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Abstract: In this paper we show that for a positive measure A, the family of all measurable set that A is

concentrated on them, is a lattice but is not complete in general. Also this family is an up-set of family of

all measurable sets but it is not principal up-set in general.

Keywords: Lattice, Complete Lattice, Up-set, Concentrator of measure.

1 INTRODUCTION

Always communication between two science or two
branches of a science is very useful and can be im-
prove both of branches. One of the most applicable
theories of mathematics is a measure theory and
also the concept of concentration of a measure on
a set is a fundamental concept in measure theory.
This concept is necessary for the Lebesgue-Radon-
Nikodiom theorem. On the other hand the notion
of lattice, plays an important role in algebra and
even in other sciences. In this paper we show that
for a measure space by a positive measure, the fam-
ily of measurable sets which measure of measure
space is concentrated on them is a lattice but it is
not complete lattice in general and also we show
that it is an up-set of family of all measurable sets

but it is not principal.

*Corresponding Author

2 Preliminaries

In this section we recall some definitions from or-

dered algebra and measure theory:

Definition 2.1. [2]. Let (E, <) be an ordered set.
Let x,y € E. We say that x,y are comparable if
either x <y ory < x. In contrast, we say that x,y

are incomparable, and write x || y, when xy and

yz.

Definition 2.2. [2]. Let (E, <) be an ordered set.
A subset U of E is called an up-set if © € U
and y € E such that x < y, then y € U.
Also a principal up-set is an up-set of the form
el ={yeE|z<y}

Definition 2.3. [2]. A lattice is an ordered set
in which every pair of elements (and hence every
finite subset) has an infimum and a supremum.
Infimum and supremum of x,y is denoted by x Ay
and x V y respectively. Thus a lattice often denote
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by (E, AV, <).

Definition 2.4. [2]. A lattice L is said to be com-
plete if every subset of L has an infimum and a

supremum.

Definition 2.5. [2]. A sublattice of a lattice L is
a nonempty subset E of L such that if x,y € E,
thenx ANy€e E andxVyeE.

Definition 2.6. [2]. A filter of a lattice L is a
sublattice of L that is also up-set.

Definition 2.7. [2]. A filter F' of lattice L is called
prime filter if F # L and ifavb € F, thena € F
orbe F.

Definition 2.8. [4]. Let A be a measure on a o-
algebra M. If there is a set A € M such that
ME) = M(ANE) for every E € M, we say that
A is concentrated on A. This is equivalent to the
hypothesis that A(E) = 0 whenever AN E = ¢.

Definition 2.9. [4] Let u be a positive measure on
a o-algebra M and X\ be an arbitrary measure on
M. We say that X is absolutely continuous with
respect to p and write A < p, if A(E) =0 for
every E € M for which u(E) = 0.

Definition 2.10. [4]. Suppose X and p are mea-
sures on M, and suppose there exist a pair of dis-
joint sets A and B such that X\ is concentrated on
A and p is concentrated on B. Then we say that A
and p are mutually singular, and write A L p.

3 Main Results

Let (X, A, M) be a measure space. We consider C)
as family of all measurable set which A is concen-

trated on them. ie;

Ch={AeM | X is concentrated on A}.
Theorem 3.1 C)\ = M if and only if A =0.
Theorem 3.2 If A, B € C,, then AN B € C).

Theorem 3.3 Let A be a positive measure. If
AeC)yand A C B, then B € C,.

By Definition 2.8 if (X,\, M) be a mea-
sure space and A € Cy, then clearly A(4) = A\(X).

Now see the next theorem.

Theorem 3.4 Let (X, )\, M) be a measure space
and A\ be a finite positive measure. If A € M and
A(A) = A(X), then A € C).

Proof. Let E € M and ANE = ¢. Let D = AUE.
Thus A(D) = A(E) + M(A) and so A(D)A(A). On
the other hand A(D)A(X) = A(A4). Hence A(E) =0
and so A € C).

Next example shows that finiteness condi-

tion in the previous theorem, is necessary:

Example 3.5 Let X be the set of all real num-
bers, A = [0,400) and A be Lebesgue mea-
sure. Then AM(A) = A(X) but A ¢ C) because
3=\[-12]) £ A([~1,2] N A4) = 2.

Theorem 3.6
(Ch, ©) is a lattice but it is not necessary complete

If X\ is a positive measure, then

lattice.

Proof. Suppose that A,B € C). By Theorem
3.2, AN B € C) and since A C AU B by Theorem
3.3, AUB € Cy. Thus Sup{A,B} = AU B and
Inf{A,B} = AN B are in C. Hence (C),C) is a
lattice.

Now let X = [0, 1] and A be the Lebesgue measure.
For each z € X we put A, = X — {z}. Then
A(Az) = MX) =1 and by Theorem 3.4, A, € C)
for each z € X. But (,.yx Az = ¢ and is not in
C. Therefore C'y is not complete.
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Theorem 3.7 Let A\ be a positive measure and
AeCyand BC A . If \(B) =0, then A— B € C,.

Theorem 3.8 Let (X, )\, M) be a measure space
and A be a positive measure. Then C is an up-set
of an ordered set (M, C) but it is not principal in

general.

Proof. Theorem 3.3 shows that C' is an up-set of
M. Now we show that it is not necessary principal.
Let X be the set of all real numbers and A be the
Lebesgue measure. Let A € M such that Cy = AT,
Thus A € C) and so A(A) = A(X). Hence A4 is
uncountable. Suppose B is a nonempty countable
subset of A. Then A\(B) = 0 and by Theorem 3.7,
A — B e C). This means that A C A — B and this
is a contradiction. Thus C is not principal up-set.

Theorem 3.9 Let (X, A, M) be a measure space
and A be a positive measure. Then C) is a filter of

(M, C) but it is not necessary prime.

Let (X,M) be a measurable space and
CX,M)={Cx | X is a measure on M}.
Thus (C(X, M), Q) is an ordered set and we have
the following theorems:

Theorem 3.10 Let (X, M) be a measurable space
and A and p be tow non zero measures on M. If
ALl pthen Cy|C,.

Theorem 3.11 Let (X, M) be a measurable space
and A and p be tow measures on M. If X < pu
then C, CC, .

Theorem 3.12 Let (X, M) be a measurable space
and A and p be tow measures on M. If A\ < pu
then C, CC, .
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Abstract: Given a non-abelian group G, the non-commuting graph of G is the graph with the vertex set

G — Z(G), where two non-central elements = and y are joined by an edge if and only if xy # yz, where Z(G)

is the center of G. In this paper, we prove that every finite group G with claw-free non-commuting graph is

isomorphic to one of the groups S3, Dg or Qs.

Keywords: non-commuting graphs, claw-free graphs.

1 INTRODUCTION

For an integer z > 1, we denote by m(z) the set
of all prime divisors of z. If G is a finite group,
then 7(|G|) is denoted by m(G). Let G be a non-
abelian group and Z(G) be its center. We will as-
sociate a graph I'(G) to G which is called the non-
commuting graph of G. The vertex set V(I'(G))
is G — Z(G) and the edge set E(T'(G)) consists of
(x,y), where z and y are distinct non-central ele-
ments of G such that zy # yz. The commuting
graph associated to a non-abelian group G is the
complement of I'(G). Here, we are considering sim-
ple graphs, i.e., graphs with no loops or directed
or repeated edges. The non-commuting graphs of
the non-abelian finite groups have been studied in
some literatures. In [1], some properties of non-
commuting graph have been studied. A set of ver-
tices of a graph I' is called an independent set, if
its elements are pairwise nonadjacent. Through-
out this paper, let G be a finite group and M (G)
denote a set of the orders of maximal abelian sub-

groups G. The independent number of a graph T,

*Corresponding Author

10

which is denoted by «(T"), is the cardinality of the
largest its independent set. Also, a claw-free graph
is a graph that does not have a claw, the complete
bipartite graph K 3 as an induced subgraph. Be-
cause of the special properties of claw-free graphs,
they have been studied in some papers. In this pa-
per, we are going to study the groups that their

non-commuting graphs are claw-free.

2 Some Lemmas

In this section, we bring some lemmas which will
be used in the proof of the main theorem:

Lemma 2.1. If M(G) C {2,3}, then G = S5.

Proof. Since for every x € G, (x) is an abelian sub-
group of GG, we deduce that G is a finite group
and 7(G) C {2,3}. Also, for every p € 7(QG),
the subgroups of order p? are abelian, so |G|y = 2
and |G|s = 3. But G is non-abelian and hence,
7(G) = {2,3}. Thus lemma follows. O
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Lemma 2.2. If M(G) C {2,4}, then G = Dg or
Qs.

Proof. Since G is non-abelian, M (G) C {2,4} and
for every « € G, (z) is an abelian subgroup of G, G
is a 2-group, |Z(G)| = 2 and there exists ¢ € G
such that O(x) = 4. Also, we can see at once
that G/Z(G) is a 2-elementary abelian group and
Ca(z) = (x). Thus (z)/Z(G) is a normal subgroup
of G/Z(G) and hence, (z) is normal in G. There-
fore, G/(x) = G/Cq(x) — Aut({z)) = Z,. This
forces |G| = 8 and hence, lemma follows. O

Lemma 2.3. If G is a finite group with o(T'(G)) <
2, then G = S35, Dg or Qs.

Proof. By [2], we can see that M is a maximal
abelian subgroup of G if and only if M — Z(G)
Thus “a(I'(GQ)) <
2” implies that for every maximal abelian sub-
group M of G, |M| — |Z(G)] < 2. Thus
1Z(G)|(IM|/|1Z(G)| — 1) € {1,2}. This forces
(IM],1Z(@)]) € {(2,1),(3,1),(4,2)}. Thus one of
the following holds:

is an independent set of I'(G).

(i) |1Z(G)] = 1 and M(G) € {2,3}. Then
Lemma 2.1 forces G = S3
(i) 1Z(@)| = 2 and M(G) C {2,4}. Then

Lemma 2.2 forces G = Dg or Qg and hence,

lemma follows.
O

Lemma 2.4. If G is a finite group and H, K, L
are distinct proper subgroups of G such that G =
HUKUL, then [G: H =[G:K|]=[G:L]=2
and HNL=HNK=KNL=HNKNL.

Proof. Tt follows immediately by considering the
order of G. 1

2.1 Main results

Theorem 2.5. If G is a non-abelian finite group
such such that T'(G) is claw-free, then G = S5, Ds
or Qs.

11

Proof. Let M = {z1,...,2:} be a maximal inde-
pendent set of I'(G) such that |M| = a(T'(G)). We

continue the proof in the following cases:

(i) Let a(T'(G)) > 3 and x;,, x4y, Ti, be three
arbitrary elements of M. Since I'(G) is claw-
free, we deduce that for every y € G — Z(G),
y € Ca(xs,), Ca(xs,) or Ca(xi,). This shows
that G = Cq(x4,) UCq(zi,) U Cq(xy,). Thus
Lemma 2.4 shows that

ﬂ;’:ng(xij) =Cq(xy) NCa(xi,). (1)
Now let z € G — (M U Z(QG)). If there exists
1 < 4,5 < tsuch that z # x; and z o zj,
then by (1), for every u € {1,..,t} — {4,5},
z o x,. Thus M U {z} is an independent
set, which is a contradiction. Thus there
exists at least one ¢ € {l,...,t} such that
z o¢ x; and hence, since I'(G) is claw-free and
a(T(G)) > 3, a(T'(G)) = 3. Thus [2] shows
that there exists a maximal abelian subgroup
M’ of G such that |[M' — Z(G)| = 3 and for
every maximal abelian subgroup M" of G, we
have |M" — Z(G)| < 3. Thus |Z(G)| =1 and
3 € M(G) C {2,3}. So Lemma 2.1 shows
that G & S3 and hence, o(I'(G)) = 2, which
is a contradiction.

(ii) If «(T'(G)) < 2, then Lemmas 2.1 and 2.2

completes the proof.

Remark 2.6. If G is a finite non-abelian group,
then there exists x,y € G—Z(G) such that xy # yx.
If T(G) is triangular free, then we can see at once
that G = Cq(x)UCq(y), which is impossible. Thus
for every finite non-abelian group, T'(G) contains a
triangular.
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Characterization of some simple groups by the set of

orders of maximal abelian subgroups

N. Ahanjideh, Academic member of Department of pure Mathematics,

Shahre-kord University, P. O. Box 115, Shahre-kord, Iran, ahanjideh.neda@sci.sku.ac.ir

Abstract: In this paper, we study the structure of finite groups which their sets of the order of maximal

abelian subgroups are same with the set of the order of maximal abelian subgroups of C,(4), where n > 17

is odd.

Keywords: Maximal abelian subgroup, prime graph, maximal independent set.

1 INTRODUCTION

For a finite group G, put M(G) = {|H| : H is
a maximal abelian subgroup of G}. By a(G) and
a-(G), we denote the maximum number in M(G)
and the order of the largest abelian subgroup of r-
Sylow subgroup of G, respectively. A finite group
G is called characterizable by the set of orders of
mazimal abelian subgroups, if each finite group H
with M(G) = M(H) is isomorphic to G. For in-
stance, alternating group A,, where n and n — 2
are primes or n < 10 and the simple group B, (q),
where n is a power of 2, are characterizable by the
set of orders of their maximal abelian subgroups

(see [2] and [1]). In this paper, we prove that:

Main Theorem. Let G be a finite group and let
n > 17 be an odd number. If M(G) = M(C,(4)),
then G = C,(4).

Throughout this paper, p is a prime num-
ber, ¢ = p* and G is a finite group. We denote by
7(G) the set of prime divisors of the order of G.
The prime graph GK(G) of G is the graph with
vertex set m(G), where two distinct primes r and
s are joined by an edge (we write (r,s) € GK(G))

13

if G contains an element of order rs. An inde-
pendent set in a graph I' is a set of pairwise non-
adjacent vertices. p(G) (p(r,G)) denotes the inde-
pendent set in GK(G) (containing a prime r) with
a maximal number of vertices. Let t(G) = |p(G)]
and t(r,G) = |p(r,G)|. We use a | n when a is
a divisor of n and use |n|, = a° when a® || n,

ie., a® | n but a*ln.

If ¢ is a natural num-
ber, r is an odd prime number and ged(r,a) = 1,
then by e(r, a) we denote the minimal natural num-
ber n with ¢ = 1 (mod r). The prime r with
e(r,a) = m is called a primitive prime divisor of
a™ — 1. We denote by r,,(a) some primitive prime
divisor of a™ — 1. If a is odd, then let e(2,a) =1 if
a=1(mod4)andlete(2,a) =2ifa = —1 (mod 4).
By Fermat’s little theorem, e(r,a) | r — 1. Also, if

n —=

a (mod r), then e(r,a) | n.

2 Main results

In the following, we have brought some useful lem-
mas which will be used during the proof of the main
theorem:
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Lemma 2.1. [2] Let G and K be two finite groups
such that M(G) = M(K).
of G and the prime graph of K are same.

