laser spiking and
the laser constant operation [8]. Recently several
authors have investigated the Shannon entropy in
record values (Madadi and Tata 2011). The con-
cept of entropy can be successfully used to quan-
tify the amount of information regarding the parent
distribution that one may obtain by observing an
additional record value. The organization of this
article is as follows: In Section 2 we obtain general
formulas for the Shannon entropy for order statis-
tics and their concomitants and, in particular, for
FGM distributions.

of The Order

Statistics and Their con-

2 Entropy

comitants

In this section we introduce order statistics and
concomitants of order statistics and then compute

relevant Shannon entropy.

2.1 Entropy of Order Statistics

Definition 2.1.1 Let Xi.,, ..., X,,., denote the or-
der statistics of a random sample X, ..., X,, from a
distribution with c¢df Fx(x) and pdf fx(«). Then
the pdf of Xj.,, ;1 <j<nis

Ponl®) = gy (Fx@)

=Dln—3j
n—j

X (1 - FX(az)) fx(z)

and the joint pdf of X;., and X;.,, ;1 <i<j<n

is

n!
(= D'G—i— D=

«(Fx(@)"
X (1 - Fx(y))n_j

< (Fx(y) = Fx(x))
xfx (@) fx ().

in:n7Xj:n(x7y) =

j—i—1

Lemma 2.1.1 The entropies of the j-th order
statistic and joint order statistics are respectively
given by
H(Xj,) = —Inc¢i+c¢i(j—1)I(:n)
es(n— I —j+1:n)
+ejox(jin
H(Xi:n7Xj:n) = —In Ci,j + Cz(Z — l)I(l 5 n)
foi(n—i)(n—j+1:n)
T —i=1DleI(j:n)
. (i1
+( —1) ( o 1)
xI(j—i:j—1)]
+eipx (i:n) + ciox (j :n),
where

n!

(J = Dln —j)!
n!

(=D —i=Dl(n—j)!

Cij =
and

extion) = [ (~mpx@) (@)

— 00

x(1- Fx (x))"_j Fx(@)de

S ()

m=0

1(j : n)

2.2 Entropy of Order Statistics and
its Concomitants

Definition 2.2.1 Let X;,..,X,, be a ran-
dom sample from a continuous population with
cdf Fx(z) and pdf fx(x) and suppose that
(X1, Y1), (X2, Y2), ..., (X,,Y,) is a random sample
from a joint distribution with cdf Fx y(z,y) and
pdf fx y(z,y). We denote the the r-th order statis-
tic corresponding to the X —values by X,..,, and the
corresponding concomitants by Yj..,,;. Then the
joint distribution of (X;.,,, Yj.p)) is given by

n!

T (@)

X (1 — Fx (x))nier,Y(x, Y) s

fXT‘:n7Y[r:n] (J:, y)
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where r=1,2,...n

Theorem 2.2.2 The entropy of C'(X,Y) ; r; <

Also the joint pdf of the collection of C(X,Y) = rg < .<Tpis
{(Xrl:n7 Yv['rl:n])» (XT2:n7 Yv[rg:n])a sy (er:ny }/[rk:n])} K
is H(C(X, Y)) = S H(Xpm Vi) +Inc
=1
- ch —DI(r;:n)
n!
f(xla"axk;yla"ayk) = -
(Tl—l)!(n—rk)! _ c..
n—rg
x(1— FX (mk) k
( ) + —Ti-1— 1
: (e Pen)
X\Li—1
XH X [CHI( ) + (Tl 'rz—l)

XHfX,Y(-'Eiayi)

i=1

Theorem 2.2.1 The entropy of (X,.p, Yjpp)) is
given by

H(Xr:nvif[r:n]) = - lncT + CT<T - 1)I(T : ’Il)
+er(n—r)I(n—r+1:n)
+0(r:n)

where
Uirin) = B( =D fxy (X, Vi) )

= /+oo/+oo —In fxy(z, y))

x(Fx@) (1= Fx@) "
XfX,Y(x’y)dfdy

—Ti—1 — 1)'

13

X

ri—1
Ti—1 — 1
XI(Ti —Ti—1 T — 1)]

k
+ Z In(
i=2
k
+ Z Inc,,
i=1

Ty —Ti—1 — 1)'

k
We note that H(C(X Y)) = % H(Xrin Vi)

does not depend on the distribution.

2.3 Farlie-Gumbel-Morgenstern
Family

In this section we compute the Shannon entropy
of concomitants of order statistics for the Farlie-
Gumbel-Morgenstern (FGM) family of distribu-
tions [13].
these distributions

The general form of the joint pdf of

fx(@)fr () [1+a(1 - 2Px ()

x(1-2Fv(y))],

where —1 < a < 1 and fx(z), fy(y), Fx(z) and
Fy (y) are respectively marginal the pdfs and cdfs
of X and Y.

Theorem 2.3.1 The Shannon entropy contained

fX,Y(-Tuy> =
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_{#r_
@%%j
e
%

in the concomitants of the FGM family is

(7') H(Xr:n,yv[r:n]) = —In cr + CT(T — 1)[(7‘ R 77,)
+er(n—r)I(n—r+1:n)

+erox(rin)+ey(l:1)
2ar )

(“) H(Y’[rn]) = (pY(l : 1)

X(1+a(n—2r+1>)
n+1

n—2r+1

-2 2:2(—)
apy(2:2) 1

2
((n—l—l)—l—a (n—2r+1)

4(n—2r+1)(n+1)

)
- (1+a(*57)))

)

)

(n—i—l —an—27“+1
1
2

+

X

4(n—2r+1)(n+1)
n—2r+1
( ( n—i-:_

X

)

)

/1 ur—l(l _ u)n—r
o 4a(l—2u)

x(1—au—2m)2
X In (1 — ol - 2u)>du

1 ur—1<1 _ u)n—r
__Jﬁ S da(l-2u)
x(1+mdl—2u02

x In (1 +a(l-— 2u)>du (1)

Guo(r:n) =

We now mention some simple properties of G (r
n) definition in (1):

(1) Go(r:n)=Gan—r+1:n)

(2) Ga(r:n)=G_u(r:n).

(3) Gu(r : n) does not depend on the distribution
()
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Oscillation Space Embedding and the Estimation of

Box Dimension: A Correction on Previous Attempts

Ali R. Taheriyoun®, Academic member of Department of Statistics,

Shahid Beheshti University, a_taheriyoun@sbu.ac.ir

Abstract: Based on an embedding on a Besov space, many fractal dimension estimations have been proposed
using wavelet transformation. Many of them were diminished by the counter-example on the embedding
but corrected by defining a bounded variational seminormed space. Thus, we correct the fractal function
estimation approaches which have employed the wrong embedding. The results are given for the problem of
estimation of multi-dimensional functions instead of simple univariate case. We also obtain the consistency
of the proposed estimator in the probability space induced by random functions. The results are examined
through a simulation study on the index-f family of incremental stationary Gaussian fields. Moreover,
under the laboratory situations, the procedure of equilibration of heap in a liquid is studied in view of this
estimator.

Keywords: box dimension; Holder continuity; index-8 Gaussian field; spatial adaptation; wavelet.

1 INTRODUCTION liminf and limsup are computed when the limit

does not exist. The results are then called lower
Put a surface in an XY Z Cartesian system and and upper box dimensions and denoted by dims
and dimp, respectively. It follows by the defini-
tion that dimg A < N + 1 and there is nothing to

guarantee that the dimension remains an integer

consider XY plane as time index while Z repre-
sents surface height in each index. We therefore an-

alyze the surface as a noisy path of a random field.

This idea would be extended similarly to higher number,

dimensional real value data, which mainly appear A variety of approaches has been proposed for com-
in specially astronomical problems. Regardless of puting the box dimension of signals or surfaces.
physics theories on the noise creation due to uncer- The statistical literatures containing theoretical ap-
tainty, noise is an inseparable part of observations proaches to accomplish good estimators are re-
even in precise tools. We then often confront with stricted and we mention [11] and [9] as essentially
noisy time plots which may cause misunderstand- opening solutions for the statistical box dimension
ing in exploring the pattern of the surface. Let A estimation. Statistical results such as asymptotic
be a non-empty bounded subset in R¥*1, N € N, variance and bias of capacity based box dimension
and Cs(A) be the smallest number of sets of diam- were motivated by [5].

eter lower than § which cover A. Then the box Linking the box dimension to wavelet coefficients

dimension of A is dimg A = lims_,¢ %. The

*Corresponding Author
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is the basis of our estimator. This linkage was per-
formed by [3] for real value functions on a bounded
interval I C R The result is generalized here for real
value functions on I € RY and then a consistent
estimator grows up by applying an inferential solu-
tion to the ideal spatial adaptation problem. This
procedure was introduced by [12] for simple one-
dimensional stochastic processes which is corrected

and extended here.

2 Preliminaries

Let X(t), t € RY, be an N-dimensional random
field and let x(t) be a realization of X (t). Practi-
cally, the regular observations are collected through
a bounded subset of R hence without loss of gen-
[0,1]V. At reso-
lution j = (j1,...,jn+1) € N¥*1 and translation
k = (k1,...,kn) € NV let Q;x be a dyadic sub-
cube of Ig i.e.

erality, assume that t € I =

N.

