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عظیم ماشین�آلات طراحͬ برای گروبنر پایه�های بͺارگیری

msaleh.chaharbashloo@gmail.com گرمسار، دانشͽاه ریاضͬ، ارشد کارشناسͬ التحصیل فارغ ، چهارباشلو محمدصالح

پایه�های بͺارگیری نحوه تحقیق این در مهندسͬ، علوم در گروبنر پایه�های فراوان بسیار کاربرد به توجه با چͺیده:
مͬ�شود. ارائه بزرگ ماشین�آلات اجزاء طراحͬ برای بزییر چندجمله�ای�های در گروبنر

اجزاء گروبنر-طراحͬ بزییر-پایه�های چندجمله�ایها-مͺعب کلیدی: کلمات

است. f1, · · · , fs انتخابشده چندجمله�ای�های بوسیله

گوییم. ایده�ال از پایه ͷی فرم را چندجمله�ای�ها این ما
شده تولید آفین واریته را V(f1, · · · , fs) نماد حال
از ناتهͬ زیرمجموعه�ای آن و گوییم f1, · · · , fs بوسیله
f1, · · · , fs معمولͬ صفرهای همه شامل که است kn

یعنͬ: مͬ�باشد

V(f1, · · · , fs) = {(a1, · · · , an) ∈ kn |

fi(a1, · · · , an) = 0∀i, 1 ≤ i ≤ s}

ایده�ال�های در گروبنر پایه�های تعریف برای
ترتیبی رابطه ͷی مفهوم به ابتدا ، k[x1, · · · , xn]

نیازمندیم.
، k[x1, · · · , xn] روی جمله�ای تک ترتیب ͷی تعریف:
Zn

≥0 =
{
(α1, · · · , αn)|αi ∈ Z≥0

روی{ > رابطه ͷی
از مجموعه�ای ͷی روی رابطه هر معادل (بطور
شرایط در که است ( xα, α ∈ Zn

≥0 تک�جمله�ای�ها
کند: صدق زیر

باشد. Zn
≥0 روی (خطͬ) جمعͬ ترتیب ͷی > -١

(∀α, β ∈ Zn
≥0, α > β, α < β, α = β)

. α+ γ < β + γ آنگاه γ ∈ Z≥0 و α < β اگر -٢

مقدمه

رسم رویه یا منحنͬ ͷی کردن پارامتری دلایل از ͬͺی
این از کاربرد ͷی است. کامپیوتر ͷکم به آن آسان
به است کامپیوتر ͷکم به هندسͬ طراحͬ در روش
بال�های یا ماشین�آلات بدنه طراحͬ برای مثال عنوان
دارد رویه�هایی و منحنͬ�ها به نیاز مهندسطراح هواپیما
باعث این و آنهاست شͺل در رنگ گوناگونͬ دارای که
معادلات که مͬ�شود طراحͬ در سرعت و آسان شرح
این برای گویا توابع و چندجمله�ای�ها شامل پارامتری
پایه معرفͬ قصد مقاله این در که هستند. مناسب�تر کار
ͷانیͺم مهندسͬ در آن عملͺرد نحوه و گروبنر های

داریم. را اجزاء طراحͬ شاخه

اولیه مفاهیم

با چندجمله�ای حلقه ͷی k[x1, · · · , xn] کنید فرض
f1, · · · , fs کنید فرض باشد. k میدان روی متغیر n

نمایش آنگاه باشد k[x1, · · · , xn] در چندجمله�ای�هایی
شده تولید متناهͬ بطور ایده�ال ͷی < f1, · · · , fs >

١
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یͷترکیبخطͬ r یا r = 0 و ai, r ∈ k[x1, · · · , xn] که
تقسیم قابل استکه تک�جمله�ای�هایی از k ضرایبدر با
را r نیست. LT (f1), · · · , LT (fs) از ͷی هیچ بوسیله
آنگاه aifi ̸= 0 اگر و گوییم F با تقسیم روی f باقیمانده