Then the prime graph

Lemma 2.2. [4, Theorem 1] Let G be a finite group
with t(G) > 3 and t(2,G) > 2. Then the following
hold:

1. There exists a finite non-abelian simple group
S such that S < G = G/K < Aut(S) for the
mazimal normal soluble subgroup K of G.

2. For every independent subset p of m(G) with
lp| > 3 at most one prime in p divides the
product |K|.|G/S|. In particular, t(S) >
t(G) — 1.

3. One of the following holds:

(a) every prime r € w(G) non-adjacent to
2 in GK(G) does not divide the prod-
uct |K|.|G/S|; in particular, t(2,5) >
t(2,G);

(b) there exists a prime r € w(K) non-
adjacent to 2 in GK(G); in which case
t(G) = 3, t(2,G) = 2, and S = A; or
A1(q) for some odd q.

For a finite integer n, we define the follow-

ing function which will be used in some following

n(n) = {

Lemma 2.3. [5] Let G be one of the simple groups
of Lie type, By(q) or Cpn(q), over a field of char-
acteristic p. Let r, s be odd primes with r,s €
m(G)\ {p}. Putk = e(r,q) and l = e(s,q), and
suppose that 1 < n(k) < n(l).
nonadjacent if and only if n(k) +n(l) > n and l/k
is not an odd natural number.

lemmas:

if n is odd;

otherwise.

s 3

Then r and s are

Lemma 2.4. [5, Proposition 3.1] Let G = C,(q) ,
r € w(G) and r # p. Then (r,p) & GK(G) if and
only if n(e(r,q)) >n — 1.

14

Proof of the main theorem. If G is a fi-
nite group such that M(G) = M(C,(4)), then
Lemma 2.1 shows that GK(G) = GK(C,(4)).
Thus Lemma 2.4 guarantees that {2,rs,} C
p(2,C,(4)) = p(2,G). Since t(G) > 3and t(2,G) =
t(2,Cn(4)) = 3, Lemma 2.2(1) forces to exist the
maximal solvable subgroup K of G and a finite non-
abelian simple group S such that S < G = G/K <
Aut(S) and t(S) > t(G) — 1. In [3], the authors
show that S = C,,(4). Now by considering the in-
dependent set

p = {ran(4), 7‘2(n—1)(4)v 7“2(71—2)(4)}

of GK(G) and Lemma 2.2(2), we can see that
K = 1. This implies that

Cn(4) < G < Aut(Cy(4)).

But
[Aut(C,(4)) : Cr(4)] = 2.

Thus either G 2 Aut(C,(4)) or G = C,(4). If
G = Aut(C,(4)), then G contains a field auto-
morphism 1 of order 2. Thus C¢,, 4)(¥) = Cn(2).
But C,(2) contains a maximal abelian subgroup
Mgy of order 2™ + 1.
mal abelian subgroup M such that My < M and
[M : My] | 2. But we can see at once that if
there exists @ € M(G) such that 72,(4) | a, then
a = 4" + 1, which is a contradiction and hence,
G = Cp(4), as claimed.

Thus G contains a maxi-
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Spectral Spaces on G-Type Domains

A.R.Alizadeh] Department of Mathematics, Faculty of Science, University of Yasouj, Yasouj, IRAN
P.O0.Box:75914-353 aalizadeh@mail.yu.ac.ir

Abstract: This article introduces a new version of G-type domains that’s called ”pullback of G-type Do-
main” and for each G-type domain R, there exists a canonical associated pullback of G-type domain, that
is denoted by ”R”. Furthermore there exists a canonical induced map Spec(R) —» Spec(R) which is a
homeomorphism. In special case, if R is a Priifer G-type domain, then R will be coincides to R.

As usual, if R is a commutative ring with unit, then ”Spec(R)” will be equipped to Zariski topology, in
addition for each topological space that is homeomorphic to the ”?Spec(R) = X7 it is called a ”Spectral
Space”.

Here, a new version of ” G-type Space” is produced, which is a topological space homeomorphic to ” Spec(R) =
X7, for a suitable G-type domain of R. The process of these spaces will be started by producing some of

new definitions related to the concept of various version of Spectral Spaces .

Keywords: .
1 Some mathematical re- union of height 1 primes.
ii) Rt : the seminormalization of R.
marks o .
iii) R : the integral closure of R.
iv) R* : the complete integral closure of R.
A domain R is called a "G-type domain” if v) Let P(R) = ﬂP«;;;ecO(R)P ; it’s shown that for
its quotient field is countably generated as a R- brevity by P, so it’s defined as following:
algebra.

1) P+ i lizati f P.
R is a G-type domain if and only if its zero ) semmormatization o

ideal is the contraction of a maximal ideal in 2) P': integral closure of P.

Rlz1,29,...;xp, ...]- .
(21, 22 n -] 3) P*: complete integral closure of P.

A prime ideal 1 of R[xy,zs,...,%y,...] is called . . .

X ) T o vi) X(R): denote the set of all valuation overrings
”?G-type ideal” if and only if its contraction in
R and R[z1,%2,...,x,] for all n > 1 are G-type.[1] of R.
Let R be a domain with quotient field K and P be X1(R): The set of all one-dimensional valuation
any prime ideal of R and S = R\ P be a mcs set of overrings of R.
R and R = R/P and T be the Total quotient ring vii) my: denote the maximal ideal of any given val-
of R so: uation ring V.[7] The G-type domain R is called
i) R is a pullback of a ring of fraction T of R such essential (essential type) if each nonzero prime ideal
that each nonzero prime of T is contained in the of R is contained in union of prime ideals in R with

*Corresponding Author
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height 1.

Let the G-type domain of R is one dimensional
and it’s motivation ST!R is also essential, then
the R is pullback of an essential G-type domain. [5]
For each commutative ring R, let Spec’(A) denote
the subspace of Spec(R) consisting of the height i
primes.

Especially, if Spec'(R) = {Py,Ps,..., P}, then:
SIR = mRP1[5]
ring R, then the following are equivalent:
i) P is a G-type ideal in R.

ii) There exists a countable multiplicative closed

Let P be a prime ideal in a

set S in R such that: P is maximal with respect to
having the empty intersection with S.

iii) There are either only a countable number of
prime ideals in R/P or any uncountable set of
prime ideals properly containing P, say F, can be
written in the form F = U,ecpF, , where A is a
subset of the natural numbers, P is properly con-
tained in Uger, @ for each n and some of the Fj,
Let R be a domain, such that

each of its ideals countably generated , then R is a

are uncountable.[2]

G-type domain if and only if there exists a count-
ably generated R-algebra ”T” contains the quotient
field of R.[14] Let K be an algebraically closed field
and R = K|[z1, 22, ...] then every maximal ideal M
of R is the form of M = (21 — a1, 22 — ag,...) if and
Let R has count-
able noetherian dimension, then R is a finite direct

only if K is uncountable.[14]

sum of G-type domain if and only if each localiza-
tion Rp is a G-type domain or countably gener-
ated as a ¢p(R)-algebra, where ¢pp : R — Rp
is the natural homomorphism.[14] The ring of R
is said has the ”CPA” property(Countable Prime
Avoidance) if A C U, P; (A an ideal of R) then
ACP, 3i[l4]

Let R be an integrally closed G-type domain,
then:

) R =n{V[Ve X (R)

ii) P(R)=P(R*) =n{my|V € X} (R)}
Let a ring R have "dcc” on finite intersec-
tions of prime ideals (R has dcc on prime ideals,

17

R/P has only a countable number of nonzero min-
imal primes for each prime P ), then each prime
ideal P of R is a G-ideal (G-type ideal).

Let R be a noetherian domain, R is a G-type
domain if and only if it has only countable number
of nonzero minimal prime ideals

Let £ — dimR = n, then R is a G-type do-
main if and only if the number of nonzero minimal
Proof. By The-
Let R be a noetherian

prime ideals in R are countable.
orem ”2.2” it is trivial.
domain with the CPA property, then R is a G-type
domain if and only if Spec(R) is countable and each

nonzero prime ideal is maximal(i.e.,k—dimR < 1).

If R be a G-type domain, then Spec(é) is
homeomorphic to Spec(R) (via the map induced
by the natural inclusion of R in R ).

If R is a Priifer G-type domain, then S™'R C
R*, R has pullback type, and R* = N{Rp|P €
Spec' (R)} has essential type. In addition, if R is a
Bézout G-type domain, then S™!R = R*.

It is exhibited a one-dimensional quasilo-
cal domain R such that R* is a one-dimensional
(therefore, essential) Priifer G-type domain, but
not semiquasilocal. Let V be a one-dimensional
valuation domain with quotient field K such that
there exists an algebraic field extension L of K hav-
ing infinitely many valuation subrings extending V.
(for instance, take V = Zpz and L the field of al-
gebraic numbers.) Let T be the integral closure of
Vin L. Then T is one-dimensional and Priifer, but

not semiquasilocal.
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A NOTE ON SOME TOP LOCALCOHOMOLOGY
MODULES
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Abstract: In this paper we examine Att R(H}l:]l(R)) in which d := dim(R), the set of attached prime ideals
of H ;l:,l (R). As a technical tool we use the concept of colocalization introduced by Richardson in [3].

Keywords: Top local cohomology module, colocalization, attached prime ideal.

1 INTRODUCTION

Local cohomology modules with respect to a pair
of ideals was introduced firstly in [4].

Recall that for an R-module K, a prime ideal
p of R is said to be an attached prime ideal of K
if p = Ann(K/N) for some submodule N of K.
We denote the set of attached prime ideals of K by
Attp(K). When K has a secondary representation,
this definition agrees with the usual definition of at-
tached primes. If K is an Artinian R-module, so
that K admits a reduced secondary representation
K = K; + .-+ K, such that K; is p;-secondary,
i=1,---,r, then Attg(K) = {p1, - ,pr} is a fi-
nite set. M. Eghbali in [1] examine Attgr(HZ1(R))
in which d := dim(R) and a is an ideal of R.

Assume that (R,m) is a local ring and S
a multiplicative closed subset of R. Recently, A.
S. Richardson [2] has proposed the definition of
colocalization of an R-module M relative to S as
the S~'R-module S_1M = Dg-13z(S~1Dgr(M)),
where D(—) stands for the Matlis duality func-
tor. In the light of [2, Theorem 2.2], representable

*Corresponding Author
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modules are preserved under colocalization and
in case M is a representable module, we have
Attg-1gS_ 1M ={S7'p:p € AttM and SNp =
0y (M)

In this paper we examine Att R(H}{:]l(R))
the set of attached prime ideals of HId’f,l(R) in
which d = dim(R). As a technical tool we use the
concept of colocalization introduced in [2].

2 ATTACHED PRIME IDE-
ALS OF H{}'(R)

Assume that (R, m)is a local ring with d = dim(R).

Theorem 2.1. Let c¢ be
that Hjf ;(R) is a representable R-module and
H} ;(R) =0 for every i > c. Then

an integer such

(i) AttRp(pr)J(R)) C {¢R, : ¢ € Spec(R),q C
p and dimR/q + J > ¢}, for all p € Spec(R).

(ii) Attr,(PHPPR(R) = {qR, + J C ¢
p,vVI+q=m,dimR/q=dimR}.

N
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Proof. (i) Assume that gR, € Attg, (PHf ;(R)).
Then ¢ € Spec(R) and ¢ C p also by virtue of
(1), ¢ € AttHF ;(R). Hence, ¢ € AttHf ;(R/q).
This implies that Hf ;(R/q) # 0 and consequently
dim R/q + J > ¢, by [4, Theorem 4.3].

Let qR, € Attp, (PH{ ;(R)). As we have
seen in part one H{ ;(R/q) # 0 so dimR/q = d
and by Hartshorn Litchenbaum Vanishing Theo-
rem /I +q=m and J C ¢ so it is enough to show
that q € AttH}iJ(R). As dim R/q = d so Indepen-
dence Theorem implies that Hf ;(R/q) # 0. Hence
easily one can see that

0 # AttH} ;(R/q) = Hf ;(R)) NSupp(R/q).  (2)

In the contrary assume that ¢ ¢ AttH{ ;(R). Then
by virtue of (2) there exists a prime ideal ¢p €
AttH{ ;(R) such that gy 2 ¢ and so dim R/qo < d.
On the other hand ¢ € AttHﬁ ;(R) if and only if
qo Ry, € Attr,, (H{ ;(R)). By virtue of part one
dim R/qy = d which is a contradiction. Now the
proof is complete. O

Theorem 2.2. Let R be a complete local ring of
dimension d. Let I, J be two ideals of R. Assume
that H}{}l(R) is representable and H}i,J(R) = 0.
Then

(i) AttH{ ;' (R) C {p € Spec(R) : dimR/p =
d—1,J Cp,/T+p=m}UAssh(R).

(it) {p € Spec(R) : dimR/p = d — 1,J
p,vVIT+p=m} CAttH{ ' (R).

N
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Proof. (i): Let p € AttH{}'(R), then pR, €
Att%pH}i:]l (R). Hence by Theorem2.1 dim R/p >
d—1and J C p. When dim R/p = d it follows
that p € Assh(M). In the case dimR/p = d — 1,
as p € AttH}i:,l (R) and H}l’}l(—) is a right exact
functor so one can deduce that H}i’}l(R/ p) # 0.

(ii) Let dimR/p = d — 1 with /T +p = m
and J C p. Then Theorem 2.1(ii) implies that
pR, € Att%pH}i:]l(R/p). By (1) we deduce that
p € AttHfl:,l (R/p). On the other hand the epi-
morphism

H{7'(R) - H{ ;' (R/p) = 0

implies that p € AttH}i:]l (R). O
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On Gamma S-acts
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Abstract: In this paper, using the notion of "I'-semigroups”, we study action over I'-semigroups as a

generalization of action over semigroups, and investigate basic properties and classical notions and results

of acts a generalize to gamma acts.

Keywords: I'-act, ['-homomorphism, I'-congruence, I'-ideal.

1 INTRODUCTION

The formal study of semigroups began in the early
20th century. Semigroups are important in many
areas of mathematics, for example, coding and lan-
guage theory, automata theory, combinatorics and
mathematical analysis. A semigroup is an algebraic
structure consisting of a non-empty set S together

with an associative binary operation.

In 1981, Sen and Later, In 1986, Senan Saha in-
troduced the notion of the I'-semigroup, which
is in facta generalization of the notation of the
semigroup. The topic of investigations about I'-
semigroups have been analyzed by a lot of math-
ematicians for instance by Sen, Saha, Qutta, Ad-
hikari, Hila,... .

Many classical notions and results of the theory
of semigroup have been extended a generalized
to I'-semigroups by a lot of mathematicians. Ac-
tion over semigroups S-acts were introduced by
Hoehnke. One of the very useful notions in many
branches of mathematics as well as in computer
science is the action of a semigroup or a monoid on
a set.

*Corresponding Author
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In this paper, we introduce action over I'-
semigroups as a generalization of action over semi-
groups and investigate classical notion and results
of the theory of acts extend a generalis to I'-acts. So
we generalized the notions:subacts, fixed element,
identity, homomorphism, congruences, quotionts

and homomorphism theorem.