)

k; ki +1 .
Qj,k:{tGIO’MZiStiS JZ\/[] vi=1,...,

ki:O,...,Mji—l},

where M is a large enough integer number. Since
the resolution will be employed in covering the
graph of random field, we let j € NV*1. We also

denote the oscillation of x over the set @ by
osc(z; Q) = sup{z(t) —z(s)|t,s € Q}
Q

= sgp T — IIQlf x.
Let 57 = Zfil ji and assume that, Iy is grid-
ded by NJ- numbers of the disjoint sub-cubes with
the same volumes. Thus, the total oscillation of
x is defined by Osc(z;j) = EHQ”:M_j_ osc(z; Q)
where the summation is over all dyadic sub-cubes
Q with volume equal to M /.. Define G,(A) :=
{(t,z(t))|t € A} which is the graph of =z on A.
According to [7] we have

Crr-i. (Go(To)) ~ M7 + M7¥+10sc(;§), (1)

where A ~ B if A= O(B) and B = O(A). The re-
maining is the relationship between oscillation and

16

wavelet which traces back to [3] where the oscilla-
tion of x is related to the Besov space of particular
index. The results were confronted by a counter-

example by [7] and have been corrected by [6].

Consider the representation

v= ) (z.¢q)vq,

QeQ

(2)

k) and 2 =
The summation represents the

for = where pq,, () = 27-/2p(23 -
(291,...,29N),
wavelet decomposition of z, and ¢ is called mother
wavelet or wavelet, briefly. The sequence wg =
(x, @) is also called wavelet coefficient. The oscil-
lation is related to the wavelet by

log Osc(z, 7)

lim inf -
j—oo log2—7
IOgZ Sup W] |'U)Q, '|
= lim sup k ,QJ X e (3)
j—oo jlog?2

Employing (1) and (3) or directly from [6], for any
continuous real value sample path z on [0, 1]V we
have with probability one, dimpG.([0,1]V) =

log >, supg , , lwg., |
k Qi x Qi x } (4)

max {N,1+limsup -
jlog?2

Jj—o0
3 Fractal dimension estima-

tion

3.1 Consistent estimation

Our sample includes the values of = only on the
nodes of a lattice L and there is no observation
ny) be the
gridding level which means that the interval [0, 1]

within sub-cubes. Let n = (n4,...,
on the ith axis of the Cartesian system divided
into n; = 27*! equidistant parts where J; > 1
is an integer number. For convenience, let 1/n de-
. ,ZN/’I’LN) for 0 S lz S Nng,
i=1,...,N. The foregoing sampling assumptions

notes the node (I1/nq,..

confirms that the data y(1/n) is observed from the
nonparametric regression model

y(2) =o(2) +e(). 6
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for 1/n € L where ¢(1/n) are independently dis-
tributed as N(0,02) and x is the real path of X
which we would like to find wavelet coefficients for.
We need to compute the empirical wavelet coeffi-
cients of Y, named wg. Threshold wg by a soft
or hard thresholding rules according to the func-
sgn(w’)(Jw'| = An-) or ns(w’) =
|w'|1(Jw| > Ap+), respectively. Let us now recon-

tions ng(w') =

struct the function by the generated coefficients.
This function estimation was introduced by [4] and
was called Wavelet shrinkage. With reference to [4]
and due to some restrictions for dyadic sub-cubes

we have

(6)

where u is the empirical wavelet coefficient of €. For
the N-dimensional sequence j, = (jin,.-.,jnn) in
which the ith element is O(y/logn) we have the
following theorem.

wy = wq + ug,

Theorem 3.1. Under the model (5) if y is a con-
tinuous noisy sample path of X on [0,1]Y, then

T(ijn) =1+

g2 ( Ssuvay sty 1)

Jon
L5 dimpGx ([0,1]Y).

Employing (7), one may estimate the upper box
dimension of the graph of a noisy random field,

consistently.

Concerning the index-5 family: We show that

the wavelet coeflicients for Q) x is rewritten as
woy] < 2702278500 [ [v)? f(v)] av
vz Pt )P [ o) dv,

in this family. The order of noise term in [12] is
n~1/2 while it is shown that this order is constant
here. Thereupon, our estimator is more flexible in
constructing precise decisions by using high reolu-
tions. Note that the method of computing the em-
pirical wavelet coefficients is different from the one

used by [12]. On the other hand, in low resolutions

(7)

17

the variation of w’ is controlled by w. It is worth
mentioning that in low resolutions the new prob-
lem is letting j to infinity which may cause failure
in preparing a large enough j to hold the conver-
gence true. Thus, a noticeable point is the behavior
of convergence. Surprisingly, the order of noise, is
not affected by dimension growth of the random
field. More precisely, the noise term affects on es-

timation only via o2.

4 Differences with the denois-

ing problem

One may denoise the surface before performing
any estimation procedure to ensure that the es-
timated parameter of roughness measurement is
specialized to the surface and is not affected by
noise. An efficient method of denoising is based
on the wavelet approximation. Projecting the sur-
face onto spaces generated by mother and father
wavelets, this method decomposes the surface into
two approximation and detail parts, respectively.
Since the surface is observed on discrete nodes of
the lattice, the projection is strongly affected by
the width of the windows which used for estimat-
ing the approximation coeflicients with respect to
mother wavelet. Just like our method, the problem
of resolution is arisen here again. In low resolu-
tions, we may loose some parts of the surface and
in high resolutions the approximated surface is not
well-denoised. According to the wavelet shrinkage
technique, denoising is succeeded optimally. After
denoising, we will confront the difficulties of us-
ing intrinsic estimators. Therefore, if denoising is
based on wavelet methods, it can be seen an equiva-
lence between this approach and the one introduced
in this paper.

In some problems, one may need to control the
roughness instead of measurement. An upper (or
lower) bound for the box dimension is required
in such cases. Considering the bounded variation
property and (1) together is useful to this end. Let
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Ve be the class of all functions = : [0,1]Y — R
satisfying
Osc (1))

SUD ST i (a) < % (8)

and hence the space V% is non-decreasing in o.. As-
sume that z is continuous on [0, 1]V, Using (1), for
any 0 <a<1

dimpG,([0,1]Y) = N +1 —q,

ifand only ifx € N4, VA Ussa V8. For the sake
of conciseness, the proof is referred to [8] where care
to be taken with deducing the last sentence of the
proof of sufficiency. This equation can make an
upper bound for the box dimension.
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Abstract: Spectral analysis prepares an extensive description of both the geometric structure and scales

of spatial point patterns. This paper proposes a Bayesian test for comparing the spectral densities of two

independent stationary point processes at frequency domain based on the asymptotic distribution of the

periodogram by considering a priori distribution for spectral densities.

Keywords: Spatial point process, Spectral analysis, Spectral density function, Periodogram.

1 INTRODUCTION

Simply speaking, a point pattern as a realization
of a point process is a set of points in the window
where practically the positions and the number of
points are random. There are many observations
in form of point patterns in nature; for instance,
the positions of trees in a forest, and galaxies in
the universe. Analysis of spatial point process have
been carried out in the spatial and frequency do-
mains via the semivariogram and periodogram, re-
spectively [6]. Just like the time series analysis,
the results interpretations in time domain are more
objective. This makes a great interest in analysis
of spatial point process with the same approach
in. The difficulty of Frequency domain analysis is
usually originates from application of the Fourier
transforms and Hilbert space theory.

On the other hand, the geometric structure of a
point pattern has been brought to the interest.
This structure is relative to the structure of points

*Corresponding Author
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aggregation and the effect of points interactions.
In the spatial point pattern, the structure of points
aggregation and interactions is characterised by in-
tensity and covariance density functions, respec-
tively. Spectral density is the Fourier transform
of the complete covariance density function. For
stationary point process, spectral density is func-
tion of intensity and the Fourier transform of the
covariance density functions. Therefore, it is aimed
to show that the difference in spectral density func-
tions is resulted from difference in the covariance
density functions for two spatial point processes
with the same constant intensity functions.

Firstly, [3] suggested spectral techniques for ana-
lyzing the spatial point patterns. The technique
has been studied and extended by [10] to two-
dimensional point patterns. Our method is based
on the asymptotic distribution of the ratios of pe-
riodograms. For time series problems, [4] initiated
a model for spectral ratios and accordingly intro-

duced a nonparametric test for the equality of two
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spectra. Reference [7] assumed a regression model
for the logarithm of periodogram. Then, they ap-
plied generalised likelihood ratio tests to investi-
gate belonging of the spectral density of a station-
ary time series to a special parametric family. In
this paper, a different method is used for testing
the equality of the spectral densities of two inde-
pendent stationary point processes. Accordingly,
the theory of spectral analysis of spatial point pro-
cesses is briefly reviewed in Section 2. In viewpoint
of frequentists, a Bayesian testing procedure is pre-

sented in Section 3.

2 PRELIMINARIES

It is often possible to discriminate several spa-
tial point processes by comparing their first- and
second-order properties. The first order property,
namely intensity function, is defined as the ex-
pected number of points per unit volume [5] as fol-

lows:

Ax(a) = |d2g0%’ acRY (1)
where d € N, da is the small region around the
point a, |da| is the volume of this region, and
Nx(da) is the cardinality measure of this region.
Furthermore, the second-order properties, often de-
scribed by means of second-order intensity, charac-
terize the covariance between the number of points

at different regions [5] as follows:

. E[Nx(da)Nx(db)]
b)= 1
Axx(ab) = lim dafjdb]
|db|—0
a#b, abeR? (2)

Reference [3] proposed a complete covariance den-
sity function for description of second-order prop-

erties of orderly spatial point process as follows:

kxx(a,b) =Ax(a)d(a1—b1)...0(ag—by)+vxx(a,b),

where 6(a) is the Dirac delta-function and yxx is

the covariance density function, which in turn can

be defined as:
’}/Xx(a,b)ZAxx(a,b)—Ax(a)/\X(b). (3)

For a stationary point process the intensity func-
tion is constant, i.e. Ax(a) = A and Axx(a,b) =
Axx(a—b) = Axx(h). The second equation means
that the second-order intensity depends merely on
the vector difference, h, among a and b. Conse-
quently, the complete covariance density function

of a stationary point process is reduced to
kxx(h) =Axd(h1)...5(hqg) + vxx(h). 4)

Reference [3] extended spectral analysis for the case
d = 1 to spatial case d = 2, which has been used
by [2].