داریم:
multideg(f) ≥ multideg(aifi)

ذکر بالا در که r باقیمانده باشید داشته توجه
گرفتن قرار ترتیب به و نیست فرد به منحصر شد
اتخاذ که تک�جمله�ای ترتیب و F در چندجمله�ای�ها
بین از زمانͬ مشͺل این است. وابسته مͬ�شود،
گروبنر پایه�های ͷی بر چندجمله�ای�ها تقسیم که مͬ�رود
ͷی را I ⊂ k[x1, · · · , xn] ایده�ال پذیرد. انجام
مجموعه ͷی توسط هرگاه گوییم تک�جمله�ای ایده�ال
زیرمجموعه ͷی یعنͬ شود تولید تک�جمله�ای�ها از
همه شامل I بطوریͺه باشد، داشته وجود A ⊂ Zn

≥0

به متناهͬ مجموع بصورت که باشد چندجمله�ای�هایی
در .hα ∈ k[x1, · · · , xn] آن در که

∑
α∈A hαx

α شͺل
.I =< xα | α ∈ A > مͬ�نویسیم مورد این

غیر ایده�ال ͷی I ⊂ k[x1, · · · , xn] فرضکنید تعریف:
پیشرو جملات از ،مجموعه�ای LT (I) آنگاه باشد صفر
توسط شده تولید ایده�ال < LT (I) > و است I اعضای

LTاست. (I) اعضای
I =< xα|α ∈ A >⊂ کنید فرض دیͺسون: لم
در باشد تک�جمله�ای ایده�ال ͷی k[x1, · · · , xn]

که موجودند چنان α(1), · · · , α(s) ∈ A اینصورت
مولد ͷی I دیͽر بعبارت . I =< xα(1), ..., xα(n) >

دارد. متناهͬ
ͷی k[x1, · · · , xn] از I هرایده�ال هیلبرت: پایه قضیه
,g1چنان · · · , gt ∈ I یعنͬ دارد متناهͬ مولد مجموعه

.I =< g1, · · · , gt > که موجودند
کنید ACC):فرض صعودی زنجیر (وضعیت قضیه
در های ایده�ال از صعودی زنجیر ͷی I1 ⊂ I2 ⊂ · · ·

دارد وجود N ≥ 1 ͷی آنگاه باشند k[x1, · · · , xn]

زیرمجموعه (هر باشد خوشترتیب Zn
≥0 روی > -٣

باشد). ابتدا عضو دارای ناتهͬ
. α > β وقتͬ xα > xβ گوییم اینصورت در

یͷچندجمله�ای f = Σαaαx
α فرضکنید تعریف:

اینصورت: در باشد k[x1, · · · , xn] در صفر غیر

مͬ�کنیم: تعریف زیر بفرم را f درجه بزرگترین (١

multideg(f) = max{α ∈ Zn
≥0 : aα ̸= 0}

است. > شده اتخاذ ترتیب حسب بر ماکزیمم که

بصورت را f چندجمله�ای پیشرو ضریب (٢
مͬ�دهیم. نشان LC(f) = amultideg(f)

بصورت را f چندجمله�ای پیشرو تک�جمله�ای (٣
مͬ�دهیم. نشان LM(f) = xmultideg(f)

LT (f) بصورت= را f چندجمله�ای پیشرو جمله (۴
مͬ�دهیم. نشان LC(f).LM(f)

کنید فرض :( lexicographic (ترتیب تعریف
توان�های β = (β1, · · · , βn) و α = (α1, · · · , αn)

شده نمایشداده بردار بصورت که باشند تک�جمله�ای�ها
درجه�ها مجموع |β| = Σβi و |α| = Σαi و باشند
α−β بردارهای∋ تفاضل در اگر α >lex β آنگاه باشند،