In section 1, the notion of a I'-act is introduce
and some examples are given. The concept of
gamma acts of a I'-semigroup has been introduced
and some basic properties and have been obtained.
Finally we show investigate the essential homomor-

phism theorem in I'-acts.

In the following we first recall some facts about
the category S — Act needed in this paper.

Let S be a semigroup and A be a set. If we have a

mapping (called the actio of S on A )
nw:SxA—A
(1)

Such that (st)a = s(ta) for a € A, s,t € S we call
A a (left) S—act or a (left) act over S and write gA.

(s,a) = sa:= u(s,a)
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If S is a monoid with identity 1, we usually also
require that 1la = a for a € A.

Let S and I' be non-empty sets we call S to be a I'-
semigroup if there exists a mapping S xI'x S — §
writing (a,~,b) by avyb, such that S satisfies the
identity (avb)Bc = avy(bpc) for all a,b,c € S ad
v,8 €T.

An element a of a ['-semigroup S is said to be:

(i) A Left identity of S provided (ays) = s for
allse€ Sand ye€T.

(ii) A right identity of S provided (sya) = s for all
se S and vyel.

(iii) An identity provided it is both a left iden-
tity and right identity of S.

A T'-semigroup with identity is called a I'-monoid.

If S is a [-semigroup, so a mapping

SxI'xA— A

(s,7,a) = sya=a

Makes A to be a I' — S-act.

2 On Gamma S-acts

Definition 2.1. Let S be a I'-semigroup and A
be a set. If we have a mapping

A SxI'xA— A

(8)770') — sya = )‘(87'77a)

such that (syt)Ba = sy(tBa) for a € A, s,t € S
and v, 5 € T, we call A a (left) I' — S-act or a (left)
T-act over S, and write I' —g A.

If S is a Imonoid with identity 1, we usually
also require that 1ya = a for a € A and v € T.

Therefor if S = {1} such that 1 is identity of S
then every non-empty set A is a left and right
I' — S-act.

Lemma 2.2. Let S be a I'-semigroup, then S

on itself is a I' — S-act.

Example 2.3. Let S be the set of all 3 x 2
matrices over Z, the set of integers numbers and I"
be the set of all 2 x 3 matrices over Z and M be the
set of all 3 x 3 matrices over Z. Define AyB=usual
matrix product of A,v, B, forall A€ S, v €T and
B € M. Then M is a I' — S-act, Note that M is
not S-act.

Example 2.4. Let A is a I' — S-act and ~v
a fixed element of I'. We define s.a = sya for every
s € S and a € A. We can show that A with this
action is a S-act.

Example 2.5. Let A is a S-act and I" be a non-
empty set. Define a mapping from S x I' x A4 to
A as, sya = sa for every s € S, v € I" and a € A.
Then A is a I' — S-act.

Note that every S-act can be considered to be
a I' — S-act. Thus the class of all I' — S-acts in-
cludes the class of all S-acts.

Note that I' — S-act is generalization of a S-act.

Definition 2.6. Let Abeal — S-act and A’ C A
a non-empty subset. Then A’ is called a I'-subact
of Aif sya’ € A for all s € S, a’ € A" and v € T.
(or STA’ C A').

Definition 2.7. Let A be a Left I' — S-act. A
element § € A is called a right zero of A (a fixed
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element) if sy = 6 for every s € S and v € T
Note that {6} is a I'-subact.

An T" — S-act can have more than one zero, for

example:

Lemma 2.8. If the [-monoid S has a right
zero z, then every element zya,a € A and v € I is
a right zero of A.

Definition 2.9. We call A a simple I'-act if it
contains no I'-subacts other than A itself.

We call A a f-simple I'-act if it contains no other
than A and one 1-element I'-subact, i.e. g6 = {6}.

2.10.
Then the product of S x U =T is a I'-semigroup.

Lemma Let S and U be I'-semigroup.

3 Homomorphism Theorem
for I' — S-Acts

Definition 3.1. Let gA,s B be two left I' — S-
acts. A mapping f s A —g B is called a I'-
homomorphism of left I' — S-acts or just an I' — S-

homomorphism, if:

f(sva) =
vyel.

svf(a) for every a €g A, s € S and

The set of all I' — S-homomorphism from gA in
5B will be denoted by Hom(sA,s B) or sometimes
by Homg(A, B) (that S is I'-semigroup). Clearly,
idy 15 A —5 A is a I'-homomorphism.

A T' — S-homomorphism f :¢ A —g B is called
an I' — S-isomorphism if f is bijective and write
sA =g B.

23

Note that if f :¢ A —g B be I' — S-homomorphism
therefore f(gA) is I-subact of gB.

of TI-
homomorphisms f :¢ A —-g B, g :s B =g C

Lemma 3.2. The composition g¢f
of left I' — S-acts is a I-homomorphism, i.e.
gf € Homg(A,C).

Lemma 3.3. The inverse mapping f~' of a bi-
jective I'-homomorphism f of left I' — S-acts is a
I'-homomorphism of left I' — S-acts.

Definition 3.4. Let gA be a I' — S-act. An
equivalence relation p on A is called a I' — S-act
congruence or a I'-congruence on gA, if apa’ im-
plies (sya)p(sya') for a,a’ €g A, s € Sand v eT.

Definition 3.5. Let ¢A be a I' — S-act and p be
a I'-congruence on gA. Then Spi‘ = {la],la €s A}
with sy[a], = [sva], for every s € S and v € T is
called factor I'-act of gA by p. Note that, If S is
a I'-monoid then any left I-congruence p on S is a

T'-act congruence on g.S.

So %S = {[s],|s €s S} such that for every [s], € %q
we have [s], = [s71], = s7[1], for every v € T,

therefore TS is generated by [1], such that 1 is
identity of S we denote Spﬁ =<[1], >.

Lemma 3.6. Let p be a I'-congruence on a I'-

act gA. The canonical surjection

HpisA—>ﬁ
p

a— [a],

is a I'-homomorphism. It is called a canonical epi-

morphism.

Definition 3.7. Let B be I'-subact of gA. An
equivalence relation p, on gA is called a I'-Rees
congruence on gA, if apya’ implies a,a’ € B or

a=a fora,a €g A.
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Definition 3.8. If ¢B be I'-subact of gA Rees
factor i—g = {lalpyla €s A} with I'-Rees congru-
ence pp on A.

Definition 3.9. Let S be I'-semigroup and K
be subset of S. K is called a left I'-ideal of S if
STK = {syK|s € S,y € T and k € K} be subset of
K. In particular I'-ideal K from S is I'-subact of S.

Corollary 3.10. If ¢K is a left I'-ideal of ¢S
then ﬁ% is the I'-Rees factor of ¢S by the left
I'-ideal gK.

Definition 3.11. Let f :¢ A —g B be I'-
homomorphism, p = kerf that apa’ & f(a) =
f(a’) then p is called kernel I'-congruence of f.

Theorem (Homomorphism theorem for
l-acts)3.12. Let f ¢ A —s B be a I-
homomorphism and p be a I'-congruence of gA
such that apa’ implies f(a) = f(a'), i.e. p < ker f.
Then [’ : % —s B with f'([a],) := f(a), a €5 A,
is the unique I'-homomorphism such that the fol-
lowing diagram is commutative. (II, :g A — SPA)

SA—)sB

N\
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Abstract: For a monoid M, we introduce M-Armendariz ideals, which are generalization of Armendariz
ideals, and investigate some results involving theme. We show that if R be a right Ore ring with classical
right quotient ring @ and I is M-Armendariz left ideal of R, then QI is M-Armendariz left ideal of Q.
Keywords: a-irreducible, a-strongly irreducible, faithful module, multiplication module.

1 INTRODUCTION ever polynomials f(z) = ag + ajz! + -+ + ap2™,

g(x) =bo + biz' + - + bya™ € Rlx] satisfy
f(x)g(x) € TRz (I[x]), then a;b; € rr(I) for each

Throughout this article R denotes an associative
i and j. In this article a left ideal I of R is called

ring with identity, M denotes a monoid with iden- "

tity e. The left annihilator of a subset A of a M-Armendariz if whenever elements o = Zaigi,
ring R is denote by rg(A) or r(A4). Rege and m =1
Chhawchharia [1] introduced the notion of an Ar- 8= ijhj € R[M] satisfy af € rrpn(I[M]) we
mendariz ring. They define a ring R to be an i=1

Armendariz ring if whenever polynomials f(z) = have a;b; € rr(I) for all 4, j. Which is a generaliza-
ao+a1zt -+ ama™, g(z) = bo+bizl 4+ +ba" tion of Armendariz ideals. Let M = {NU {0}, +}.
€ R[] satisfy f(z)g(z) = 0, then a;b; = 0 for cach Then a ring R is M-Armendariz if and only if R
is Armendariz. Also, if M = {NU {0}, +}, then a

i and j. (The converse is always true.). A monoid
ideal I of ring R is M-Armendariz if and only if I

M is called a w.p.-monoid (unique product monoid
) if for any two non empty finite subsets A, B C M, is Armendariz.
there exists an element g € M uniquely presented

in the form ab where a € A and b € B. Liu [3] called

a ring R is M-Armendariz if whenever elements 2 Main Results

a=ag1+ +amgm, B =bih1+- - -+byh, € R[M]

satisfy a8 = 0, then a;b; = 0 for all 7, 7. Which is a A left ideal I of R is called abelian if for each
generalization of Armendariz rings. We recall that idempotent elements e € R, er —re € rgr(I) for
a left ideal I of R is called Armendariz [2] if when- any r € R.

*Corresponding Author

25



26

The 45" Annual Tranian
Mathematics Conference

Definition. Let R be a ring.

(a) A left ideal I of R is called M-
n

Armendariz if whenever elements oo = E a;gi, B =

=1
> bjh; € RIM] satisfy a € rpug(I[M]) we have
j=1

a;bj € rr(I) for all 4, j.

(b) A left ideal I of R is called reduced if
a? € rr(I), we have a € rr(I) for every a € R.

Clearly, the converse assertion of the condi-
tion of definition holds for every ring R and every
left ideal I of R since rgpan(I[M]) = rr(1)[M].

A classical right ring for a ring R is a right of
fractions for R with respect to set of all regular el-
ements in R. The situation when R has a classical
right quotient right @ is a also denoted by saying
that R is a right r, s € R such that xr = ys # 0.
A ring R is called right Ore if for each nonzero
z,y € R there exist 7, s € R such that xr = ys # 0.
A ring R has a classical right quotient ring if and
only if the set of regular elements in R is right Ore

set

Theorem 2.1. Let M be a monoid and R be a
right Ore ring with classical right quotient ring Q.
If T is M-Armendariz left ideal of R, then QI is
M -Armendariz left ideal of Q.

We know that any subring of an M-
Armendariz ring is M-Armendariz ring. In the fol-
lowing proposition we prove that any left ideal of
R is an M-Armendariz left ideal provided that R
is M-Armendariz ring.

Theorem 2.2. If R is an M-Armendariz ring,
then each left ideal of R is an M-Armendariz left
ideal.

Let R be a ring. Define a ring T'(R) as fol-
lows:

26

la,b,c,d € R

S o 2
S @ o
L Qa0

For a u.p.-monoid M we give an example
of a nonzero M-Armendariz left ideal of a non-M-

Armendariz ring.

Example. Let R = Z4, M a u.p.-monoid and S =
T(R). Since the ring R is not reduced, by [3, Propo-
sitions 1.1 and 1.7], S is not M —Armendariz. Write

02 2
a=| 0 0 2 |,I=Saandr(I)=rsI), then
0 0 O
r a b
r(I) = 0 r ¢ ||re{0,2},a,b,c€Zy
0 0 r
For the upper triangular matrix ring T(R), we
nil(R) R R
have nil(T(R)) = 0 nil(R) R ,
0 0 nil(R)

therefore nil(T'(R)) = r(I). So S/r(I) is a reduced
ring, hence [ is an M-Armendariz left ideal of S.

Theorem 2.3. Let M be a u.p.-monoid and I a
reduced left ideal. Then I is an M-Armendariz left
ideal.

Theorem 2.4. Let M be a monoid and N a
w.p.-monoid. If I is a reduced left ideal and M -
Armendariz left ideal, then I[N] is M-Armendariz
left ideal.

Theorem 2.5. Let M be a monoid and N be a
w.p.-monoid. If I is a reduced and M -Armendariz
left ideal, then I is M x N-Armendariz left ideal.
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On Self-Auto-Permutable Subgroups of a Finite Group

S. F. Mohebian®, Academic member of School of Mathematics,

Birjand University of Technology, fatemehmohebian@yahoo.com

Abstract: Let G be a finite group. A subgroup H of G is called self-auto-permutable in G if HH* = H*H
implies H* = H for a € Aut(G). In this paper, we study the influence of self-auto-permutable on the

structure of a finite group.

Keywords: Finite group, auto-permutable, self-auto-permutable, Weakly characteristic, subcharacteristic

condition.

1 INTRODUCTION

self-conjugate-permutable subgroup of a group G
was introduced by Z. Shen in [4]. A subgroup
H of G is said to be self-conjugate-permutable if
HH” = H”H implies H®* = H for any z € G.
In this paper we extend this definition and intro-
duce a new subgroup of a group G named self-
auto-permutable of a group G. H a subgroup H
of G is called self-auto-permutable of a group G if
HH® = H*H implies H* = H for o € Aut(G). Tt
is clear if we consider o € Inn(G) then self-auto-
permutablity and self-conjugate-permutablity are
equal. Here all groups are finite. In this paper we
study the influence of self-auto-permutable on the

structure of a group.

2 Main Results

Subgroup H of G be auto-permutable if HH* =
H“H for any a € Aut(G).
We start with the following lemmas.

Definition 2.1. A subgroup H of a group G is

said to be self-auto-permutable subgroup, if for each

*Corresponding Author
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a € Aut(G) the equality HH* = H*H, implies
that H = H®.

Lemma 2.2. Let H be a subgroup of G. Then we
have:

i) H°G if and only if HK°G and H self-auto-
permutable subgroup in G.

1) H°G if and only if H is a self-auto-permutable

and auto-permutable in G

Lemma 2.3. Let G be a group. Suppose that H is
self-auto-permutable in G, K < G and N°G. Then
we have:

i) Let N < K. Then % is self-auto-permutable in
% and K is self-auto-permutable in G.

it) If K is a p-subgroup of G with (| K |,| N |) =1,
then K is self-auto-permutable in G if and only if
KN is self-auto-permutable in G.

Lemma 2.4. Let H be a self-auto-permutable sub-
group of a group G, with Aut(G) being abelian.
Then H?® is self-auto-permutable, for each a €

Aut(G).



33

The 45" Annual Tranian
Mathematics Conference

Proof. For all a, 5 € Aut(G), we have

Ha(Ha)ﬁ _ (Ha)ﬁHa’
H*HP* = HP*H",
H*H*P = P H°.
Now by the assumption we have (HHP)" =
(HPH)" and hence HH? = HPH. As H is self-
auto-permutable, we obtain H = H?. Therefore
H® = H* = HP and the proof is complete.
O

If H is a subgroup of group G, we define
N&(H) ={a € Aut(G); HY = H}

to be the normalizer of H in Aut(G). Then we have
the interesting following result:

Lemma 2.5. Let H be a self-auto-permutable sub-
group of a group G, then the following statements
hold:

(i) If K is a subgroup of G, with H < K
Ne(H), then N4(K) < NA(H);

IN

(i) N&(Na(H)) < N (H);

(i) If K is a characteristic subgroup of G
and contained in Ng(H) then NA(KH) =
N&(H).