The characterization of the spectral density func-
tion of a point process is carried out similarly to
the Fourier transform of the complete covariance
density function. It is given by following equation

for stationary point process:

fx(w) :/Rd /sXX(h)e_“"”h)dh:/Rd[Axé(hl)...é(hd)

+yxx (e M dh = Ax + / vxx (h)e ) dh,

R4

Assume that an observed pattern contains Ny
events in a rectangular region W, in which W
has sides of length L;, where along the i’th co-
ordinate of the Cartesian system for i = 1,...,d.
Let z;,5 = 1,..., Nx, indicate the positions of the
events. The spectral density function for such pat-
tern can be estimated by the discrete Fourier trans-
form, called periodogram, specified at the Fourier
frequencies wp = 27p, with p = (p1,...,pqa),p; =
0,+1,4+2,... for j = 1,...,d [6]. Suppose that
{#z1,...,2Ny } is the observed point pattern in the
Fuclidean space. The periodogram according to
this sample path is defined as follows:

Ix(w) = Fx(w)Fx(w)

Nx
Z exp{iwT L1z}
k=1

Nx
Z expliw’ L™'z;}
j=1

Nx Nx

Z Z e:(:p{inL_l(zj —z)} (5)

j=1k=1



21

The 45" Annual Tranian
Mathematics Conference
014

August 26-29

where Fx(w) is the complex conjugate of Fx (w),
and L is a scaling matrix given by L =
diag(Lq,...,Lg).

It is easily verified that by symmetry, Ix(wp) =
Ix(w_p). The periodogram is an unbiased but in-
consistent estimate of the spectral density fx(w)
[8]. Reference [8] recommended computation of
Ix(wp) for p € {0,£1,...,£16}¢ when Nx <
100.
{#£1,...,48}? for comparing the spectral densities

However, in this study, we consider p €

of two point processes.
Reference [9] confirmed that for random fields in
two dimensions, when Nx — oo, spectral estimates
have asymptotically x? distribution. Reference [12]
extended this problem to the higher dimensions.
Similar result satisfied for d-dimensional point pro-
cesses as follow:
2Ix (wp) 2
—fx(wp) ~ X(2)

Wp 7é 0’ (6)

e 21x(0) ~Ax)
W ~ X(1)- (7)
There is restriction for the independency of peri-
odograms at different frequencies and it highly de-
pends on the geometry of the window W. Con-
cerning the random fields, [1] showed that the in-
dependency of periodograms can be obtained when
W is a hyper-cube in R¢. In our problem we then
consider that the assumptions of [1] hold true.

3 TESTING APPROACH

In this section, a test based on periodogram ordi-
nates is proposed for comparing the spectral densi-
ties of two independent stationary point processes
in R2.
lows us to only calculate periodogram values for
pp==41,...,48 and py=1,..8.

Suppose that X and Y are independent station-

Symmetric property of periodogram al-

ary point processes and let Ix and fx and Iy and
fy be respectively their corresponding periodogram
and spectral density functions.

In this condition, the test can be discussed with
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respect to the following hypotheses:
HO : fx(w) = fy(w),
H1 : fx(w) 7§ fy(w),

versus

w e R2

(8)

We attempt to find a rejection area based on the
estimates at only Fourier frequencies. Set n(p) =
fx(wp)/fy(wp) and n; be the restriction of n to
H;,j = 0,1. From (6), and independence of Ix
and Iy, it is clear that

Ix(wp)/fx (wp) ~F
Iy (wp)/ty (wp)

and hence T(p) = Ix(wp)/Iy(wp) is distributed
as

(2,2), 9)

frlth) = e t>0.(10)

Under the null hypothesis, 79 = 1 and T'(p) =
Ix(wp)/Iy(wp) ~ F(2,2) with the following den-
sity

t>0.

fr(tno) = (11)

(1+1)%

3.1 Bayesian approach

Here, the [11] definition was used for calculation
of the Bayes factor and comparison of the spectral
densities of two stationary point processes.
Reference [11] described the Bayes factor as equa-
tion (12) by taking into account the point null hy-
pothesis Hy and marking by g1 and mj, respec-
tively, the prior density and marginal distribution
under Hi,

f(tmo) f(t[no)
mi(t) [ f(tn)gr(n)dn

For the sake of conciseness, we refer to [11][Section

Bg1 = (12)

5.2] for the rejection criterion using the Bayes fac-
tor. For convenience, fx(wp) and fy (wp) are ab-
breviated as fx and fy. Suppose fx and fy have
the Log-normal prior distributions with parameters
(ux,0%) and (uy,o0%), respectively, i.e., the den-
sity function of fy is

1
fex (f) —E(lnf—NX)Q},

1
=————ex
f\/27m§< rt
f>0, pux €R,

ox > 0. (13)
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The prior distribution of 7n(p) under the alter-
native hypothesis is Log-normal with parameters
(ux — py, 0% +0%), and the marginal distribution
of T on Hj is

W= —
m =
' o (m+1)?n/2n(c% +0%)

€9€P{—m(1nﬁ — (px — py))*}dn. (14)

For this problem, the Bayes factor equals to

1 o 1 1
B, = =1+t 2/ X
By, ( ) o +1)?*\2n(c% + %)
1
—————(Inn— - Ndn. (1
exp{ 2(U§(+02y)(nn (hx — py))"}dn. (15)

A numerical study based on 1000 simulation repli-
cates from Strauss process with parameters g = 5
(intensity parameter), v = 0.7 (interaction param-
eter) and R = 0.05 (interaction radius) on a 10x10
square and assuming values ux = py = 5 and
0% = 02 =1 for hyper parameters, shows that this
test reject the null hypothesis at level less than 1%.
When two point processes with the same constant
intensities were compared, rejection of the null hy-
pothesis indicated that their spectral densities were
different. Since for a stationary point process the
spectral density is a function of constant inten-
sity and covariance density function, so, one can
conclude that the difference of two spectral den-
sities are due to the difference of their covariance
density functions. But this is not true for Pois-
son processes, due to the independency of points
position in stationary Poisson processes, in which
Axx(a,b) = Axx(h) = X and yxx(ab) =
vxx (h) = 0, so the spectral density function equals

to the constant intensity.
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Corpus (Mizan). We only consider 100,000 sentence pairs. It is been obtained that for each sentence, more

than 80 percentage of word alignments between English and Persian words are reasonable.
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1 INTRODUCTION

Machine translation (MT) is the automatic trans-
lation of a text in one language into another. Sta-
tistical Machine Translation (SMT) is one of the
methods of MT that is based on statistical models.
2]

There are two general models to build SMT
systems: word-based and phrase-based models, but

the latter is currently used [3].

Word alignment is used by phrase-based sys-
tems to extract phrase pairs from trining data and
build tables of possible translations of phrase [2].
There are several methods for word alignment that
are divided into two groups: generative word align-
ment and discriminative word alignment models.
The former is usually based on IBM models. For
the first time, Brown et. al [1] introduced IBM

models.

In this paper, it is considered IBM model

*Corresponding Author

1 and its parameter estimation via Expectation-
Maximization (EM) algorithm. For a number
of bilingual parallel corpus it has been done by
Giza++ [5]. But we do it by R software for 100,000
sentence pairs for an English-Persian named Mizan
[4] and over 80 percentage of word alignments hav-
ing true link (translation) between English and Per-

sian words.

2 Definitions

Sentence-aligned Parallel Corpus: Large set of
bilingual texts such that for each sentence in one
natural language there is its translation into an-
other [2].*

Alignment : It is a link between English and Per-
sian words.

Alignment Function: Alignment can be formal-
ized with an alignment function. Mapping an En-
glish target word at position j to a Persian source

*In this paper it is considered an English-Persian parallel corpus.

23
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word at position ¢ with a function a : j — 4 [3].

In this paper it is assumed that we want to

translate Persian sentence into English.

3 IBM Model 1

The fundamental aim of SMT is finding most prob-
able English sentence given a Persian sentence as
follows:

€ = argmaz.P(el|f)

(1)
Probability are determined by training a sta-
tistical model using the parallel corpus [2].

Assuming that we have a sentence-aligned
parallel corpus (F,E) where F (E) is a set of f (e)
sentences, also is called source (target) language
and f;(e;) denotes the ¢ —th (j —th) word in f (e)
sentence with length of {f(l.).

In IBM model 1, we have
P(elf) = ZP a,elf)

where P(a,e|f) is the translation probability for a

(2)

Persian sentence f to an English sentence e with an
alignment of each English word e; to a Persian word
fi according to the alignment function a : j — ¢ as
follows

le
€
P(a,elf) = e [Tteeslfag) — ©)
j=1
where ¢ is a normalization constant and t(e;|f,(;))
is the (conditional) probability of the words being
aligned [3].

Relative frequency estimates can be used to
estimate t(e;|fq(;j)). The problem is that we do not
have word-aligned data. There is a mathematical
solution to this problem which is EM algorithm.

3.1 IBM Model 1 and EM algorithm

As we mentioned above, t(e;|fa(;)) is to be esti-

mated via EM algorithm. To do this, we obtain
Zef (e.]|fi;e7f) (4)

2o 2ot Clejlfise, )

(6]|f17e f)
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where c¢(ej|fi;e, f) is a count function. It collects
evidence from a sentence pair (e,f) that a particu-
lar source word f; translates into the target word

€; 1.e

c(ejlfise, f) ZP ale,f) Z (e,e;)0(f, faj))

(5)

where 0(z,y) is 1 if x = y and 0 otherwise and

using (3) P(ale,f) can be calculated as bellow
le
P(a e|f t(ejl fas))
Plale,f) = =,
£oreet) - S i)

(6)
Applying (5) in (6), it is obtained

le

ﬂz (e e.)ig(f f)
Siotlelt) = TS
(7)

Thus the EM algorithm works as the following:

c(ejlfise,f) =

1. Initialize value for t(e;|f;), (e.g. uniform).

2. Calculate c(ej|fi;e,f) by (7) (Expectation
Step).

3. Recalculate t(e;|f;) by (4) (Maximization Step).

4. Tterate steps 2 and 3 until convergence [3].

R codes are available in appendix.