Proof. (i) For each o € N gy4(c) (), we have H* <
K* = K < Ng(H). Therefore HH* = H*H
and by the assumption H = H®, which shows that
o € Ny (H).

(ii) Clearly, H < Ng(H) < Ng(H). Clearly, (i)
implies that N4y (Na(H)) < Nayya)(H). Con-
versely, for each o € Ny (H) and g € Ng(H)
we have H = H® and H = HY. They follow that

H=H"=(H%" = (H*)*Y = g,

Hence a(g) € Ng(H) and so a € N gy¢(a) (Na(H)).
(iii) Clearly, Nauy ) (H) is contained in
Nauie)(KH).  We also have H < KH
Ng(H) and part (i) gives that N, q)(KH)
N aut(e) (H).

O INIA
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Lemma 2.6. Let M and L be subgroups of G, and
suppose that LM = ML,

(Il K |,| N|) =1 and Aut(G) = NE&(M).NE(L).
Then L is self-auto-permutable in G.

Lemma 2.7. Let A and B be subgroups of a group
G, such that Aut(G) = Aut(A)Aut(B), H be a self-
auto-permutable subgroup of B and fized by the au-
tomorphisms of A. Then H is self-auto-permutable
n G.

Proof. Assume that some o € Aut(G) satisfies
HH® = H*H. then there exist v € Aut(A) and
B € Aut(B) such that a = 3 and HH"® =
H"H = H(H")? = (H")’H. By hypothesis,
H°¢A, so HH? = HPH. Applying the condi-
tion that H is self-auto-permutable in B, we get
H = H”. Consequently, H = H"? = H* and H is

self-auto-permutable in G. O

Definition 2.8. Let G be a group. A subgroup H
of G is called weakly characteristic in G if H* <
Ng(H) implies that H* = H, where o € Aut(G).

Definition 2.9. Let G be a group. A subgroup H
of G is said to satisfy subcharacteriser condition in
G if for every subgroup K of G such that HK, it
follows that N (K) < N&(H).

Theorem 2.10. Let H be a subgroup of G. Then:
(i) If H is self-auto-permutable in G, then H is
weakly characteristic in G

(i) If H is weakly characteristic in G, then H sat-
isfies the subcharacteriser condition in G.

Theorem 2.11. Let H be a p-subgroup of a group
G. The following properties are equivalent:

(i) H is a self-auto-permutable subgroup of G;

(i) H is a weakly characteristic subgroup of G;

(iii) H satisfies the subcharacteriser condition in G.
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Abstract: The purpose of this paper is to compare and investigate relations between valuation rings and

valuation modules.

Keywords: multiplication module, valuation ring, valuation module.

1 INTRODUCTION

Throughout this paper, R denotes an integral do-
main, with quotient field K,7" = R — {0} and M
is a unitary R-module. An R-module M is called
a multiplication R-module, if for each submodule
N of M, there exists an ideal I of R such that
N = IM. (For more information about multiplica-
tion modules, see[2, 4]). An integral domain R is
called a valuation ring, if for each x € K = R—{0},
xr € Rorz~! € R. In [3], valuation modules in case
module is torsion-free investigated. Morover in [1],
nofinitely generated submodules of faithful multi-

plication valuation modules is investigated.

2 Valuation Rings

Definition 2.1. A subring R of a field K is called
a valuation ring of K if for every a € K,a # 0,
either « € R or a~! € R.

Example 2.2. 1) Any field of K is a valuation

ring of K.

*Corresponding Author
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2) Let p be a fiexd prime. Let R C Q, the field
of rationals, be definded by
R = {pr%lr >0, (p,m) = (p;n) = (mvn) =
1}. Then R is a valuation ring of Q.

Proposition 2.3. Let V' be a valuation ring of K.
Then

1) K is the qoutiont field of V.

2) Any subring of K containing V' is a valuation
ring of K.

3) V is a local ring.
4) V is integrally closed.

Proposition 2.4. The ideals of a valuation ring
are totally ordered by inclusion. Conversely if the
ideals of domain V with quotient field K are totally
ordered by inclusion, then V is a valuation ring of
K.

Corollary 2.5. If V is a valuation ring of K and
P is a prime ideal of V, then V,, and % are valua-
tion ring.
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Corollary 2.6. Any Noetherian valuation ring is

a principal ideal domain.

Corollary 2.7. Let V be a Noetherian valuation
ring. Then there exists an irredusible element
p € V such that every ideal of V is of the type
I=@p™),m>1and_ (p™) =0.

3 Valuation Modules

Let R be an integral domain with quotient field K
and M a torsionfree R-module. For y =~ € K and
x € M, we say that yx € M if there exists m € M
such that rx = sm.

Lemma 3.1. Let R be an integral domain with
quotient field K and M a torsionfree R-module.

Then the following conditions are equivalent:

1) For ally € K and all z € M, yxr € M or
y—lMgM;

2) Forallye K, yM C M ory 'M C M.

Definition 3.2. Let R be an integral domain with
quotient field K. A torsionfree R-module M is
called valuation module (VM) if one of the condi-
tion of Lemma 3.1 holds.

Example 3.3. 1) Any vector space is a valua-

tion module.

2) Let R be a domain. R 1is a valuation ring if

and only if R is a valuation R-module.

3) Let R = 7Z and p be a prime inleger num-
ber. If M = {p"%la,b,n € Z,b # 0,n >
1,(p,a) = (p,b) = (a,b) = 1} then M is a
valuation module.

4) Z is not a valuation Z-module.

an R-module M is said to be integrally
closed whenever y"m,, + --- + ymy + mgy = 0 for
some n € Ny € K and m; € M, then ym,, € M.

Lemma 3.4. Any valuation module is integrally

closed.
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Proposition 3.5. Let K be the quotient field of a
domain R and M a torsionfree R-module. Let S
be the set, ordered by inclusion, of all non-empty
subsets of M. Then the following conditions are

equivalent:

1) M is a valuation module;
2) 8" ={(N:M)|N € S} is totally ordered;

3) For U = {rM|r € R} the subset of S, U’ is
totally ordered.

Corollary 3.6. Let R be a domain and M a tor-
sionfree R-module. Then M is a valuation mod-
ule if and only if for any submodules N,L of M,
(N:M)C(L:M) or(L:M)C(N:M).

Corollary 3.7. Let R be a domain and M a faith-
ful multiplication R-module. Then M is a valuation
module if and only if for any two submodules N, L
of M, NCL or LCN.

Remark 3.8. R? is a valuation R-module, but not
a multiplication R-module. Note that R & (0) ¢
(0) &R and (0) R € R & (0).

Note that R does not have non-zero mazimal
submodules as an R-module. Any vector space is a
VM, but an infinite dimensional vector space has
infinite number of maximal submodules. So it is
not necessary that each wvaluation module has a

(unique) mazimal submodule.

Theorem 3.9. Let M be a valuation R-module.

Then the following statements are true.

1) For any submodule N of M, such that % s
a torsionfree R-module, % is a VM.

2) If M is finitely generated, then for each
p € Spec(R), M, is a valuation R,-module.

3) If M’ is a torsionfree R-module and
¢ : M — M’ is an epimorphism, then M’
is a valuation module too.

The following give the relations between val-

uation rings and valuation modules.
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Lemma 3.10. Let R be a valuation ring and M
a torsionfree R-module. Then M is a valuation R-
module.

Lemma 3.11. If M is a multiplication valuation
R-module, then M is finitely generated and R is a
valuation ring.

Lemma 3.12. Let R be a valuation domain. Then
every finitely generated torsion-free R-module is
free.

Lemma 3.13. Let R be a domain. Then R is a
valuation ring if and only if every free R-module is
a valuation module.

Corollary 3.14. Let M be a multiplication valu-
ation module over an integral domain R. Then M

is isomorphic to R.

An element v of an R-module M is said to be
unit provided that wu is not contained in any maxi-
mal submodule of M. In a multiplication R-module
M, uw € M is unit if and only if M = Ru.

Theorem 3.15. Let R be a local ring (not nec-
essarily an integral domain) with unique principal
mazimal ideal I = (p) and M a multiplication R-
module such that (\,—, (p")M = (0). Then the only
proper submodules of M are (0) and (p™)M, for
some m > 1. Furthermore, if M is faithful, then

either p is nilpotent or M is a valuation module.

37

Theorem 3.16. Let M be a finitely generated
module over an integrally closed ring R. If M is a
valuation module, then M is a free R-module and

R is a valuation ring.
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Abstract: Let G be a finite group and S be a nonempty subset of G that not containing the identity element
1. The cayley graph I' = Cay(G, S) is simple graph who vertices are V(') = G and E(T') = {{g,s9}|g €
G,s € S}. If S = S7! then (g, h)=(h , g) and the cayley graph is undirected. In this paper, we specify
the subset S for the graph Z,, , to find number of cayley graphs that are undirected and determin how tow

undirected cayley graphs are isomorphism.

Keywords: cayley graph; cayley subset; finite group; isomorphism of graph.

1 Introduction

Definition of this consepts are given later. In this
section cosequence main result by the following the-

orems.

Theorem 1.1. Let G be a Finite group. Number
of cayley graph that are undirected and contrasting
with group of Z, are :

a) if n=1 then nonexist the undirected cayley
graph for gruop of Z .

b) if n=2 or 3 then number of cayley graph
that undirected is one.

c)ifn>4

i) if n is even then number of undi-
rected cayley graph is

()G (2 ()

it) if n is odd then number of undi-

*Corresponding Author
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rected cayley graph is

()5 )5 )(2)(2)

(2)
For a finite group G , a nonempty subset S of G is
called a cayley subset if S = S~! := {s|s € S} and
1 ¢ S .Given a cayley subset S of G , the cay-
ley graph T = cay(G,S) of G with respect to S
consists of the vertex set VI' = G and the edge
set ET = {{g,s9}lg € G,s € S} . Note that
S = S~ thus T is undirected . It is not difficult
to see that I' is the disjoint union of k copies of
cay((S),S) when k = |G,(S)|. Hence T" is con-
nected if and only if (S) = G. Let X and Y
are graphs then X and Y are isomorphism if ex-
ist function f such that f : V(X) — V(Y) and if
{2y} € B(X) <= {f(x), f(y)} € E(Y)

Theorem 1.2. cay(Z,,S1) and cay(Z,,Ss2) are

isomorphism if :
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a) | S11=| S |
(l) S1 ZkSQ,k'GZ

2 preliminare

We need the lemma 2.1 and lemma 2.2 to proof
theorem 1.1.

Lemma 2.1. In a cayley graph T' = Cay(G, S) , if
|s| =k then T is k-reqular.

Lemma 2.2. For the group Z, , number of cay-
ley graphs T' = cay(G, S) that are undirected and
k-reqular is

a) If nis odd and 1 < k < "T_l that k is even

(7)

b) If nis even and 1 <k < 5 —1
i) If k even

(")
ii) If k odd

k+1 k+1
2 2

Proof. a) In the beginning we proof that k

and

[k

is even.

The cayley graph is undirected . Then S = S~!
and n is odd then there is not element of group Z,
that its inverse itself . Hence we can not defin one
S that S has a one element and S is cayley subset
of undirected cayley graph if S has at least tow
element or S is union of S; has tow element and
collection of S; distinct .Hence k(= |s|) is even. In
the graph of Z,, the S; (1 <1i < ”T’l)that have tow
element are:

Sy ={[1],[n—1]}

39

Sy = {[2],[n - 2]}

Other S can build an undirected cayley graph
(i.eS = S71!) consist of union of S; that (1 <
i < 2>1) and number of this S (|S| = 6) are:

And similarly , number of S that are cayley subset
and has k element and Cay(G, S) and undirected
are union of three S; that (1 < i < "T_l)and num-
ber of this S (|S| = k) is:

n—1
2
(%)
2
b)If n is even for S» = {[§]} we have
S» = S»t and Sz cayley subset for undirected

2
cayley graph that is 1-regular .Also cayley subset

that are tow element andS = S~1 are:
S1={{1],[n—1]}
Sy ={[2],[n — 2]}

Sz = {[3],[n — 3]}

Sza={[z -1z +1}

Union of S; that (1 < i < § —1) and Sn have
k element that k is odd and any union of S;
(1<i< % —1)is even number .

Now number of undirected cayley graph that build-

ing with cayley subset S (S = S7!) and |S| is odd
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equal :
n n_1q
2 [ 2 .
(&) - (5
2 2 + number of undirected cayley graph that are
and number of undirected k-regular cayley graph (n — 1)-regular

1 . n— n— n— n—1
that k is even equal: :(%1>+<§1>+<§1>+”'+(n—%_1)+
2
%_1 n—1
ﬁ (3
2 =

4 f of th 1.2
3 proof of theorem 1.1 proot o eorem

o . if | S1 |=| Sz | and S; = kSi1,k € Z then
a) it is obviously. f: Z, — Z, that f(a) = ka is isomorphism
b) If G = Z5 or Z3 then number of cayley graph because:
subset S that (S = S71) is single, that is {[1]} , and

Va,b e Z,
for group Z3 cayley graph subset S that (S = S—1) ifa~b=ab-le S,
is {[1]7[2]} :>a_besl
¢) (1)if n be even by lemma 3(b) number of undi- = k(a—b) € kS,
rected cayley graph for group of Z, is equal to num- = ka — kb € kS,
ber cayley subset S that (S = S~1!) is equal to sum = (ka)(kb)~! € Sy
of number of undirected cayley graph that are k- — ka~ kb
regular (k € {1,2,3,..., 5}) and is equal to numbrr = cay(Zn, S1) = cay(Zn, S2)

of cayley subset S that [S| =k (k € {1,2,3,..., §})
that is :

ii) If n be odd by lemma 3(a) number of
undirected cayley graph for group of Z,, is :
number of undirected cayley graph that are 2-
regular
+ number of undirected cayley graph that are 4-
regular
+ number of undirected cayley graph that are 6-

regular

40
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Abstract: In this paper we define autocommutativity degrees of finite groups. If G is a finite group, the

autocommutativity degree of G, denoted by dgq.:(G), is the probability that an element of G is fixed by an

automorphism of G. We also determine an upper bound for autocommutativity degree of elementary abelian

p-groups.

Keywords: Autocommutativity degree, Autoabelian, Absolute centre..