4 Word Alignment Based on
IBM Models

To use the IBM models for word alignment, it is it-
erated EM algorithm to find estimation of t(e;|f;)
and then obtain P(a, e|f) using (3). It is also called
Viterbi alignment.

5 Results

EM algorithm is applied to estimate parameters
of IBM model 1 for the English-Persian Parallel
Corpus Mizan (only for 100,000 sentence pairs) [4].
Over 80 percentage of parameter estimations are
reasonable.



25

6 Appendix ol=order(paste(g,e,f))

al=a2=a=b=t=u=bb=c () z3=paste(f,e)
al=as.character(read.delim(‘D:/Mizan_Enl.txt°¢ jjj=order(z3)
,sep=‘\n‘,nrows=100000,h=F) [[1]]) t=t[jjjl
a2=as.character(read.delim(‘D:/Mizan_Fal.txt° for(iiii in 1:10)
,sep=‘\n‘,encod=‘UTF-8¢,nrows=100000 {
,h=F) [[111)
countO=by (t,paste(gljjjl,eljjjl),
a=cbind(al,a2) function(x)x/sum(x))
a3=nrow(a)
count=by(unlist(count0) ,paste(f[ol],e[o0l]),

b=apply(a,1,function(x)cbind(Varl=rep.int function(x)rep(sum(x),length(x)))

(strsplit(as.character(x[1]),’ *)[[1]1],
length(strsplit(as.character(x[2]),’ )
[[1]11)), Var2=rep(strsplit(as.character

(x[21),” ’)[[11]1, each=length(strsplit
D IILIDHN) t=unlist2(count)/unlist2(total)

3

total= by(unlist(countO),f[o1],function(x)
rep(sum(x) ,length(x)))

(as.character(x[1]),”’

bb=unlist (b)

7 Reference
cc=sapply(b,length)

kki1=c(1,cumsum(cc[-length(cc)])+1) References
kk2=kkl+cc/2-1

pp=eval (parse (text=paste(’c(’ ,paste (kk1,kk2 [1] P. Brown, S. Della Pietra, V. Della Pietra,

R. Mercer, “The Mathematics of Statistical

,sep=":’,collapse=’,%),’)’ ,\\sep="")))
Machine Translation: Parameter Estimation,
e=bb [-pp] Computational Linguistics, 1993.
£=bb[pp] [2] J. Brunning, “Alignment Models and Al-
gorithms for Statistical machine translation®,
k=cc/2

Cambridge University Engineering Department,

Aug. 2010 , pp. 1-10.
g=rep(1:a3,k)

t=as.numeric(rep(1/k,k)) [3] P. Koehn, ”Statistical machine translation”,
Cambridge University , New York, 2010, pp. 80-
e=tolower (e) 90.

f=tolower (f) [4] www.dadegan.ir

library(’AnnotationDbi’) [5] www.statmt.org
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Abstract: This paper provides a stochastic model for HIV (Human Immunodeficiency Virus) infections and

diffusion of AIDS in Iran. For this purpose the deterministic model of diffusion process will be transferred to

stochastic model and then this model will be solved numerically. The effects of colored noise perturbations on

the parameters will be investigated. Finally numerical example is performed by using the Euler-Maruyama

method in order to show the accuracy of the present work.

Keywords: Stochastic differential equations, Diffusion process, HIV model, Colored noise.

1 INTRODUCTION

In recent decades, Stochastic Differential Equations
(SDEs) have been used to model the systems that
are subject to vacillations. Diffusion processes have
been utilized in modeling several phenomena, for
example noisy tumor growth and interest rates.
The modeling of population growth in random en-
vironment is one of the most suitable application
of SDEs. Modeling is a way of making complex
data more easily understood. By creating a model,
we can earn an overall picture of an event, known
in modeling terms as a system. A mathematical
model is produced by a mathematical equation de-
signed to resemble actual facts.

One of the problems in most countries is to pre-
vent the publication of deadly virus. The scope of
this paper is to investigate the SDE for HIV (Hu-
man Immunodeficiency Virus) in Iran using differ-
ent noise terms. The first case of HIV was diag-
noised in IRAN in 1986. To date several works

*Corresponding Author
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have been presented on the mathematical modeling
of ADIS epidemic. For example Arni and Rao via
an excellent paper have been presented modeling of
ADIS in India. Adituma has been investigate the
mathematical modeling of HIV epidemic in Indone-
sia in 2008-2014. Pasha and Mostafaee examined
the diffusion process of ADIS in Iran. Up to now, to
our best knowledge the HIV model with nonwhite
noises has not been studied before. Since the path
of a Wiener process are nowhere differentiable, a
white noise can not be considered a stochastic pro-
cess in the usual way but it can be approximate by
conventional stochastic processes with wide spec-
tral bands which are commonly known as colored
noise processes. The most famous example of this
sort of noise is the Ornestein-Uhlenbeck process.
The outline of this paper is as follows. Section 2
describes the stochastic model for HIV. The SDE
of HIV with colored noise is stablished in section 3.
Numerical experiments are conducted to verify the
accuracy of the proposed method in section 4.
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2 Stochastic model with white
noise

The simplest population growth in a stochastic

crowded environment is the form,

dN;
S = )N (), 1)

where N () is the size of the population at time t,

N(O) = N,,

and a(t) is the relative rate of growth at time t. It
might happen that a(t) is not completely known,
but subject to random environmental effects, so

that we have,
a(t) = a+"noise” = a+ b&;

where &; is a white noise process of mean zero and
variance one, and a, b are constants. By substitute

this in Eq. (1), we get,
dNt = aNtdt + bthtdt, (2)

it is reasonable to consider &;dt by a term dB;,

where B, is a Wiener process. The Eq. (3) is
achieved,

dNt = aNtdt + bNtdBt, (3)
Eq. (3) known as Geometric Brownian motion.

The explicit solution is,
1
N; = Nyexp(a — §b2)t + bB;.

Let x; be the number of persons susceptible to in-
fected with HIV in time t, y; be the number of HIV
infected and z;, the number of death from HIV all
at time t in the population. From Arni and Rao,

the relationship between these is as follows,

dr; __
T = 1%y,

(4)

d
G =TTy — ray,

% = T2VYt,
where 71 and ry are constants of proportionality.
For a given positive integer n, let At = % and con-

sider the partitions,

I, = {0, At,2At, ..., (n— 1)At, T}

36

of the interval [0,7]. With a simple Euler forward
discritization of the Eq. (4), m1

and ro can be obtained easily,

Po= Yt+At—Yt T2+ At —2t
1= Aty zt ’

Fo — ZttAtTZt
r2 = Aty

such that limAt_m 721 =T, limAt_)o fg =Ta.
Now let us allow some randomness in the r; and o,
then

r1 =11+ b1&s, T2 =12+ boly,
the stochastic differential equations describing this

situation are,

dwt = —Tl.%‘tytdt — bll‘tytdBt
dy; = (r1zeys — raye)dt + (biwyye — bay)d By

dzy = roysdt + boy:dBy.
(6)
The solution of these equations are infection dif-
Using the

explicit Euler method, the approximation solution

fusion process and the death process.

of equations can be acquired.

3 Stochastic model with col-

ored noise

A white noise process can not be physically realized
but can be approximated by conventional stochas-
tic processes with wide spectral bands which are
The

stochastic process SB(t) is called colored noise if it

commonly known as colored noise processes.

is an Orstein-Uhlenbeck process that satisfies the
linear SDE

dp(t) = pB(t)dt + odB(t), (7)

where p, o are constants. The explicit solution of

Eq. (7) is given by

B(t) = e (B(0) + o /0 =1 dB(s)).
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Let us consider the noise term £(¢) as a colored
noise process. Therefore

r1 = r147 colored noise”, ro = ro+” colored noise”,

with substitute dB; into equation 6 instead of dB;,

we have,

dry = —r1zyedt — biziyrd Py
dye = (ri@eye — roye)dt + (brweye — baye)dBy
dz; = roypdt + bay,df;.
(8)
By means of the Euler method the approximation

solution of infection diffusion is equal to,

Yerar = Yi + (r1xye — ray) At

+(b17eyr — bayr) - (uBAt + 0 ABy),
9)

and the number of death is equal to,
Zt+At = Zt + TgytAt + b2yt(,uﬂtAt + O'ABt). (10)

The Matlab procedure of these equations are given

in section 4.

4 Numerical simulation

In order to make clear whether the colored noise ob-
tained in this paper are accurate, we present a sim-
ulation in this section. Using the published statis-
tics about HIV in Iran up to 2004 and the number
of death from HIV, we estimate the y; and z; with
the initial values zy = 65540000, yo = 3680, 7, =
3%1078, 5 =0.2656, n = 20 and h = 1 by using
matlab programming and consider the noise as a
colored noise process. The estimated values are
shown in table 1. Our results are closer to the

recorded values.

Table 1: Numerical estimation for the HIV infected people
in Iran.
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t | 2002 2003 2004 2005 2006 2007 2008

2009 2010

ye | 3680 5422 5611 7032 8904 11390 14725
2t 364 1341 2542 4032 5900 8265 11291

19157 25082
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Abstract: In this paper we propose a new distribution with increasing and bathtub shaped failure rate,

called as the Lindley logarithmic (LL) distribution. We obtain several properties of the new distribution such

as its probability density function, its reliablity and failure rate functions, quantiles and moments. Rényi

and Shannon entropies are presented in this paper
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1 INTRODUCTION

Recently, attempts have been made to define new
families of probability distributions that extend
well-known families of distributions and at the
same time provide great flexibility in modeling
data in practice. The exponential-geometric (EG),
exponential-Poisson (EP), exponential-logarithmic
(EL), exponential-power series (EPS), Weibull-
geometric (WG) and Weibull-power series (WPS)
distributions were introduced and studied by
Adamidis and Loukas [1], Kus [6], Tahmasbi and
Rezaei [13], Chahkandi and Ganjali [5], Barreto-
Souza et al. [3] and Morais and Barreto-Souza et
al. [12], respectively.