1 INTRODUCTION

If GG is a finite group then the commutativity degree
of G, denoted by

A(G) = ﬁ {(2) € G x Gllz.y) = 1},

is the probability that two randomly chosen ele-
ments of G commute. The commutative degree
first studied by Gustafson in 1973, where he showed
that d(G) < g for every non-abelian finite group G.
In 1995 Lescot investigated this concept by con-
sidering the notion of commutativity degree of fi-
nite groups. Whence he obtained certain results
in this regard. In this paper, we introduce the
autocommutativity degree, denoted by duu:(G),

which are defined as follows:

€ G x Aut(G)|[z, o]
|G| Aut(G))|

dant (G) = {(z, o) = 1}|,

and

*Corresponding Author
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where [z, a] = 27 a(z) . In Hegarty [?], the

characteristic subgroups K(G) and L(G) of G are
defined as follows:

K(G)=([z,a] | z € G,a € Aut(G) ),
and
L(G)={ =z | [z,a] =1 Va € Aut(G) },

which are called autocommutator subgroup and ab-
solute centre of G, respectively. One can easily
check that K (G) contains the derived subgruop G’
of G and L(G) is contained in the centre, Z(G), of
G.

Definition 1.1. A group G is said to be autoa-
belian if K(G) =< 1> or L(G) = G.

Obviously, G is autoabelian if and only if
daut (G) =1.
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2 RESULTS ON THE AUTO- Therefore
COMMUTATIVITY DE-
GREE

dout (G) < + -
(@) pr(pn — 1)..(pn —p"=2) ' p

Let G be a group and « be an automorphism of G. O
The subgroup Cg(a) of G is defined by

Cola)={zeG|z,a]=1 }.

The following theorem gives the upper bound for

daut(G) when G is elementary abelian, which is References

similar to the Lemma 1.3 of [?].

[1] W.H. Gustafson, “ What is the probability that
two group elements commute 7, 7 Amer. Math.

Monthly, vol. 80, pp. 1031-1034, 1973.

Theorem 2.1. Let G be a non-autoabelian p-group

and elementary abelian of rank n (n > 2). Then

1 1
daut(G) < + -
S VN T
Proof. Let G be an elementary abelian group, then [2] P. V. Hegarty, “ The absolute centre of a group,
|Aut(G)| = (p™ — 1)(p" — p)...(p" — p"~!) and we 7J. Algebra, vol. 169(3), pp. 929-935, 1994.

have |Cg(a)| < p"~! for a # 1 which a € Aut(G).
Put k = p"(p" — 1)...(p" — p"~ 1), hence

Filaut(G) = PP = D" = P ) (G) ity degrees of finite groups, ”J. Algebra, vol. 177,
= |G| Aut(G)|daut(G) pp. 847-869, 1995.
= ZaeAut(G) [Ca(a)]
= a3 1Ca(a)+ X e auony ICa(@)]
G|+ |Ca(a)|(|Aut(G)] — 1)

[3] P. Lescot, “Isoclinism classes and commutativ-

[4] M. R.R. Moghaddam, F. Saeedi, and E. Kham-
seh, “ The probability of an automorphism fixing
pr AP P = 1) (" = p ) — 1] a subgroup element of a finite group, ” Asian-

p"tp—1)+p"p* —1)...(p" —p"').  Eur. J. Math, vol.4(2), pp. 301-308, 2011.
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A Characterization of Unique 7-Coclosure Modules

T. Amouzegar®, Quchan University of Advanced Technology, Quchan, Iran,
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Abstract: We give a characterization of unique coclosure modules with respect to a cohereditary torsion

theory 7.

Keywords: 7-Coclosed modules; -UCC modules; Cohereditary torsion.

1 INTRODUCTION

Throughout this paper R will denote an arbitrary
associative ring with identity and M will be uni-
tary right R-module.The notation N <® M de-
notes that IV is a direct summand in M; N < M
means that N is small in M (i.e. for all proper
submodule L of M, L + N # M). A module N is
said to be smallif N <« L, for some module L. For
N,L < M, N is supplementof Lin M if N+L =M
with NN L <« N. Following [4], a module M is
called supplemented if every submodule of M has
a supplement in M. On the other hand, the mod-
ule M is amply supplemented if, for any submodules
A, B of M with M = A+ B there exists a supple-
ment P of A in M such that P < B. Module M
is called a weakly supplemented module if for each
submodule A of M there exists a submodule B of
M such that M = A+ Band ANB <K M.

Let 7 = (T,F) denotes a cohereditary tor-
sion theory on R-Mod, where T and F denote the
classes of all 7-torsion and 7-torsionfree modules
respectively.

If 7(M) denotes the sum of the 7-torsion

submodules of M, then 7(M) is necessarily the

unique largest 7-torsion submodule of M and

*Corresponding Author
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T(M/7(M)) = 0 for an R-module M. Let N be
a submodule of a module M. Then N is called
T-small in M if it is N € F and small in M. In
this case we write N <, M. Let B < A < M,
if A/B <, M/B, then B is called a 7-cosmall
submodule of A in M (denoted by B e A). A
submodule A of M is called 7-coclosed (denoted
by A M ), if A has no proper 7-cosmall sub-
module. A 7-coclosure of a submodule B of M is
a 7-cosmall submodule of B in M which is also a
7-coclosed submodule of M. A module M is called
a unique T-coclosure module (denoted by 7-UCC
module) if every submodule of M has a unique 7-

coclosure in M.

In [2] Dogrudz, Harmanci, and Smith stud-
ied modules in which every submodule has a unique
closure with respect to a hereditary torsion theory
7. In this paper we investigate modules in which
every submodule has a unique coclosure with re-

spect to a cohereditary torsion theory 7.

2 Main Results

Theorem 2.1. Let R be a ring and let 7 be a co-
hereditary torsion theory on Mod-R. If M is an
amply T-supplemented R-module, then the follow-
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ing statements are equivalent.
(1) M is a 7 — UCC module;

(2) for all sets I and for all submodules
K S Liin M foralli € I, (Vie, Ki <5 ey Li
mn M.

(3)if K< K" in M and L '<5" L' in M,
then (KN L) <5 (K'NL').

(4) if KO.K' and LO.L', for submodules

K,K',L and L' of M, then (KN L)0(K'NL").
(5) if L 'S K+ L then (KNL) <5 K.

(6) for any A C B C M and a T-coclosure
By of B in M, there exists a T-coclosure A1 of A
in M such that A1 C B;y.

(7) the sum of any family of T-coclosed sub-

module of M is T-coclosed;

(8) the sum of two T-coclosed submodule of

48

M is T-coclosed.

References

[1] J. Clark, C. Lomp, N. Vanaja, R. Wisbauer,
"Lifting Modules”, Frontiers in Mathematics,
Birkauser Verlag, 2006.

[2] S. Dogrudz, A. Harmanci, P. F. Smith, "Mod-
ules With Unique Closure Relative to a Torsion
Theory I1”, Turk J Math, 32(2008), 1-8.

[3] L. Ganesan and N. Vanaja, ’'Modules for
which every submodule has a unique coclosure,”
Comm. Algebra, 30(5)(2002), 2355-2377.

[4] R. Wisbaure, ”Foundations of Module and Ring
Theory”, Gordon and Breach: Philadelphia,
1991.



49

The 45" Annual Tranian
Mathematics Conference
014

August 26-29

Absolutely weakly quasi annihilator-flat monoids
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Abstract: In this paper we define the notions of weakly quasi annihilator-flat and right(left) absolutely

weakly quasi annihilator-flat. Some of their properties are investigated. We obtain some conditions that

completely 0-simple semigroups are right absolutely weakly quasi annihilator-flat.

1 INTRODUCTION

In [1] Bulman-Fleming gave annihilator-flat no-
tion and studied its property. The present pa-
per offer a new notion that although seems to be
similar to annihilator-flat against annihilator-flat
it is a strong notion that is called weakly quasi
annihilator-flat. Besides its properties are inves-
tigated. In fact weakly flat implies weakly quasi
annihilator-flat and weakly quasi annihilator-flat
implies principally weakly flat but the converse is
not necessarily true. We show that annihilator-
flat doesn’t imply weakly quasi annihilator-flat and
vice versa. Also right(left) absolutely weakly quasi
annihilator-flat is definable naturally. We show
that on what conditions completely 0-simple semi-
groups and full transformation monoids are right
absolutely weakly quasi annihilator-flat. In the fol-
lowing we utter some definitions that are used in
this paper.

Let S be a semigroup. An element s € S is called
left cancellable (resp. right cancellable if rs = ts) if
sr = st implies r = t, for all r,t € S. Moreover, the
semigroup S is called cancellative if all elements of
S are left and right cancellable.

*Corresponding Author and Speaker
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Let S be a monoid. A non-empty set A is called a
right S-act usually denoted Ag, if S acts on A uni-
tarily from the right that is there exists a mapping
Ax S — A (a,s) — as, satisfying the condition
(as)t = a(st) and al = a, for all @ € A and all
s,t € S. Left S-act gA is defined dually. Let Ag
be a right S-act. A is called flat if the functor A®—
preserves embeddings of left S-acts. If this functor
preserves embeddings of (principal) left ideals of S
into S, then A is called (principally) weakly flat.
An act Ag is called torsion free, if as = bs with
a,b € A and s a right cancellable element of S, im-
plies a = b. A left ideal J of a monoid S is called
right-stabilizing if j € jJ for every j € J(see p. 230
of [3], where the left-right dual of this property is
called Condition (LU)). A left S-act gB is called
connected whenever b, b’ € B then there exist ele-
ments b; € B and s;,t; € S such that

b = S1 b1

tl bl = 82b2

tho1ibp—1 = Spbn
thby, = V.
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Let a,a’ € A and b, € B. Then a ® b =
a @b in As ® gB if and only if there exist
81y ey Sy t1y ety € S, a1,..,ax_1 € Ag and
b1, ...,br € B such that

Slbl = b
asy = a1t1 82b2 = tlbl
a8 = a2t2 S3b3 = tgbg
ar—1S = a’tk bl = tkbk.

2 Right Absolutely Weakly

Quasi Annihilator-Flat

Monoids

In this section we define the notions of weakly quasi
annihilator-flat and right(left) absolutely weakly
quasi annihilator-flat and investigate some of their

properties.

Definition 2.1. Let S be a monoid and s,t € S.
The set L*sy = {u € S| us = vt, for some v € S}
(resp. R*s: ={u eS| su=tv, for somev € S})
is called a left(right) quasi annihilator ideal of S if

it s a mon-empty set.

The following example shows that the equal-
ity Ly, = L}

t,s

is not generally hold.

Example 2.2. Let S = {0,z,1} be a monoid,
where x* = 0. Then we have S = Li, # Lo =

{0,2}.

Definition 2.3. An act Ag is called weakly quasi
annthilator-flat if the natural mapping AQ L* 4 —
A, a ® u s au is injective, for all s,t € S.

Every weakly flat right act is obviously weakly quasi
annihilator-flat, and by the fact that L*1, = St,
for all t € S it is clear that every weakly quasi
annihilator-flat right act is principally weakly flat.

Therefore we have
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Flat = Weakly Flat = Weakly Quasi
annihilator-Flat = Principally Weakly Flat =
Torsion Free.

Definition 2.4. A monoid is called right(left) ab-
solutely weakly quasi annihilator-flat if all of its
right(left) acts are weakly quasi annihilator-flat.

Theorem 2.5. A monoid S is right absolutely
weakly quasi annihilator-flat if and only if, for all
u,v,s,t € S if u and v belong to L*s; then there

exrist e1,...,€am41 € L:,t such that

u = uep
vep = vey
ueg = ues
U€zm = UE2m41
V€oam+1 = U.

Corollary 2.6. It is clear that if S is a right abso-
lutely weakly quasi annihilator-flat then every left
quasi annihilator ideal L*s 4 of S is right stabiliz-
ng.

Corollary 2.7. Suppose that S is right absolutely
weakly quasi annihilator-flat. Then

(i) each proper left Rees factor act of the form
S/L*s 4 is principally weakly flat;

(ii) each amalgamated coproduct SUy- S, where
s #t is a flat left S-act.

Theorem 2.8. Let S be a monoid such that zyxz =
%y, for all x,y € S. Then S is right absolutely
weakly quasi annihilator-flat if and only if, for all
s,t € S the set L*5; is non-empty and right stabi-
lizing left ideal.

Lemma 2.9. If S is a right reversible monoid then
for every s,t € S, L* ; is non-empty and connected
left act.

Theorem 2.10. The one-element right S-act ©g
is weakly quasi annihilator-flat if and only if, each
non-empty quasi annihilator ideal L*s; is con-
nected left S-act.
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Theorem 2.11. Let S be a monoid and R, be
a proper right quasi annihilator ideal of S. Then
the right Rees factor S-act S/R}; is weakly quasi
annihilator-flat if and only if each non-empty left
ideal Ly, ,, is left connected S-act and R, satisfies

uU,v

Condition (LU).

Theorem 2.12. All principally weakly flat right
Rees factor acts of a monoid S of the form S/Ry,

are weakly quasi annihilator-flat if and only if each

*

wo s connected left S-act.

non-empty ideal L

This section is ended with some examples.
For simplicity we use the following abbreviations:
Weakly flatness = WF, principally weakly flatness
= PWF, weakly quasi annihilator-flatness = WQ-
F, right absolutely annihilator-flatness = (r.a.a-f),
right absolutely weakly quasi annihilator-flatness =

(r.a.w.g-f).

Example 2.13.

(i). (WQ-F % WF). Let S be a right zero
semigroup and s,t € S'(s # t). Then L*5; = () and
so by Lemma 2.9, S! is not right reversible. There-
fore Og is not weakly flat. Moreover, according to
the Theorem 2.10 Og, is weakly quasi annihilator-
flat.

(ii). (PWF # WQ-F). Let S be a monoid
as follows:

Then L*;. = {e, f}. Suppose that L*,. is con-
nected. Then there exist sq,...,8n,t1,....,tn € S,
e1,...,en € L*g . such that

e = S1€1

tier = Sgeg

th—1€n-1 = Spén
then, = f.

Therefore according to the table and e = sje; we
have e; = e. Also e = t1e; = speq therefore e; = e.
By following this process we conclude that e, = e.
Hence e = t,e, = f. So this is a contradiction

3
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and L*, . is not connected. Thus ©g is not weakly
quasi annihilator-flat by Theorem 2.10, but clearly
it is principally weakly flat.

(#i). If S is any right zero semigroup, then
St is right absolutely weakly quasi annihilator-flat.

().  Right normal bands(with 1 ad-
joined) need not be right absolutely weakly quasi
annihilator-flat. If S* has the multiplication table
then L*, . = {e, f}.

(v). (Annihilator-flat # WQ-F). According
to the [1] the cyclic act N/p(2,4), where p(2,4) is
the smalest congruence on N identifying 2 and 4, is
annihilator-flat but not torsion free.

If N/p(2,4) be weakly quasi annihilator-flat then it
is torsion free and this is a contradiction.

(vi). r.a.a-f # r.a.w.qg-f. Because every left
cancelative monoid is right absolutely annihilator-
flat by [1], N has this property too. But according
previous example N is not right absolutely weakly

quasi annihilator-flat.

(vii). r.a.w.q-f & r.a.a-f. Let S be a monoid
as follows:
Then S is not right absolutely annihilator-flat but
it is right absolutely weakly quasi annihilator-flat
by Theorem 2.5.

(viii). (WQ-F % annihilator-flat). It is ob-
vious by previous example.

(iz). The null monoid S = {0,x,1}, where
2?2 = 0 is not right absolutely weakly quasi
annihilator-flat. Indeed, z € L*; o = {0,z} but
there is no element y belong to L*, ¢ such that
xy = x. Therefore S is not right absolutely weakly
quasi annihilator-flat by Theorem 2.5.

(x). The right regular monoid with table
is right absolutely weakly quasi annihilator-flat by
Theorem 2.5.
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3 The

semigroups that are right

completely 0O-simple

absolutely weakly quasi

annihilator-flat

A semigroup S without identity will be termed
right absolutely weakly quasi annihilator-flat or
right absolutely annihilator-flat when the monoid
S! has the corresponding property. Recall that a
regular Rees matrix semigroup with 0 having sand-
wich matrix P is right absolutely annihilator-flat if
and only if, for all 4 # v € A, if no entry of row u
or of row v of P is 0, then p,; " 'pu; # puj 'pu; for
all i # j € I; and no two rows of P having an entry
0 have equal support. The above results appear in
[1]. If P is a A x I matrix over a group with 0, the
support of row « is the set of those i € I for which
Pai # 0.

We will show that if every completely 0-
simple semigroup be right absolutely weakly
quasi annihilator-flat then it is right absolutely
annihilator-flat.

Theorem 3.1. Let My(G;I,A; P) be a completely
0-simple semigroup, represented as a reqular Rees

matriz semigroup with 0. Then the monoid S =
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(Mo(G; I, A; P))! is right absolutely weakly quasi
annihilator-flat if and only if the following condi-
tions hold

(i) for all p # v € A, a,bd,b € G,
i7j S I; ,u,a’/ S A; Zf p,u'j_l(a’,)_lap;ti =
P (V)" 1bpyi, some entry of row p or

some entry of row v of P are 0;

(i) no two rows of P that at least one of them

has an entry 0 have equal support.
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Abstract: The purpose of this talk is to study certain categorical properties of the categories Soft Act of all

soft S-acts and soft homomorphisms, and WSoftAct of all soft S-acts and weak soft homomorphisms. It is

investigated the interrelations of some particular morphisms, limits and colimits in Soft Act and WSoftAct

with their corresponding notions in the categories Act-S of all S-acts and S-maps, and Set of all sets and

maps.

Keywords: soft S-act, soft (co)product, soft (co)equalizer, soft pullback, soft pushout

1 INTRODUCTION

The theory of soft sets was initiated by Molodtsov
[3] as a new mathematical tool for dealing with un-
certainties which is free from the difficulties affect-
ing classical methods. The study on connections
between soft sets and algebraic systems has been
of interest for some authors. In [3], Ali et al. intro-
duced the concept of soft S-acts for a semigroup S

to characterize general fuzzy soft S-acts.

In this talk our aim is to study the interre-
lations of some category-theoretic concepts includ-
ing particular morphisms, limits, and colimits such
as soft products, soft coproducts, soft equalizers,
soft coequalizers, soft pullbacks, and soft pushouts
of soft S-acts with their corresponding concepts in
the categories Act-S of all S-acts and S-maps, and
Set of all sets and maps. For more information on

some categorical ingredients of Act-S, see [2].

Let A be an S-act and (F, A) 4 be a soft set
over A. Then (F, A) 4, or simply (F, A), is called

*Corresponding Author and Speaker
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a soft S-act or soft S-set over A if F(a) # 0 is a
subact of A for all ¢ € A. The reader is referred to

[1] to see some examples of soft S-acts.

Let (F, A) and (G, B) be two soft S-acts over
S-acts A and B, respectively. Let f : A — B be an
S-homomorphism and g : A — B be a map. Then
(f, g) is called a soft homomorphism from (F, A) 4
to (G,B)p if f(F(a)) = G(g(a)) for all a € A.
Also if f(F(a)) € G(g(a)) for all a € A, then we
say that (f,g) is a weak soft homomorphism. All
soft S-acts together with all soft homomorphisms
between them forms a category which is denoted by
Soft Act. This category is a subcategory of WSof-
tAct consisting of all soft S-acts together with all
weak soft homomorphisms between them.

Let P be a category-theoretic notion in Sof-
tAct. We use the term “soft corresponding notion”
for P. For example, by a soft monomorphism we
mean a monomorphism in SoftAct, a soft pull-
back refers to a pullback in SoftAct, etc. Analo-

gously, we use “w-soft corresponding notion” for a



54

The 45" Annual Tranian
Mathematics Conference
014

August 26-29

category-theoretic notion in WSoftAct.

2 MAIN RESULTS

We study some basic category-theoretic properties
of SoftAct and WSoftAct. We will see that the
categorical properties in SoftAct and WSoft Act
are mostly dependent to their corresponding prop-
erties in Act-S and Set.

2.1 ON PARTICULAR MOR-
PHISMS

First we study soft monomorphisms and soft epi-
morphisms in SoftAct. Then we characterize all
soft isomorphisms in terms of all isomorphisms in

Act-S and Set.

Theorem 2.1. Let (f,g) : (F,A) 4 — (G,B)s be a
soft homomorphism in Soft Act such that f and g
be monomorphisms (epimorphisms) in Act-S and
Set, respectively. Then (f,g) is a soft monomor-
phism (soft epimorphism).

Corollary 2.2. Let (f,g) : (F,A) 4 — (G,B)g be
a soft homomorphism in SoftAct such that f and
g be bimorphisms in Act-S and Set, respectively.
Then (f,g) is a soft bimorphism.

The following result characterizes all soft iso-
morphisms in terms of all isomorphisms in Act-S
and Set.

Theorem 2.3. Let (f,g) : (F,A)4 — (G,B)g be
a soft homomorphism. Then (f,g) is a soft iso-
morphism in SoftAct if and only if f and g are
isomorphisms in Act-S and Set, respectively.

2.2 ON SOFT PRODUCTS AND
SOFT COPRODUCTS

In the following soft products and soft coproducts
in the categories Soft Act and WSoftAct are in-
vestigated.
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Problem 2.4. The category SoftAct has a ter-
minal object but not an initial object.
situation holds in WSoftAct.

The same

The following result presents a connection
between w-soft products in WSoftAct and the
products in Act-S and Set.

Theorem 2.5. Let {(F;, Ai)a,}icr be a non-
empty family of soft S-acts. Then the soft
S-act ([[ Fi, [T Ai)1pa, is a w-soft product

iel i€l el
11 (Fi, A))a, of this family, where [] F;

i€l i€l
[T Ai — P(II Ai) is given by (I] Fi)((ai)ier) =
i€l i€l icl
[1(Fi(ai)), ai € A,i € 1.
iel

In the following, a dual result of Theorem
2.5 for soft coproducts in Soft Act is obtained.

Theorem 2.6. Let {(F;, Ai)a,}icr be a non-
empty family of soft S-acts. Then the soft
S-act ([I Fi, [T Ai)11 4, is a soft coproduct

i€l i€l ier
11 (Fi, Ay) 4, of this family, where [ F; : ] 4; —
i€l i€l iel
P(]] A:) is given by (] Fi)(as,4) = Fi(a;) x {i},
i€l i€l
foralla; € A;,i € 1.
Remark 2.7. Since coproducts in a category
are unique up to isomorphisms, using Theorems
2.8 and 2.6, if (F,A)a is a soft coproduct of
{(F;, A;) 4, }ier in SoftAct, then A and A are iso-
morphic to ] A; and J] A; in Set and Act-S,
iel el
respectively.

2.3 ON SOFT EQUALIZERS AND
SOFT COEQUALIZERS

This subsection is devoted to study soft equaliz-
ers and soft coequalizers in SoftAct. We obtain
the interrelations of these notions in Soft Act with
their correspondings in Act-S and Set under some
But, considering WSoftAct, these
connections remain as an open problem.

conditions.

The following result presents a soft equalizer
of some soft S-acts.
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Theorem 2.8. The soft equalizer of soft homo-

. (f1.91) .
morphisms (Fy Ay) 4, ——= (Fp, Ag)a, i Sof-

(f2,92)
tAct, under the condition “for every subact X of

Av, if f1(X) = fa(X), then fi(x) = fa(x) for all

x € X7, is a pair ((F,E)g, (e,e")), where (e, e') :

(F,E)e — (F1,A1)4, is a soft homomorphism for

which (E,e) and (E,e') are the (existing) equal-

izers of A, L Ay and A, s A, in Act-S
Py 92

and Set, respectively, and F : E — P(£) is given

On soft coequalizers in Soft Act, the follow-

ing result is obtained.

Theorem 2.9. The soft coequalizer of soft homo-

. (f1,91) .
morphisms (Fy Ay) 4, == (Fp, Ag)a, i Sof-

(f2,92)
tAct, under the condition “for every subact X of

Al; fl(X) = fQ(X)”} is a pair ((F,C)C,(C,C/)),
where (¢,c) : (Fp, A2)a, — (F,C)c is a soft ho-
momorphism for which (C,c) and (C,c') are the

- f1 g1 .
coequalizers of A, ——= A, and A ——= A, in
2 92

Act-S and Set, respectively, and F : C — P(C)
is given by F([ag) = c(Fa(a)), for every a € As.

2.4 ON SOFT PULLBACKS AND
SOFT PUSHOUTS

Finally, we study the notions of soft pullbacks and
soft pushouts in Soft Act and WSoftAct.

In the following, a result concerning w-soft
pullbacks in WSoft Act under some conditions is

obtained.

Theorem 2.10. Let (fi,g:) (Fy, A)a, —
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(F,A)a,i = 1,2, be weak soft homomorphisms
satisfying the condition “for every subacts X of
Ay and Y of Ao, if f1(X) = foY), then
filx) = fa(y) for every x € X,y € Y. A
w-soft pullback of (fi,g:i),i = 1,2, in WSoft-
Act is a pair (G, P)p,((p1,0}), (p2,p5))), where
(P, (p1,p2)) and (P, (p},ph)) are the (existing) pull-
backs of f1, fo and g1, g2 in Act-S and Set, respec-
tively, and (p;,p}) : (G, P)p — (Fi, Ai)a, i = 1,2,
are weak soft homomorphisms for which G : P —
P(P) is defined by G(ay,az) = Fi(a1) X Fy(az), for
all (a1,a2) € P.

Here we study a particular kind of soft
pushouts, so called soft amalgamated coproduct, in
SoftAct.

Problem 2.11. The soft amalgamated co-
product (G, A) 4 ]_[(F’U)“ (G,A)a is the pair
(AT A) agpea (0,60, (@, ), where
(ATTY A, d}, ¢b) and (ATT" A, q1, q2) are the amal-
gamated coproducts in Set and Act-S, respectively,
and H(a,i) = ¢;(G(a)) for everya € A\U, i =1,2,
H(a) = F(a) for every a € U.
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About the Cohen-Macaulay Modules
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Abstract: Let R be a commutative Noetherian ring. A non-zero finitely generated R—module M is said

to be a Cohen- Macaulay R—module precisely when gradey;I = htp I, for every ideal I of R for which

M # IM. In this paper we are going to study the Cohen-Macaulay modules and a number of results

concerning these kinds of modules are given.

Keywords: Noetherian rings, Local rings, Chohen-Macaulay rings, Chohen-Macaulay modules, finitely

generated modules.

1 INTRODUCTION

We assume throughout that R is a commutative
Noetherian ring and M is a non-zero finitely gen-

erated R-module.

Let I be a proper ideal of R. We recall that
htI = min{htP|P € Spec(R),I C P}.

In [2, § 48], Macaulay showed that, when R
is a polynomial ring in finitely many indeterminates
with cofficients in a field, and if ht] = n and I can
be generated by n elements, then ht P = n for every
P e assl.

In [1,Theorem?2l], Cohen established the
corresponding result when R is a regular local ring.
It turns out that commutative Noetherian ring R
is Cohen-Macaulay if and only if, for an n € Np,
for every proper ideal I of R of height n which can
be generated by n elements, we have htP = n for

every P € assl.

Let a1,....,a, € R. We know by [3,16.1],
that aq,...,a, form an M —sequence of elements of
R precisely when

*Corresponding Author
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(1) M # (a1, ...,an)M, and

(i4) For each i = 1,...,n, the element a; is a
M

(a1, ..y ai—1)M’
Let I be an ideal of R such that M # IM.

We know by [3,16.13], that every two maximal

non-zerodivisor on the R—module

M —sequence in I have the same length. The
common length of all maximal M —sequences in [
denoted by gradeyI. If M = R, then we show
graderl by gradel.

For P € Supp(M), we know by [3,17.15],
that the M —height of P , denoted hty, P, is de-

. . Rp
fined by d Mp = dim(—————=). Let I
ned by dimg, Mp Zm(AnnRP(Mp)) e
be an ideal of R such that M # IM. We know by
[3,17.15], that the M —height of I, denoted hips1,

is defined by
htpI = min{htp P|P € Supp(M),I C P}.

If (R, J) is a local ring, then we show the gradeys.J
by depthM and htp;J by dimM.

We know by [3,17.1], that R is a Cohen-
Macaulay ring precisely when gradel = htl, for
every proper ideal I of R.
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Let R be a commutative Noetherian ring
and M be a non-zero finitely generated R—module.
Let I be an ideal of R such that M # IM. We
know by [3,9.23] that there exists a prime ideal
P € Supp(M) such that I C P and by [3,17.15],
we have

htpI = min{hty P|P € Supp(M),I C P}.

Also, we know by [3,17.16] that M is a Cohen-
Macaulay R—module precisely when gradey I =
hty I, for every ideal I of R for which M # IM.

2 RESULTS

Definition 2.1. Let R be a commutative Noethe-
rian ring and M be a non-zero finitely generated
R—module. A proper ideal I of R with M # IM is
said to be M —unmized when hty I = htpy P for all

M

Theorem 2.2. Let R be a commutative Noethe-
rian ring and M be a non-zero finitely generated
R—module. Then M is Cohen-Macaulay if and only
if, for every k € Ng,every proper ideal I of R with
M # IM and htyl = k Which can be generated

by k elements is M —unmized.

Definition 2.3. Let (R,J) be a commutative
Noetherian local ring and M be a non-zero finitely
generated R—module with M # JM. We say
that M is semi-reqular precisely when depthM =
dimM .

Definition 2.4. Let (R,J) be a commutative
Noetherian local ring and M be a non-zero finitely
generated R—module with M # JM. We say
that M is a regular local R—module if dimM =
dimR ﬁ
J

Theorem 2.5. Let (R,J) be a commutative
Noetherian local ring and M be a non-zero finitely
If M be a regular local

R—module, then it is semi-regular.

generated R—module.
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Remark 2.6. Let (R, J) be a commutative Noethe-
rian local ring and M be a non-zero finitely gener-
ated R—module. We know by [3,17.17], that M is

Cohen-Macaulay if and only if it is semi-reqular.

Corollary 2.7. Let (R,J) be a commutative
Noetherian local ring and M be a non-zero finitely
generated R—module. If M be a regular local

R—module, then it is Cohen-Macaulay.