Barreto-Souza and Cribari-Neto [2] and
Louzada et al. [7] introduced the exponentiated
exponential-Poisson (EEP) and the complementary
exponential-geometric (CEG) distributions where
the EEP is the generalization of the EP distribu-

tion and the CEG is complementary to the EG

*Corresponding Author
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model proposed by Adamidis and Loukas [1]. Re-
[4] introduced the two-

parameter Poisson-exponential (PE) lifetime distri-

cently, Cancho et al.

bution with increasing failure rate. Mahmoudi and
Jafari [8] introduced the generalized exponential-
power series (GEPS) distribution by compound-
ing the generalized exponential (GE) distribution
with the power series distribution. Also expo-
nentiated Weibull-logarithmic (EWL), exponenti-
ated Weibull-geometric (EWG) and exponentiated
Weibull-power series (EWP) distributions has been
introduced and analyzed by Mahmoudi and Sepa-
hdar [9] and Mahmoudi and Shiran [10, 11].

In this paper, we propose a new two-
parameters distribution, referred to as the Lind-
ley logarithmic (LL) distribution, which contains
as special sub-models the Lindley and exponential
logarithmic distributions. The main reasons for in-
troducing the LL distribution are: (i) This distri-
bution due to its flexibility in accommodating dif-

ferent forms of the risk function is an important
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model that can be used in a variety of problems in
modeling lifetime data. (ii) It provides a reason-
able parametric fit to skewed data that cannot be
properly fitted by other distributions and is a suit-
able model in several areas such as public health,
actuarial science, biomedical studies, demography
and industrial reliability.

The paper is organized as follows. In Section
2, we review the Lindley distribution and its prop-
erties. In Section 3, we define the LL distribution.
The density, survival and hazard rate functions and
some of their properties are given in this section.
We derive quantiles and moments of the LL distri-
bution in Section 4. Rényi and Shannon entropies

are provided in Section 5.

2 LINDLEY DISTRIBU-
TION: A BRIEF REVIEW

The random variable X has Lindley distribution if
its cumulative distribution function (cdf) takes the

form

R
Fy(z)=1—(1+ —L—)e " 1

X(x) (+’)’+1)6 , >0, ()
where v > 0. The corresponding probability den-
sity function (pdf) is

2

7
fX(x)_*y—kl

(I4+x)e ™, z>0. (2)

The survival and hazard rate functions of the Lind-

ley distribution are

S(z) = (1+ ﬂf e,
and ,
o) - 2L+
T+ 25)

respectively. The kth moment about zero of the
Lindley distribution is given by
2 T(k+1)
(7)k+1

T(k+2)
(’Y)k+2

B(x*) =
y+1
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3 LINDLEY LOGARITH-
MIC DISTRIBUTION

Suppose that the random variable X has the Lind-
ley distribution where its cdf and pdf are given in
(1) and (2). Given N, let X;,---, XN be inde-
pendent and identify distributed random variables
from Lindley distribution. Let N is distributed ac-
cording to logarithmic distribution with pdf
—on

nlog(1—6)’
Let Y = min(Xy, -+, Xn), then the cdf of Y|N =
n is given by

Fyinonly) = 1= (L 2 )e ™),
The Lindley logarithmic distribution, denote by
LL(6,7), is defined by the marginal cdf of Y, i.e.

B log(1 —60(1+ 55 )e™)

Fly)=1 i @

P(N=n)= n=12---,0<60<1.

The pdf of LL distribution is given by
2
0#6””’(1 +y)

fly) = (1 + %)e—vy —1)log(1 — 9)7

(4)

where 0 < 0 < 1,7 > 0.
The survival and hazard rate functions of LL dis-

tribution are given, respectively, by
log(1—6(1+ 25)e™)

(5)

log(1 —0) ’
and
07_2677:‘/ 1+y
hy) = AT —vywlll (1 9)1 W) e—y)’
(0(1+ Z5)e — 1)log(1 — 0(1 + 15 )e™ )

(6)
Proposition 3.1. The limiting distribution of LL
(0,7) where 8 — 0T is
. Yx _
lim Fly)=1— (14 ——)e 7*
Jim F(y) (I 7)™

which is the cdf of Lindley distribution.

Proposition 3.2. The limiting behavior of hazard
function of LL distribution in (6) is
2

. 01 .
limy 0 h(y) = G=ea—gy @nd limy—oc h(y) =0
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Theorem 3.3. Considering the LL distribution
with the probability density function (4),
we have the following properties:

(i) As @ — 0, then LL(0,~) leads to Lindley dis-
tribution with parameter .

(i) If v > V1 =0, f(y) is decreasing in y. If
0<~v<vV1-0, f(y) is a unimodal function
with mode at yy, where yo is the solution of
the equation y(y+1)+(A—1) —A% =
0, with A =6(1+ 2f)e .

Theorem 3.4. considering the hazard function of
the LL distribution (6),, we have the following

properties:

(i) If (0 —1)(v—1) > (7—47;1) and the equation
[(A = 1)+ 0225e (1 + 1) (1 =71+ )] (A=
D +y)
(A= 1) = 02e (L + 9)?)(1 - (L +
y)A-1)

+02e” 73’(1 +)? (v +y) —2)(A-1) +

(A-1) - Qﬁe W(l+1y)?=0
has no real roots, then the hazard function is
mncreasing.

(i) If (0 —1)(v—1) < (7—_7;1) and the equation
[1(A = 1)+ 025 (14 ) (1= A(1+ )] (A-
D +y)

+ (A= 1) = 02e (1 + y)?(1 - (1 +
y)(A=1)

+ 9;&6 w(1 + (A +y) —2)(A-1) +
(A—-1)— Gﬁe W(1l4y)? =0

has one real roots, then the hazard function
is bathtub shaped.

4 QUANTILES AND MO-
MENTS OF LL DISTRI-
BUTION

Some of the most important features and charac-
teristics of a distribution can be studied through

44

its moments and quantiles such as tending, disper-
sion, skewness and kurtosis. Also, the quantiles of
a distribution can be used in data generation from
a distribution. The pth quantile of the Lindley log-

arithmic distribution is given by

Y
v = (G- a0 -1, (@)
which is used for data generation from the LL dis-
tribution.
Now we obtain the moment generating function of
the LL distribution. Suppose that Y ~ LL(6,7)
and X (1) = min(Xy,---, X,,), where X; ~ L(v) for
i=1,2,---,n, then

MX(t) = Zoo_ P(N :n)MXu) (t)

n=1

o0 n—1 (n— i
=S PN =n) 305 ( 11)(%)n sy
I'(n—1) I'(n—it+1)
% [("’Y )=t + (n’y—t)"—i+1j|

_gn n—i+2

= Tog(1—0) Zn 12 ( 4 ) (y+1)m—i+1
% [ I'(n—1) + (F(n—z+1) } '

(ny—t)n—* ny—t)n it

(8)
One can use Mx(t) to obtain the kth moment
about zero of the LL distribution. We have

E(Yk) = fo:l P(N = )E(X(km)

-1 (n—1
=ZZ°=1Z?ZO "

_gnnit?
( 4 ) (v+1)* 1 log(1-0)

T'(k+1i I'(k+1i
« [Elstisg) | T

(9)
The mean and variance of the LL distribution are
given, respectively, by
BY) =X Y (7 s
- n=1 =0 4 (v+1)**1 log(1-6)

I'(i+3) r(i+2)
X | Gy + e

(10)
and

—_om i+2

o) n—1
Var(Y) =302 (") oo osissy
% [F(i-‘,—_4) I F(i-‘,—_S):| — E2(Y),

™ T

(11)
where E(Y) is given in Eq. (10).
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5 Rényi and Shannon en-

tropies

If X is a random variable having an absolutely
continuous cumulative distribution function F(z)
and probability distribution function f(z), then
the basic uncertainty measure for distribution F
(called the entropy of F) is defined as H(z) =
E[—log(f(X))]. Statistical entropy is a probabilis-
tic measure of uncertainty or ignorance about the
outcome of a random experiment, and is a mea-
sure of a reduction in that uncertainty. Numerous
entropy and information indices, among them the
Rényi entropy, have been developed and used in
various disciplines and contexts. Information theo-
retic principles and methods have become integral
parts of probability and statistics and have been
applied in various branches of statistics and related
fields.

Entropy has been used in various situations
in science and engineering. The entropy of a
random variable Y is a measure of variation of
the uncertainty. For a random variable with the
pdf f, the Rényi entropy is defined by Ir(r) =
= log{ [ ["(y)dy}, for r > 0 and r # 1. Using

the power series expansion

(1—2z)7F= i—r(k+fj)zj

= Tk);!
gives
Joo iy = (Griare) 2ieo () (1)

X f e Yy (1 —0(1 + %)e"yy)_rdy.