Theorem 2.8. Let R be a commutative Noetherian
ring, M be a non-zero finitely generated R—module
and S be a multiplicatively closed subset of R. If
M be a Cohen-Macaulay R—module, then Mg is a
Cohen-Macaulay Rs—module.

Remark 2.9. Let R be a commutative Noetherian
ring, M be a non-zero finitely generated R—module
and S be a multiplicatively closed subset of R.
We know by [3,17.18], That if Mp be a Cohen-
Macaulay Rp—module for every P € Supp(M),
then M is a Cohen-Macaulay R—module. So the
converse of the Theorem 2.8 is true by Corollary
2.10.

Corollary 2.10. Let R be a commutative Noethe-
rian ring and M be a non-zero finitely gener-
ated R—module. If Mg be a Cohen -Macaulay
Rgs—module, for every multiplicatively closed subset
S of R, then M is a Cohen-Macaulay R—module.

Corollary 2.11. Let R be a commutative Ar-
tinian ring. Then every non-zero finitely generated

R—module is Cohen-Macaulay.

Lemma 2.12. Let R be a commutative Noetherian

ring and suppose that the non-zero finitely gener-
ated R—module M is Cohen-Macaulay. Let

PhbCchC..CP,

be a saturated chain of prime ideals in Supp(M).
Then htpy P, = htp Py + n.

Theorem 2.13. Let R be a commutative Noethe-
rian ring and M be a non-zero finitely generated
R—module and let a € J(R) be such that a forms
Then M is Cohen-Macaulay if

M
and only if W is Cohen-Macaulay.

an M —sequence.
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Theorem 2.14. Let R be a commutative Noethe-
rian ring and M be a non-zero finitely generated
Cohen-Macaulay R—module. Let ay,...,a, be an

M —sequence of elements of R. Then ——
(ar, o an) M

is again a Cohen-Macaulay module.

Definition 2.15. Let (R,J) be a commutative
Noetherian local ring and M be a non-zero finitely
generated R—module with JM # M. Let dimM =
n. A system of parameters for M is a set of n el-

ements of J which generates a J—primary ideal of

R.

Remark 2.16. Let R be a commutative Noetherian
ring , M be a non-zero finitely generated R—module
and I be an ideal of R with IM # M. We know by
[3,17.15], that gradep I < htpl.

Theorem 2.17. Let (R,J) be a commutative
Noetherian local ring and M be a non-zero finitely
generated R—module with JM # M. Set

58

depthM = d and dimM = n. Let ay,...,aq be an
M —sequence in J. Then there exist agyi,...,an €
J such that (a1, ...,a4,Q4+1, .., Qn) S a system of

parameters for M.

This research has been supported by the Vali-

e-Asr University of Rafsanjan.

References

[1] I. S. Cohen, 7On the Structure and Ideal
Theory of Complete Local Rings”, Transactions
Amer. Math. Soc. 59, 1946, pp. 54-106.

[2] F. S. Macaulay, ”The Algebraic Theory of Mod-
ular Systems”, Cambridge: Cambridge Univer-
sity Press, 1916.

[3] R. Y. Sharp, ”Steps in Commutative Algebra”,
Cambridge: Cambridge University Press , 1990.



59

The 45" Annual Tranian
Mathematics Conference
014

August 26-29

Hamiltonicity of the Unit and Unitary Cayley Graphs
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Abstract: The unit (Unitary Cayley) graph corresponding to an associative ring R is the graph obtained

by setting all the elements of R to be the vertices and defining distinct vertices z and y to be adjacent if
and only if z +y € U(R) (z —y € U(R)), where U(R) is the set of all unit elements of R. H. R. Maimani,
et al. (C. Lanski and A. Maréti) derive necessary and sufficient conditions for unit (Unitary Cayley) graphs

to be Hamiltonian. In this paper, by a constructive method, we give simple proofs for these results.

Keywords: Hamiltonian graphs, Unit graphs, Unitary Cayley Graphs, finite rings.

1 INTRODUCTION

The study of algebraic structure using the proper-
ties of graphs has become an exciting research topic
in the last twenty years. Let n be a positive inte-
ger, and let Z,, be the ring of integers modulo n.
R. P. Grimaldi defined a graph I'(Z,,) based on the
elements and units of n (cf. [7]). The vertices of
G(Z,,) are the elements of Z,; distinct vertices x
and y are defined to be adjacent if and only if x+y
is a unit of Z,,.

This corresponding graph is generalized as
follows: Let R be a ring and U(R) be the set of
unit elements of R. The unit graph of R, denoted
by G(R), is the graph obtained by setting all the
elements of R to be the vertices and defining dis-
tinct vertices = and y to be adjacent if and only if
x4y € U(R). For some paper about unit graphs,
we refer the reader to [1], [3] and [6].

Let G be a graph, V(G) will denote its ver-
tex and E(G) its edge set. A path is an ordered

*Corresponding Author
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list of distinct vertices wvg, v, ..., v, such that v;_4
is adjacent to v; for i = 1,2,...,n. A graph G is
connected if there exists a path between any two
distinct vertices of G.

A cycle of a graph is a path that the start
and end vertices are the same. A Hamiltonian cy-
cle— is a spanning cycle in G. A graph is called

Hamiltonian if it contains a Hamiltonian cycle.

H. R. Maimani, et al. in [6] derive neces-
sary and sufficient conditions for unit graphs to be
Hamiltonian. In this paper, we give a simple proof
for this result.

The wunitary Cayley graph of a ring R, de-
noted by T'(R), is the graph whose vertices set is
R, and distinct vertices z and y are defined to be
adjacent if and only if x — y is a unit of R. For
more information about Cayley graphs, we refer
the reader to [3] and [4].

C. Lanski and A. Mar6ti in [5] give neces-
sary and sufficient conditions for Unitary Cayley
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graphs to be Hamiltonian. In this paper, we also
give a simple proof for this result.

2 MAIN RESULTS

Throughout this paper R is finite commutative ring
and J(R) is the Jacobson radical of R. In this sec-
tion we present some lemmas and theorems that
will be used in the main theorems. For beginning,

we have the following well-known theorems.

Theorem 2.1. Let R be an arbitrary ring. An ele-
mentr € R is a unit of R if and only if 7 € R/J(R)
is a unit of R/J(R).

Theorem 2.2. Let R be an arbitrary ring. If
G(R/J(R)) is Hamiltonian, then G(R) is also
Hamiltonian.

The cross product (sometimes also tensor
product) of two graphs G and H is a graph de-
noted G x H, with V(G x H) = V(G) x V(H)
and (z,y), (2',y")) € V(G x H) if and only if z is
adjacent to 2’ in G and y is adjacent to ¢’ in H.

Lemma 2.3. (See [2]) Let G1 and G2 be two
Hamiltonian graphs. The graph G1 x Go is Hamil-
tonian if and only if either |G1| or |Gz be odd.

Lemma 2.4. Let R = F} x Fy x ... X F,, such
that F; is a field of even order and |F;| > 2 for all
2 <i<n. Then G(R) is a Hamiltonian graph.

Proof. First suppose that |F;| > 4, for all 1 <

i < mn. We use induction on n. Clearly, for
n = 1 the assertion is clearly true. Assume that
ai,as, ..., a, is a Hamiltonian cycle in G(R), such
that a; = (a1, a2, ..., ain), for all 1 < ¢ < r. Let

Fri1={f1, f2, .-, far.}. For abbreviation, let

a;i(f;) == (ai, a2, ..oy Qin, ff)

Also we define P;;y; be the following path,
P; i1 :=ai(f2), aiv1(f1), ai(f3), aiy1(f2), -..r ai(for),
aiv1(for—1), ai(f1), aiv1(for)
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Now we construct the following Hamiltonian cycle
for Fi X Fo x ... X Fp, X Fyq1,

Pio, Py, Py,

For the rest part of the proof, it is sufficient to
show that G(F x Z), where F is a field and
|F| = 2™ for some m > 2, has Hamiltonian cy-
cle. Let F = {f1, f2,..., fom }. The following, is a
Hamiltonian cycle for G(F x Zs),

(f1,0), (f2,1), (f3,0), (fa, 1), s (fam—1,0), (f3", 1)

(f?)o)v (fl? ]-)v (f4a0)7 (f3a ]-)’ () (f2m70>7 (fgm,h ]-)
O

Corollary 2.5. Let R = F1 X Fy x ... x F,, such
that F; is a field and |F;| > 2 for all 2 < i < n.
Then G(R) is a Hamiltonian graph.

By an easy observation, we have the follow-

ing lemma:

Lemma 2.6. Let R be a ring such that G(R) is

Hamiltonian. If |R| is odd, then G(Z3 x R) is

Hamiltonian.

By using the before lemmas and theorems,

we have the following main results:

Theorem 2.7. (See [6]) Let R be a ring such that
R % Zy and R % Zs. Then the following conditions
are equivalent:

(1) The graph G(R) is Hamiltonian.
(2) The graph G(R) is connected.

(8) Every element of R is a sum of at most three
units.

(4) The ring R is generated by its units.
(5) The ring R cannot have Zs X Zs as a quotient.

Theorem 2.8. (See [5]) Let R be a ring. Then
the following conditions are equivalent:
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(1) The factor ring R/J(R) has at most one sum-

mand isomorphic to Zs.

(2) Every element of R is a sum of two or three

units.

(8) The graph T'(R) is connected.
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Prime (semiprime) (€, € Vg)-intuitionistic fuzzy

bi-hyperideals of semihypergroups

S. Azizpour”, Phd student in pure mathematics, Department of Mathematics,

University of Mazandaran, Babolsar, Iran, s.azizpour@stu.umz.ac.ir

Y. Talebi, Department of Mathematics, Faculty of Mathematical Sciences,

University of Mazandaran, Babolsar, Iran, talebiQumz.ac.ir

Abstract: In this paper, we introduce the notion of prime and semiprime (€, € Vq)-intuitionistic fuzzy

bi-hyperideals of semihypergroups by using belongs to relation (€) and quasi-coincidence with relation (g)

between intuitionistic fuzzy points and intuitionistic fuzzy sets. Also, we study some properties of these

notions.

1 Introduction

After the introduction of fuzzy sets by Zadeh [11],
reconsideration of some concepts of classical math-
ematics began. On the other hand, because of the
importance of group theory in mathematics, as well
as its many areas of applications, the notion of a
fuzzy subgroup was defined and its structure was
investigated by Rosenfeld [10]. This subject has
been studied further by many mathematicians. A
new type of fuzzy subgroup ((€, € Vq)-fuzzy sub-
group) was introduced by Bhakat and Das [4]. In
fact, (€, € Vq)-fuzzy subgroup is an important and
useful generalization of Rosenfeld’s fuzzy subgroup.
Atanassov has introduced and developed the con-
cept of intuitionistic fuzzy sets as a generalization
of fuzzy sets [3]. Coker and Demirci [5] introduced
the notion of intuitionistic fuzzy point. Abdollah et
al. [1] introduce the notion of («, 8)-intuitionistic
fuzzy ideals of hemirings where a, 8 are any two
of {€,q,€ Vg, € Aq} with a #€ Agq and related

*Corresponding Author and Speaker
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properties are investigated. In this paper, using
the concept of intuitionistic fuzzy point, the notion
of prime (semiprime) (€, € Vg)-intuitionistic fuzzy
bi-hyperideal of semihypergroups is introduced and

some related properties are investigated.

2 Preliminaries

A hypergroupoid is a non-empty set S together
with a map - : § x .S — P*(S) where P*(S) de-
notes the set of all the non-empty subsets of S.
The image of the pair (z,y) is denoted by z - y.
If z € S and A, B are non-empty subsets of S,

then A - B is defined by A-B= |J a-b. Also
acA,beB

A-xis used for A-{z} and = - A for {z} - A. A
hypergroupoid (S, -) is called a semihypergroup if
(x-y)-z=x-(y-z) for all z,y,2 € S. A non-
empty subset X of a semihypergroup S is called
a subsemihypergroup if X - X C X. A subsemi-
hypergroup X of S is called a bi-hyperideal [2] if
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X -5 XCX.

An intuitionistic fuzzy set (IFS for short)
A in X is an object having the form A =
{{z,pa(x),Aa(x)) | * € X} where the functions
pa @ X — [0,1] and Ag : X — [0,1] denote
the degree of membership (namely p4(x)) and the
degree of nonmembership (namely A4(z)) of each
element = € X to the set A, respectively, and 0 <
pa(x) +Aa(z) <1 forall z € X. For the sake of
simplicity, we shall use the notation A = (ua,Aa)
instead of A = {(z,pa(z), a(z)) | z € X}. An
IFS A = (ua,Aa) in S is called intuitionistic
fuzzy subsemihypergroup [6] of S if (1) pa(z) >
() A pa(y) and (2) Aa(2) < Aa(2) V Aay), for
all z,y € Sand z € z - y.

Definition 2.1. [9] An intuitionistic fuzzy sub-
semihypergroup A = (ua,Aa) of S is called an
intuitionistic fuzzy bi-hyperideal of S if

(1) pa(2) = pa(@) A pa(y),

(2) Aa2) < Aal@) V Aaly),

forall z,w,y€ Sand z €z - w-y.

Let X be a non-empty set and ¢ € X a
fixed element in X. A fuzzy point ¢; (see [8]) for
t € (0,1] is a fuzzy subset of X such that

c=ux,

ele) =9 !
‘ ] 0 otherwise.

If t € (0,1] and s € [0,1) are two fixed real
numbers such that 0 < ¢t 4+ s < 1, then the IFS
c(t,s) = (x,c,1 — c1—) is called an intuitionistic
fuzzy point (IFP for short) [5] in X, where ¢
(resp. s) is the degree of membership (resp. non-
membership) of ¢(¢,s) and ¢ € X is the support
of ¢(t,s). An IFP c(t,s) is said to belong to an
IFS A = (ua,Aa) of X, denoted by c(t,s) € A, if
pualc) > t and Aa(c) < s. We say that c(t,s) is
quasi-coincident with A = (pua,Aa), denoted by
c(t,s)gA, if pa(c) +¢ > 1 and Aa(c) +s < 1.
To say that c(t,s) € VgA means that c(t,s) € A
or ¢(t,s)gA. For any intuitionistic fuzzy set A =
(pa,Aa) in S and ¢t € (0,1],s € [0,1), the sets
Ug,sy = {z € S| x(t,s) € A} and [A]) = {z €
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S| z(t,s) € VqgA}. are called €-level set and € Vg-
level set of A, respectively.

Definition 2.2. [7]Let A = {(ua,A4) be IFS in
S. Then, A = (pa,Aa) is called an (€,€ Vq)-
intuitionistic fuzzy bi-hyperideal of S if for all
z,w,y €9, (t1,t2 € (0,0.5] and s1, 55 € [0.5,1)) or
(t1,t2 € (0.5,1] and s1,s2 € [0,0.5)) the following
conditions hold:

(1) If 2(t1, 1) € A, y(ta,$2) € A= z(t1 Nt2, 51V
s9) € VqA, for all z € z - y,

(2) If x(t1, 1) € A, y(te,s52) € A= z(t1 Nt2, 51V
s2) € VqA, forall z€z-w-y.

3 Maine results

In what follows let S denote a semihypergroup.

Definition 3.1. An (€, € Vg)-intuitionistic fuzzy
bi-hyperideal of S is called semiprime if for all
z,w € S, (t € (0,05 and s € [0.5,1)) or
(t € (0.5,1] and s € [0,0.5)); z(¢t,s) € A im-
plies that z(t,s) € V¢A, for all z € z - w - x.
An (€, € Vq)-intuitionistic fuzzy bi-hyperideal of
S is called prime if for all z,w,y € S, (¢t € (0,0.5]
and s € [0.5,1)) or (¢t € (0.5,1] and s € [0,0.5));
z(t,s) € A implies that z(t,s) € VqA or y(t,s) €
VgA, forall z € x - w - y.

Now, we have a characterization of prime
(semiprime) (€,€ Vg)-intuitionistic fuzzy bi-

hyperideals.

Theorem 3.2. An (€,€ Vq)-intuitionistic fuzzy
bi-hyperideal A = (ua, a) of S is prime if and
only if, for all xz,w,y € S and z € = - w -y,
pa(x)Vpaly) > pa(z) AN05, and Aa(x) Ada(y) <
)\A(Z) Vv 0.5.

Theorem 3.3. An (€,€ Vq)-intuitionistic fuzzy
bi-hyperideal of S is semiprime if and only if
pa(x) > pa(z) A 05 and Ag(x) < Aa(z) Vv 0.5,
forallz,we S andze€x-w-z.

Example 3.4. (i) Let N be the set of all positive
integers. Then, (N, ®) is a semihypergroup, where
© is defined by z @y = {zty | t € 4N} for all
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0.8, ifxe2N
.y € N. Now defi - :
oY ow define 114() { 0.9, ifz¢g2N
2, if 2N
and Ag(z) = 0.2, 1 ve
0.1, ifx &2N.

By Theorem 3.2, it is easy to check that
A = (ua,Aa) is a prime (€,€ Vqg)-intuitionistic
fuzzy bi-hyperideal of (N, ®).
(73) Let S = {a,b,c¢,d}. Then, (S,-) is a semihyper-
group where “-” is defined by the following table

a b c d

{a} {a}  A{a}  {a}

{a} {a}  {a}  {a}

{a} {a} A{a,b} {a}

{a} {a} {a,b} {a,b}

Now, define an intuitionistic fuzzy set A = (ua, Aa)
on S by pa(a) = pale) = 0.7, pa(b) = 0.6,
pa(d) = 0.8 and Aa(a) = 0.2, Aa(b) = 0.3,
Aa(e) = Aa(d) = 0.1. By Theorem 3.3, it is routine
to see that A = (ua, A4) is a semiprime (€, € Vq)-

QU O o R

intuitionistic fuzzy bi-hyperideal of S.

Theorem 3.5. The intersection of any family of
prime (semiprime) (€, € Vq)-intuitionistic fuzzy bi-
hyperideal of S is a prime (semiprime) (€,€ Vq)-
intuitionistic fuzzy bi-hyperideal of S.

Definition 3.6. A bi-hyperideal P of S is said to
be semiprime if for all z,w € S; z-w- -2 C P im-
plies that z € P. A bi-hyperideal P of S is said to
be prime if for all z,w,y € S; x-w -y C P implies
that v € P or y € P.

Finally, we characterize prime (semiprime)
(€, € Vq)-intuitionistic fuzzy bi-hyperideals based

on €-level sets and € Vg-level sets.

Theorem 3.7. An (€,€ Vq)-intuitionistic fuzzy

(asAa) of 8
(semiprime) if and only if for 0 < ¢t < 0.5 and

bi-hyperideal A = is  prime
0.5 < s < 1, each non-empty Uy s is a prime
(semiprime) bi-hyperideal of S.

Theorem 3.8. An (€,€ Vq)-intuitionistic fuzzy

bi-hyperideal A = (ua,Aa) of S is prime

67

(semiprime) if and only if for all (t € (0,0.5] and
s € [0.5,1)) or (t € (0.5,1] and s € [0,0.5)) each
[A](t,s) s a prime (semiprime) bi-hyperideal of S.
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When is Cy(X) a P, - ideal?
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Abstract: Let C(X) be the ring of all continuous real - valued functions and C.(X) is the subring of

all countinuous real valued functions with countable image .Let Cer(X) = {f € C.(X) : suppf is compact },
Cey(X) = {f € Cc(X) : suppf is pseudocompact}. We proved that if I is an ideal contaned in Cey (X)), then
Iis a P, - ideal if and only if Coz(I) is discrete and I is c-pure. In particular we show that C.r(X) is a P,
- ideal if and only if Co,(X) = {f € Co(X) : f =0 except on a finite set}.

Keywords:Ring of continuous functions,functionally countable subring, ideal with compact support, CP-

space, P.-ideal.

1 INTRODUCTION

In this paper , all of spaces are zero - dimentional, T5
space. C(X) is the ring of all countinuous real-
valued functions defined on X, 8X is the Stone-
Cech compactification of X and C.(X) is the sub-
ring of C(X) consisting of functions whit countable
image.For all f,g € C.(X) , fVg= H—%If—gl €
C.(X), hence C.(X) is a sublattice of C(X). For
each f € C.(X), let Z(f) = {z € X : f(z) = 0},
Coz(f) = X — Z(f), suppf = clxCoz(f) and
Zo(X) ={Z(f) : fo(X).It is manifest that Z.(X)
is closed under the countable intersection and fi-
nite union and if f, g € C.(X) then Z(f)U Z(g) =
Z(fg), Z(f) N Z(g) = Z(f* + ¢°). Tt is obvious
every set in Z.(X) is closed in X. If all elements
of Z.(X) are open too, then X is called a count-
ably P-space (briefly, CP-space). Furthermore X
is a CP-space iff C.(X) is a regular ring, i.e., for
every f € C.(X), there exists g € C.(X) such that
frg =, see2].

In C(X), we assume that X is a completely

*Corresponding Author

regular space, similarly, if X is any space( not nec-
essarily completely regular), then there is a zero -
dimentional space Y (i.e., a Tj-space with a base
consisting of clopen sets) which is a continuous
image of X and C.(X) ~ C.(Y), for more infor-
mation see [2,3 ].

2 Some properties of C.;(X)

Difinition2.1: For a topological space X we put
Cer(X) ={f € C.(X) : suppf is compact}

It is manifest that C.;(X) is both an ideal in
Ce(X) and f € C¥(X), and if X is compact, then
Cek(X) = Co(X). The following example showes
that the equallity in Cer(X) C Cp(X) = {f €
C(X) : suppf is compact} is not necessarily holds.
Example2.2: Let X = R with natural topology.
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Define f : R — R, such that

0 :jz|>1
fle)=¢ 14z : —1<z<0
11—z :0<z<1

we have f € C(R), Z(f) = (—o0,1) U (1,00),
cd(R— Z(f)) = [-1,1] is compact in R. Thus
f € Cr(R), but f ¢ Cer(R).

We recall that the ideal I of C.(X) is called Z.-
ideal, if Z(f) € Z[I] then f € I. I is called free, if
mfel Z(f) = ¢

Lemma 2.2: C;(X) is a Z. - ideal in C,(X) .
Lemma 2.3: Let I be an ideal in C.(X). I is free
iff for every compact set A C X, there exists f € T
such that f(z) # 0, for all z € A.

Lemma 2.4: C.;(X) is contained in every free
ideal in C.(X) and in every free ideal in C¥(X).
For p € pX, we define

O ={feC.(X):pecintgxclgxZ(f)}

It is clear that O? is an ideal in C.(X).
Theorem2.4: C.;(X) is the same as the family of
all f € C*(X) such that Zgx(f?) is a neighbor-
hood of X — X. Thus

Con(X) = Npepx—x OF = OpX=X

hence C.x(X) is the intersection of all the free ide-
als in C.(X), and all the free ideals in C}(X).

3 c-pure and P.-ideals

Difinitions3.1: Let I be an ideal in C.(X). [ is
called c-pure if for each f € I there exists g € I
such that f = fg, and in this case ¢ = 1 on suppf.
A nonzero ideal I of C.(X) is called a P.-ideal if
every proper prime ideal of I is maximal in I.

The ideal I is called regular if for each f € I there
exists g € I such that f = f2g.

Theorem3.2: Let I be a nonzero ideal of C.(X).
Then the following statemants are equivalent:

(1) I is a P.-ideal.
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(2) Z(f) is open for each f € I.

(3) Every ideal of I is c-pure.

(4) Every prime ideal of C(X) which dose not con-
tain I, is maximal in C.(X).

If X is a CP-space, then every ideal of C.(X)

is a P,-ideal. In the following there is an example
of X is not a CP-space.
Example3.3: Let X = N* (one-compactification
of N). Difine I = {f € C.(X) : f =
0 except on a finite set}.It is clear that I is an
ideal in Ce(X)and I is a P.-ideal, because for ev-
ery f € C.(X), Coz(f) is finite and then is clopen.
Hence Z(f) is clopen, but X is not CP-space.

For ideal I of C.(X), we put Cozl =
UfeIC’ozf, and for z € X,

Mg ={feCuX):zecZ(f)}
O ={feC(X):xzeintZ(f)}

M¢ and Of are ideals in C.(X), O¢ C MS.(see[])
Theorem3.4: Let I be a nonzero ideal of C.(X).
Then the following statemants are equivalent:

(1) I is a P.-ideal.

(2) Mg = Of for each © € CozI and I C Of for
x ¢ Cozl.

(3) I is a regular ring.

(4) CozI is a CP-space and [ is c-pure.

4 When is Cy(X) a P, - ideal?

We define Cop(X) = {f € CJ(X)
suppf is pseudocompact}. It is manifest Cey(X)
is an ideal of C.(X) and Cx(X) C Cuy(X).
Lemma 4.1: If [ is a c-pure ideal, then suppf C
Cozl for f € I.

Theorem4.2: Let I be an ideal contained in
Cey(X). Then I is a P-ideal iff CozI is discrete
and [ is c-pure.

corollary4.2: The following statemants are equiv-
alent:

(1) Cep(X) is a P.-ideal.

(2) CozCr(X) is discrete and C(X) is c-pure.
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U gus

B) Ca(X) = {f € C(X) : f =
0 except on a finite set}.
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Abstract: In this paper we generalize the notion of valuation to an injective R-module and obtain results

which characterize it.

Keywords: multiplication module, valuation module, divisible module, injective module.

1 INTRODUCTION 2 Valuation Modules

Let R be an integral domain with quotient field K
and M a torsionfree R-module. For y = © € K and
x € M, we say that yx € M if there exists m € M

such that rz = sm.
Throughout this paper, R denotes an integral do-

main, with quotient field K, T = R — {0} and M Lemma 2.1. [2] Let R be an integral domain with
is a unitary R-module. An R-module M is called quotient field K and M a torsionfree R-module.
a multiplication R-module, if for each submodule Then the following conditions are equivalent:

N of M, there exists an ideal I of R such that

N = IM. (For more information about multipli- 1) For ally € K and allz € M, yz € M or

-1 .
cation modules, see [1, 3].) An integral domain R yoMCM;

is called a valuation ring, if for each = € K — {0}, 2) Forallye K, yM C M ory "M C M.
r € Rorz7! € R (see [4]). An R-module FE is said
to be injective if given R-modules A C B such that
h: A — B be a monomorphism and f : A — E quotient field K. A torsionfree R-module M is

be a homomorphism, there exists a homomorphism called valuation module (VM) if one of the condi-
g : B — E such that gh = f. Let R be an integral tion of lemma 2.1 holds.

domain. An R-module D is divisible if for every
d € D and every 0 # r € R there exists ¢ € D such
that rc¢ = d. In [2] valuation modules is introdused

and we prove some interesting results for injective (ii) Let R be a domain. R is a valuation ring if
valuation modules. and only if R is a valuation R-module.

Definition 2.2. Let R be an integral domain with

Example 2.3. (i) Any vector space is a valua-

tion module.

*Corresponding Author
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Proposition 2.4. Let K be the quotient field of a
domain R and M a torsionfree R-module. Let S
be the set, ordered by inclusion, of all non-empty
subsets of M. Then the following conditions are

equivalent:

1) M is a valuation module;
2) S"={(N: M)|N € S} is totally ordered;

(3) For U = {rM|r € R} the subset of S, U’ is
totally ordered.

Corollary 2.5. Let R be a domain and M a faith-
ful multiplication R-module. Then M is a valuation

module if and only if for any two submodules N, L
of M, NCL orLCN.

Lemma 2.6. Let R be a valuation ring and M a
torsionfree R-module. Then M is a valuation R-

module.

Corollary 2.7. Let R be a wvaluation ring, M a
torsionfree R-module and N be a submodule of M.

Then N is a valuation R-module.

Lemma 2.8. If M is a multiplication valuation
R-module, then M is finitely generated and R is a

valuation ring.

Corollary 2.9. Let M be a multiplication valua-
tion module. Then for each p € spec(R), M, is a
multiplication valuation module.

Lemma 2.10. Let R be a valuation domain. Then
every finitely generated torsion-free R-module is
free.

Corollary 2.11. Let M be a multiplication valu-
ation R-module. Then any finitely generated sub-
module of M is cyclic.

Theorem 2.12. Let M be a finitely generated
module over an integrally closed ring R. If M is a
valuation module, then M is a free R-module and

R is a valuation ring.
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3 Injective Valuation Modules

Definition 3.1. An R-module E is said to be injec-
tive if for any module monomorphism h : A — B
and any homomorphism f: A — E | there exists a
homomorphism g : B — E such that gh = f.

Definition 3.2. Let R be an integral domain. A
R-module D is divisible if for every d € D and ev-
ery 0 # r € R there exists ¢ € D such that rc = d.

Example 3.3. Q is a Z-module divisible.

Theorem 3.4. FEvery R-module injective is divis-
ible.

Theorem 3.5. Let R be a principal ideal domain.
Then an R-module M is injective if and only if it
is divisible.

Example 3.6. Any vector space is an injective val-
uation module.

Proposition 3.7. Let M be an divisible valuation
R-module. Then For any submodule N of M, such
that % s a torsionfree R-module, % is a divistble
valuation module.

Corollary 3.8. Let M be an injective valuation
R-module. Then For any submodule N of M, such
that % s a torsionfree R-module, % s a injective
valuation module.

Proposition 3.9. Let R be an artinian semisim-
ple valuation ring and M an injective torsion-free
R-module. Then any submodule N of M is an in-

jective valuation module.

Proposition 3.10. Let M be an injective valua-
tion module. Then if M' is a torsionfree R-module
and o : M — M’ is an epimorphism, then M’ is
an injective valuation module too.

Lemma 3.11. Let R be a valuation domain and
M a divisible torsion-free R-module. Then M is

an injective valuation module.

Proposition 3.12. Let R be an notherian valua-
tion ring and M a R-module divisible. Then M is

an injective module.
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