Thus, we have

r _ 6~> r T [eS) j
fooo "y)dy = (W) =0 22 =0 k=0

% (:) (i) (—1)" Fl“((rJ)r;!) (%)j (’yF(i+j+1)

According to the definition of Rényi entropy we
have

0~ r T 00 j
Ir(r) = 75 108l (rmymeea=ay) 2ico 2oge0 2ok=0

x(f‘) (J’)( 1)7"M JM]

i)k rot G GG
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GrryiTt:

The Shannon entropy is defined by E[—log[f(Y)]].
This is a special case derived from lim,_,1 Ir(r).
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discuss the estimation of the model parameters by maximum likelihood and obtain the observed information

matrix. We provide an application to real data which illustrates the usefulness of the model.
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1 INTRODUCTION

Reference [1] introduced a new family of distribu-
tions, called the Marshall-Olkin extended (MOE)
family, by adding a new shape parameter to the
baseline distribution. Let G(z) be a cumulative
distribution function (cdf) of a continuous random
variable X. Suppose that X has survival function
(SF) G(x) = 1 — G(x). The new survival function
takes the form

_ . aG(x)

F(:L‘) = T@(w)’ (1)

—00 < x < 00.

This procedure of generalization was called
Marshall-Olkin’s (MO) scheme later by statisti-
Note that for « = 1, F(z) = G(z) and
therefore G(z) is a basic exemplar of (1). Refer-

ence [1] studied two special cases of (1) by con-

cians.

sidering G(z) to be the exponential and Weibull
distributions, which are called MOE exponential
and MOE Weibull distributions, respectively. Since

*Corresponding Author

47

then many authors introduced new extended distri-
butions using the MO scheme. Examples include
the MOE Lomax distribution [2], the MOE normal
distribution [3] and the MOE Fréchet distribution

[4] among others.

In this paper, we apply the MO scheme to
generalize the Rayleigh distribution. The Rayleigh
distribution is widely applied in several areas of
statistics, partly because of its linear and increasing
failure rate, which makes it an appropriate distribu-
tion for modeling the lifetime distribution of com-
ponents which age rapidly with time. This distribu-
tion is a special case of the two-parameter Weibull
distribution with the shape parameter equal to 2.
The SF of the Rayleigh distribution is given by

Gr(z) = >0,A>0.

Taking G(z) in (1) to be the SF of the Rayleigh
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distribution, we obtain

2
_ ae—)\x

Then the corresponding probability density func-

tion (pdf) of this new model is given by

2
2a\xe

f(x) = x>0, a,A>0. (3)
We shall refer to the new model with pdf given
in (3) as the Marshall-Olkin extended Rayleigh
(MOER) distribution and we denote a random vari-
able X with this density function (3) by X ~
MOER(a, A). It may be noted that when o = 1,
(3) reduces to the pdf of the Rayleigh distribution.
Plots of MOER densities for some selected values
of @ when A = 1 are shown in Fig. 1. We derive
some mathematical properties of the MOER distri-
bution in Section 2. Data application is discussed
in Section 3.

\ = Rayleigh
v -- a=01
' « -+ 0a=05
\ 0=15
1
)
1)
1

2.0

0=3
-—- a=10

15

density
1.0

0.5
|

Figure 2: MOER pdfs for selected values of a when A = 1.

2 GENERAL PROPERTIES

In this section, we discuss some general properties
as well as maximum likelihood estimation of the
parameters of the MOER distribution. The cdf of
the MOER distribution can be written as

1— —z?
Flo)= ——

Ticaene P70
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Inverting the cdf function, we readily obtain the
quantile function as

Simulation of an MOER random variable follows
directly from (4), i.e. if U is a simulated random
variable from uniform distribution on (0, 1), then
X = Q(U) ~ MOER(a, \).

Using (2) and (3), the hazard rate function
(hrf) of the MOER model is found to be

B 20z
") = e

x> 0. (5)
It is clear that 7(0) = 0 and lim,_, . 7(z) = oc.
The first derivative of r(z) with respect to (w.r.t)

T is

(o) = —200)
(1— ae*?)

where n(y) = 1 — a(l + 2y)e Y. Take y = Az?,
if @ > 1, then n(y) > 0 and hence r(x) is in-
creasing w.r.t. x. For a < 1, consider the first
derivative of n(y) w.r.t. y which equals n'(y) =
a(2y — 1)e” ¥ implying that n(y) has a unique crit-
ical point y, = 1/2. Since 1”(1/2) = ae~/? >0,
7(y) has an absolute minimum at y.. The absolute
minimum value of 7(y) is 7(1/2) = 1 — 2ae~ /2.
Note that 7(0) = & > 0 and lim,_, n(y) =1 > 0.
If n(y«) > 0 or equivalently « > 1 — /e/2, then
n(y) > 0 for all y > 0 and hence '(z) > 0 for all
x> 0. I n(y.) <0, then n(y) has exactly two roots
y1/\ < zo = \/y2/A. Since 7(0) = 0 and

lim, oo 7(x) = 00 and r(z) > 0, then z1 (x2) must

xr, =

be a point of local maximum (minimum) for r(z).
Summing up, if & > 1—+/e/2, then r(zx) is increas-
ing wr.t. z and if 0 < @ < 1 — /e/2 ~ 0.17564,
then r(z) is increasing-decreasing-increasing w.r.t.
z. Plots of MOER hrfs for some selected values of
a when A =1 are shown in Fig. 2.
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Figure 2: MOER hrfs for selected values of & when A = 1.

Next, we provide useful expansions for the pdf and
cdf of the MOER model.

well-known series expansion
(oo} .
- s+j—1Y\
1-— S = J
A N R

§=0
for |z| < 1 and s > 0. Since 1 — a < 1, we consider
two cases: if |1 —a| < 1, or equivalently 0 < a < 2,

Consider the following

(6)

then from (3) and (6) we can write

oo

f(@) =20Az Yy (j+1)ade TN,
j=0
and the cdf can be expanded as
Flz)=(1-e?)Y ale
j=0

Now, if 1 —a < 1/2 or @ > 1/2, then |a&|/a < 1
and we use the following equality

)

Therefore, from (6) and the binomial expansion, we
can write

1—ae—*m2=a[l+g(1
(07

— J . j
f((l?) — —Az Z(] +Cj:7+1 o‘) ( e—])\zz)]
o j o
G+DEDHA e
- B () U e
j=01i=0
and
0o j+1 i .
J+1\ (=D)"™al e
=33 (1) e
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Using the series expansions for the MOER pdf, we
can find the k-th (k > 0) moment of this new dis-
tributions in two cases: if 0 < a < 2, then

B(X") = AWZ j+ el (/2 + 1),

where T'(:) is the complete gamma function. If
«a > 1/2, then the k-th moment can be written
as

1)i+jaj

co j (+1

Now, we consider the estimation of the param-
eters of the MOER distribution using maximum

E(X C(k/2+1).

likelihood method. Suppose that x1, ...,
observed random sample of size n from MOER dis-

T, are an

tribution with unknown parameters o and A, then
the log-likelihood function for (a, A) becomes

la,\) =nlog20X + > logz; — A > a7

i=1 i=1
-2 Zlog (1 — de_’\””?> .
i=1

The maximum likelihood estimates of the unknown

e =

(7)

parameters are obtained by maximizing the log-
likelihood function (e, A) with respect to (a, \).
The maximum likelihood estimators (MLEs) of «
and ) say & and X, respectively, can be obtained as

the solutions of the following non-linear equations

o W —Xa}

) e )

da «@ = 1- ae~ v

% — E_nmz_gan‘rge—_m?_o

oA DY ' 1—546_)‘9’312 e
i=1 i=1

These equations can not be solved analytically and
statistical software can be used to solve them nu-
merically using iterative methods such as the New-
tonRaphson type algorithms. For interval estima-
tion and hypothesis testing of o and A, we may use
the asymptotic joint distribution of (@, ). Under
certain regularity conditions that are stated in [5],

pages 461-463, that are fulfilled for the parameters
in the interior of the parameter space, we have that

\/ﬁ(@ —0) X N, (O, Igl) , where ~ means approx-
imately distributed, @ = (o, A\)T is the vector of
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unknown parameters, 0 = (@, /):)T, Io is the ex-
pected information matrix and Igl is the inverse
of Iy. The asymptotic behavior remains valid if Ig
is replaced by 1.J,,(8) where J,,(8) is the observed
information matrix defined as

6a6>\ £(a; A)

_ Joa Jax _ Z(a )‘)
In(0) = { Txa  Jaa }_ [ maae(a A) m2@(04 )

The elements of J,, (@) can be obtained as

—2)\37
Jaa = +2 )
Z l—oze*)‘z )2
4 7)@
o = )\2—|—2042 1_a€—A9c) )
= z2e Al
Ja = JHa=2 .
A A zz: (1—ae /\m?)2

Simply we have

_ —1 I —Jax
e = ———
" ( ) Jan)\)\*Ji)\ _Ja)\ Jaa :|
B Var(@) Cov(@,n)
- Cov(@,N) Var(d)

The unknown parameters in the elements of
J1(8) can be replaced by their corresponding
MLEs. The asymptotic equal tailed 100(1 —p) per-
cent confidence intervals for the parameters o and
Aare @+ zp/zy/@(a) and A + zp/zy/@(:\\) re-
spectively, where z, denotes the 100a percentile of

the standard normal random variable.

3 DATA APPLICATION

In this section, we analyze a real data set and com-
pare the MOER distribution with Rayleigh distri-
bution. The data set is taken from [6] p. 105 and
shows the relief times of 20 patients receiving an
analgesic in hours. These data are as follows

1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7,
4.1, 1.8, 1.5, 1.2, 1.4, 3, 1.7, 2.3, 1.6, 2.

We have fitted both Rayleigh and MOER distri-
butions to the above data using the Kolmogorov-
Smirnov (K-S) test. The values of K-S statistics
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and their corresponding p-values are reported in
Table 1. In addition, the Akaike information crite-
rion (AIC) and the Bayesian information criterion
(BIC) are utilized to compare the candidate mod-
els. These measure are also presented in Table 1.
One can easily conclude from Table 1 that MOER
distribution fits the data better than the Rayleigh
distribution.

TABLE 1
MLEs, AIC, BIC, K-S statistics and p-value for the data set.
Model MLEs AIC BIC K-S p-value

Rayleigh | A =0.245 | 46.958 | 47.953 | 0.257 0.1436

MOER A =0.463 15.393 | 17.385 | 0.171 0.6025
a = 3.643
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Abstract: In this paper, we establish the stochastic ordering of median from an equi-correlated trivariate

normal vector based on the strength of the correlation coefficient. Specifically, by considering two equi-

correlated trivariate normal vectors with different correlation coefficients, we show that the absolute value of

the median in the vector with smaller correlation coefficient is stochastically smaller than the absolute value

of the median in the vector with larger correlation coefficient. We prove this result by utilizing skew-normal

distributions.

Keywords: Stochastic ordering, equi-correlated trivariate normal distribution, order statistics, median,

skew-normal distribution, correlation coefficient

1 INTRODUCTION

Let X = (X1, -+, Xn)  and Y = (Y1,---,Y,)" be
two n-dimensional equi-correlated normal random

vectors as

X ~ N, (0n7(1 _pX)In+pX11T)a

Y ~ No(0n,(1—py)L+py11”),
1
n—1

(1)

< px,py < ]-a

where 0,, and 1, denote the vectors of
zeros and ones of dimension mn, respectively,
and I, denotes the identity matrix of dimen-
sion n. Let the cumultative distribution func-
tions (CDFs) of X and Y be denoted by
Fx (x;px) P(Xy <y, , Xp <)

*Corresponding Author

and
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Gy (x;py) = P(Y1 <uay,---,Y, <), respec-
tively, for x = (zq,--- ,mn)T €R™ . Further, let
X1, <o < X, and Yy, < .- <Y,,., denote
the order statistics arising by arranging in ascend-
ing order the components of X and Y, respectively,
and F.,(-; px) and Gy, (+; py) denote the CDF's of
X,.n and Y., respectively.

A random variable X is said to be smaller
than Y in the usual stochastic order, denoted by
X <4 Y, if and only if P(X > z) < P(Y > z)
(or Fx (z) > Fy (x)), for all z € R [?].
ing the result in Theorem 5.1 of Das Gupta et al.
[?], if px < py, then Fx (x;px) < Gy (x;py), for
x €R™. If we set x =zx1,, then if px < py, we

By us-
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deduce
Fon(r3px) = Fx(2zlp;ipx) < Gy (21, py)
= Gnunl(w;py), w€R,
which shows
Yn:n Sst Xnn (2)

Since, Xi.p “ —Xn:n and Y., 4 —Yom, if px <
py, we also readily obtain

Xl:n <st }/a.n (3)
A natural question is about the stochastic order-
ing of other order statistics. In this regard, we de-
rive some results by considering the trivariate case.
When n = 3, from (??) and (??), we have, for

—3 <px <py <1,

Y3:3 Sst X3:3 and X1:3 Sstyl:B'

(4)

In this note, we establish that, for —% < px <
py < ]-7

|X2:3| Sst |Y2:3| . (5)

A random variable Z, is said to have the skew-
normal distribution with shape parameter A € R,
denoted by Zy ~ SN (A), if its probability density
function (PDF) is [?],

fon (z:0) =20 (2) @ (\2), z€R,

(6)

where ¢ () and @ (-) denote the PDF and CDF of

the standard normal distribution, respectively. By

using Proposition 6 in [?], if A\; < Ag, then
Z)\l Sst Z)\z'

(7)

Also, it is known that [?],

1—PX> ( 1—Py)
Xoi ~ SN Yoo ~ SN .
2:2 ( 15 px 2:2 1+py()

8
Since L__Zi < % for px < py, the stochas-

tic ordering in (??) yields the results in (??) and
(??) for n = 2.

In this paper, by using normal skew-normal
and generalized normal distributions, we establish
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the result in (?7).

stochastic ordering results for normal skew-normal

in Section 2, we discuss some

and generalized normal distributions. Then, by us-
ing these results, we establish the main result in
(??) in Section 3 and discussed some implications
briefly.

2 Stochastic for

normal skew-normal (NSN)

orderings

and generalized mnormal

(GN) distributions

Azzalini and Regoli [?] discussed stochastic order-
ing a general class of skewed distributions. In this
section, we discuss briefly some stochastic orderings
for two distributions that we will use in the sequel.
Recently, Gomez et al. [?] proposed a normal skew-
normal (NSN) distribution. A random variable is
said to have a NSN distribution with parameters
a, B € R if its PDF is

cla,B) ¢ (2) Fsn (az; 8), z€R,

-1
=J¢1_1 B8
where ¢ (o, 8) = {2 — arctan m)}
and Fsy (+;8) denotes the CDF of SN (5). This

NSN distribution is, in fact, a special case of a
skew-normal distribution discussed by Loperfido et

al. [?]. Here, we consider a special case of this dis-

tribution when o = X and 8 = 4/ éfi‘; , for [A] < 3.

If a random variable Z3 has this specific NSN dis-
tribution, then we denote it by Z5 ~ NSN ()),
and its PDF becomes

fnsn (z;0) =36 (2) Fen ()\z; \/éf—ii) , z€R.

(9)
We denote the corresponding CDF by Fygn (5 A).
Many of the properties of the NSN distribution in
(??) are similar to those of the SN distribution in

(?7). For example, it reduces to the standard nor-

mal distribution when A = 0 and it is strongly uni-
modal for all values of A € R and Loperfido et al.
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[?]. Moreover, just like the SN distribution, the
NSN distribution in (??) is stochastically ordered
with respect to A. This property can not be ob-
To

prove this property, we need the following lemma.

tained by the result in Proposition 6 of [?].

In the lemma, we assume that a ()) is a real-valued
function with domain D, C R, and also that the
first derivative of a (\) exists for A € D,, and is
denoted by o’ (A).

Lemma 1 For z € R and A\ € D,, if
Aa(N) a’(\)
(1+,\2 - 1+a2(/\)) < 0, then

a%/_z b (t) Fsy (Mt;a (\))dt < 0.

By using the result in Lemma 1, we can
easily prove that the NSN distribution in (??) is
stochastically ordered with respect to A, as done in

the following Corollary.

Corollary 1 If Zy ~ NSN(\;) and Z5, ~
NSN (A\2), and —v3 < A\ < A < /3, then
Zj\*l <st Z§2. A random variable U, is said to have
a GN distribution with parameter —v/3 < A < v/3,
denoted by Uy ~ GN (\), if its PDF is

u € R.

(10)
To see this is a valid density, we first note that
fon (wiX) = 66 (u) (@ () = Fon (Mus /3537 ) ).
Because the CDF of the SN distribution in (??) is

decreasing with respect to A and ,/éfii

fan (u; \) = 3fsn (W \) — 2fnsn (us A),

> 0, we

have Fgy ()\u; LEA) < Fan (Au;0) = @ (),

which implies that fen (u;A) > 0. Next, it is clear
that fjof fon (u;A) = 1 which means fon (u; A) is
a valid PDF. If A = 0, then it reduces to the PDF
of the standard normal distribution. The CDF of
the GN density in (??) is clearly

u € R.

(11)

So the GN distribution in (?7?) is symmetric about

Fon (u;A) = 3Fsn (u;A) — 2Fysn (43 A),

0. In the following lemma, we prove the stochastic
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ordering of |Uy |, which will be used to establish the
main result of this paper in the next section.

Lemma 2 For 0 < A\ < X\ < /3, if Uy, ~
GN (A1) and Uy, ~ GN (A2), then

|Ux\2| <st |U)\1| . (12)

3 Stochastic ordering of me-
dians in two equi-correlated

trivariate normal vectors

In this section, we prove the main result in (?7?)
and then mention an extension of this result. In
the following lemma, we express the distributions
of order statistics in terms of NSN and GN dis-
tributions. Although all these representations are
identical, there are two advantages in the last rep-
resentation. First, both NSN and GN distributions
have just one parameter, and in Loperfido et al.
[?] and Jamalizadeh and Balakrishnan [?], we deal
with two and three parameters. The representation
given here enables us to study several properties
of order statistics easily. The second advantage is
that in trivariate case, the result is very similar to
that of the bivariate case (see Eq. (??) and Lemma

3).

Lemma 3 We have

1 —px
X1~ NSN (- ,
e < 1+PX>
1=
X2:3~GN< ,OX>7
1+ px
L —px
X33~ NSN .
. < 1+PX>

Corollary 2 For —% < px < py <1, we have

| X 2:3] <gt [YVo2u3].

The stochastic ordering of medians in
Lemma 3 translates immediately into a set of impli-
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cations about the ordering of moments and quan-
tiles of these medians. Specifically, for —% <px <
py < 1, we have the following:

(i) If Qx| (p) and Q)y,, (p) denote the pth
quantiles of | X o.3] and |Y.3| for any 0 < p <
1, then

Q1xX2s] (P) < Qyasl (P) 3 (13)
(ii) For any non-decreasing function ¢(-) for which

the involved expectations exist, we have

E(t(|X23]) < E(([Y23])- (14)
Moreover, from proof of lemma 2, both in-
equalities in (??) and (??) are also strict.

The result in Corollary can be extended
More
specifically, n-dimensional random vectors X* =
(Xik’ ’X’;’kL)T and Y* = (Yl*v Y
to be scale mixures of vectors of X and Y in (77?)

to scale mixture of normal distributions.
T .
)" are said

if there is a positive random vaiable W, with CDF
H, such that

XL VWX and Y*2VWY,
where £ means equality in distribution. Some
prominent multivariate distributions, such as

Student-t snd Laplace, are scale mixtures of normal
distribution. If X7, and Y%, denote the r-th or-
der statistics from X* and Y*, then from (??) and
(??), we have Y\, < X, and X7, <q Y%, for
—ﬁ < px < py < 1. Although this latter result
can also be obtained directly from Theorem 5.1 of
[?], in the trivariate case, by Corollary 2, we also

have, for —% < px < py <1,
| X3.a] <st [Yais)

in this general case.
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Abstract: In this paper, we compare the residual and past lifetimes of two (n — k + 1)-out-of-n systems

with non-identical and dependent components according to a multivariate log-normal distribution. We also

show that two univariate doubly truncated normal distributions with same variance and different means are

stochastically ordered with respect to hazard rate stochastic ordering.
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1 Introduction

The normal distribution has been used to model
the potential returns on an investment in capital
budgeting and portfolio analysis (see [10], and ref-
erences therein). Normal distributions have often
been investigated in the context of stochastic domi-
nance (e.g., [11, 3, 14, 2]). However, there are three
reasons why investigation of the truncation of the
distributions may be appropriate. First, the fact
that the normal is unbounded indicates that it is
only to be used as an approximation to an actual re-
turn distribution. In particular, the left tail of a re-
turn distribution must be zero below the maximum
loss possible for an investment. In many invest-
ment situations, the maximum loss possible is lim-
ited to the amount of the investment. In any case,
an investment must have a limited liability no mat-

*Corresponding Author
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ter how large that amount may be. Second, Ben-
Horim [2] censored his sample data before testing
for stochastic dominance. The motivation was to
eliminate outliers and thereby increase the chances
that the sample data would then agree with the
dominance relation existing between the two popu-
lations (i.e., reducing estimation risk). Third, when
X is the lifetime of a device, Xy = [X —¢|X > t] is
the residual lifetime of the device at time ¢, given
that the device is alive at time t. As a dual notion
to the residual life, the past lifetime (or the inac-
tivity time) measures the time elapsed since the
system hazard. Past lifetime of a system is also a

truncated random variable.

Consider one degrading item which operates
in a baseline environment (regime) and denote the
corresponding distribution function of time to haz-

ard X by F(t). By degrading we mean that the
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hazard occurs due to some degradation processes,
e.g., as a result of wear accumulation. Let another
statistically item described by the lifetime Y with
the distribution function G(t) be operating in a
more severe environment. Assume for simplicity
that environments are not varying with time and
that distributions are absolutely continuous and let
Ax (t) and Ay (t) denote the corresponding hazard
rates. It is reasonable to assume that degradation
in the second regime is more intensive and, there-
fore, the time for accumulating the same amount
of degradation or wear is smaller than the baseline
one. Therefore, assume that the corresponding life-
times are ordered in terms of the (usual) stochastic
ordering (see e.g. [13]), i.e.,

Ft)=1-F@t)<Gt)=1-G(t),teR, (1)

in which case, we say X is smaller than Y in (usual)
stochastic order and denote it by X <4 Y. This
general relationship naturally models the impact of
a more severe environment as compared with the
baseline one. Note that, the corresponding hazard
rate ordering denoted by X <p, Y is defined as

Ax(t) > Ay (1), t€R. 2)

which is also very popular in reliability applications
and it is more stronger one such that (2) leads to
(1).

A (n — k 4 1)-out-of-n system is a system
consisting of n components that works if and only
if at least n — k+ 1 of its components are operating
(k < n). Thus, this system fails if k£ or more of its
components fail (see [7] for a thorough discussion
of these systems). It is indeed a very popular and
commonly studied reliability structure. If we de-
note the lifetimes of the individual components by
X1,..., Xy, then the lifetime of the (n—k+1)-out-
of-n system is simply the kth order statistic Xg.p,.
The concept of the past lifetime of the components
of a parallel system (at the system level), under the
condition that the system has failed by time ¢, has

been introduced in [1] as

(t_Xl:n|Xn:n§t)7 l=1,2,...,n.
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Khaledi and Shaked [6] considered the residual life
of a coherent system, given that at least (n—k+1)
components of the system are working, and gave
some stochastic comparison results for this system.
Li and Zhao [9] carried out a stochastic comparison
on residual and past lifetimes of two (n — k + 1)-
out-of-n systems and generalized the results in [6].

Usually, it is assumed that the n lifetimes
X1,Xs,..., X, of the components of the system
are independent and identically distributed. In par-
ticular, however, there may be a structural depen-
dence among the components of the system. Such
a dependency may be due to a common shock af-
fecting system’s components. The objective of the
present work is to model the structural dependence
of the system using multivariate normal distribu-
tion and then establish some stochastic ordering

results.

The rest of this paper is organized as follows.
In Section 2, we extend the main result of Miiller
[12] to the case of multivariate truncated normal
distribution, and then present some conditions un-
der which we can compare the residual and past
lifetimes of two (n — k + 1)-out-of-n systems whose
component lifetimes are distributed as multivari-
ate log-normal. In Section 3, we consider stochas-
tic hazard rate ordering of two doubly univariate

truncated normal distributions.

2 Stochastic Comparisons of
Truncated Normal Distri-

butions

The following multivariate generalizations of the
usual stochastic order are well-known in the litera-
ture; see Shaked and Shanthikumar [13] for related
properties, equivalent definitions and applications.
Consider two multivariate random vectors X and
Y. We say that X is smaller than Y in the usual
stochastic order (denoted by X <4, Y) if, and only
if, E[h(X)] < E[h(Y)] for every increasing function
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h : Re? — Re provided that both expectations ex-
ist. In this section, we consider stochastic orderings
of truncated normal distributions. Let us assume
Xz‘ ~ Nn(“ivz)v 1= 1,2, Yi ~ Xi|(c < Xz < d),
)andd = (dy,. ..
tors of constants. Here, we consider joint density

where ¢ = (¢q,...,¢p ,dy,) are vec-

function of a random vector Z as

exp{—5(x — p(A)'E" (x — p(V)}

Pr(x) = » 3)
* fm(@) exp{—32w' = 'u}du

where m(\) = ¢ — p(A), n(A) = d — p(N), and

p(A) = Ay + (1 — N py. Let us introduce the

following notation:

» sCD gD
)’ . :<<a§l”>' Zi”)
m_l()\) _ n—l()\)

)7 l’l()\)—( nl(/\) >7

mi(A)
Now, we present a result that can be used

B

3
i
m(A)=<

where l=1,...,n.

for comparing two multivariate truncated normal
random variables, with same truncation and covari-
ance matrices, with respective to multivariate usual
stochastic ordering. This result is an extension of
the main theorem in [12]. Since the proof of this
result is long and involved, we omit the proof of the

Theorem.

Theorem 2.1. Suppose f(x) : R™ — R is con-
tinuously differentiable and vanishes outside (c,d).
Then,

Ef(Y1)— Ef(Y2)

Z,U«12l

/0 (/C aT”f(X)d’A(X)der

/cd F(x)@, (%) (Id, (x1) — I, (xz))dx
+ / ’ b (%) (Idl (z1) — Iy (xl))dx
[ 1606, ). W

where I,(x) equals one when x = z and zero other-

wise, and W;j = (i) (J),u] =121=1,...,n,

( (7) (1)) )

thhll’z Hi™sees U

)
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Corollary 2.2. If puy < py, then Y1 <5 Yo.

Since the the residual [past] lifetime of a
(n — k + 1)-out-of-n system whose component
lifetimes are distributed as multivariate normal,
(Xpn| X1 > ) [(Xpn|Xnm < t)], can be con-
sidered as the order statistics from a multivariate
truncated normal distribution, we can compare the
residual and past lifetimes of two (n—k+1)-out-of-n
system whose component lifetimes are distributed
as multivariate normal, by Theorem 2.1 and Theo-
rem 6.B.23 in [13] as follows.

Corollary 2.3. Assume X and Y are two mul-
tivariate normal random wvectors with means pq
and o, respectively, and same covariance ma-

if
n, are the order statistics aris-

triz.  Moreover,
Yim, kK = 1,...,
ing from random vectors X and Y, respectively,
then (Xpn|Xim > t) <st Yewm|Yin > t) and
(X Xnm <) <st Yien|Ynim < ) for any con-

stant t.

< py and Xg., and

Now, we can present a result regarding the
comparison of residual and past lifetimes of two
(n — k + 1)-out-of-n systems with respect to the
usual stochastic ordering. In this case, we assume
the components of the systems to be jointly dis-

tributed as multivariate log-normal.

Corollary 2.4. Assume X and Y are two mul-
tivariate log-normal random vectors with the cor-
responding normal distributions having means py
and o, respectively, and same covariance ma-

if p
n, are the order statistics aris-

triz.  Moreover,
Yim, kK = 1,...,
ing from random wvectors X and Y, respectively,
then (Xgnl|X1m = t) <5t (Yew|Yim > t) and
(Xkn| Xnm < t) <st Yien|Ynm < 1) for any con-

stant t.

< py and Xg., and
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3 Univariate doubly trun-

cated normal distribution

In this section, we consider stochastic hazard rate
orderings of univariate truncated normal distribu-
tions. Let us assume X; ~ N(u;, %), i = 1,2,
Y, ~ Xil(e £ X; < d).

density function of a random variable Z as

Here, we consider the

| exp{—Lp0y
= f”“)e g
where m(\) = ¢ — p(N), n(A) = d — u(N), and

w(A) = Aug + (1 — XN)pe. With an argument simi-
lar to the one in the proof of Theorem 2.1, we can
obtain the same results for the univariate doubly
truncated normal distribution as follows.

Theorem 3.1. Suppose f(x): R — R is continu-

ously dzﬁerentmble and vanishes outside (c,d) and
f f(z)px(x)dx. Then,

B0~ E£02) = [ g/ A= (s — )
/ ( / 7(2) o9 (z)dz
+ / F @) (@) (Tux) ~ 1.(x) ) da
+ [ o) (1a60) - 1))
IREEE ©

where I,(x) equals one when © = z and zero oth-
erwise.

We now consider a result which compares
hazard rate functions of two doubly truncated nor-
mal distribution functions with same variance in

terms of their means.

Corollary 3.2. If uy1 < ps, then Y1 <p Yo.
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