باشد. مثبت صفر غیر درایه�ی چپ�ترین ،Zn

گروبنر پایه�های معرفͬ

چندجمله�ای�های از لیستͬ به f چندجمله�ای هر تقسیم
است. یافته تعمیم تقسیم الͽوریتم نیازمند f1, · · · , fs
در را تک�جمله�ای ترتیب ͷی ( تقسیم الͽوریتم )
ͷی F = (f1, · · · , fs) کنید فرض بͽیرید. نظر
f ∈ هر آنگاه باشد چندجمله�ای�ها از مرتب s−تایی

نوشت: زیر بفرم توان مͬ را k[x1, · · · , xn]

f = a1f1 + · · ·+ asfs + r

٢
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نقاط به وابسته و بوده هم از مستقل C2 و C1 بنابراین
شͺل به موضوع بهتر درک برای هستند. انتهایی�شان

کنید. توجه زیر

زیادی منحنͬ�های بالا روش�های با مͬ�توانم بنابراین
ریاضͬ روش�های با باید کار این اما کنیم رسم
(مͺعب) سوم درجه چندجمله�ای معادله باشد. همراه

است: زیر بصورت پارامتری بطور Bezier

X(t) = (1−t)3x1+3t(1−t)2x2+3t2(1−t)x3+t3x4

Y (t) = (1−t)3y1+3t(1−t)2y2+3t2(1−t)y3+t3y4

کنترل نقطه ۴ مختصات i = 1, 2, 3, 4 برای (xi, yi) که
مͬ�باشند. 0 ≤ t ≤ 1 و هستند پایانͬ و

مͺعب در گروبنر پایه�های کاربرد
اجزاء طراحͬ برای بزییر

مͺعب برای گروبنر پایه�های کاربردهای از ͬͺی در
مͬ�توان چطور داد، خواهیم نشان مقاله این در که بزییر
که یافت چندجمله�ای ͷی و کرد حذف را t پارامتر
ͷی محاسبه با را کار این باشد. مͺعب معرف
متشͺل I ایدال برای یافته کاهش گروبنر پایه�های
y و x متغیر و بزییر مͺعب پارامتری معادلات از
حذفͬ ترتیب با I =< x − X, y − Y > بصورت
پایه�های این مͬ�دهیم. انجام lexdeg([t], [x, y, xi, yi])

از ͬͺی فقط که است چندجمله�ای ١٢ شامل گروبنر
g و است g ∈ R[x, y, xi, yi] آن و ندارد را t پارامتر آنها

مͬ�باشد. جمله ۴۶٠ شامل و ۶ درجه از همͽن

.IN = IN+1 = IN+2 = · · · بطوریͺه
ͷی بͽیرید. نظر در را تک�جمله�ای ترتیب ͷی تعریف:
ایده�ال ͷی از G = {g1, · · · , gt} متناهͬ مجموعه زیر

هرگاه گوییم گروبنر پایه�های ͷی را I
. < LT (I) >=< LT (g1), · · · , LT (gt) >

شود، انجام G گروبنر پایه�های بر f تقسیم هرگاه
نشان r = f

G صورت به را آن و شده یͺتا r باقیمانده
گوناگونͬ الͽوریتم�های با گروبنر پایه�های مͬ�دهیم.
معروف�ترین�شان که آنها اولین که مͬ�شود محاسبه
الͽوریتم این دارد. نام بوخبرگر الͽوریتم هست نیز
پایه�های محاسبه به S−چندجمله�ای�ها از استفاده با

مͬ�پردازد. گروبنر
f1, f2 ∈ چندجمله�ای دو S−چندجمله�ای، تعریف:
مͬ�کنیم: تعریف زیر صورت به را k[x1, · · · , xn]

S(f1, f2) =
xγ

LT (f1)
.f1 −

xγ

LT (f2)
.f2

LM(fi)وابسته و xγ = LCM(LM(f1), LM(f2)) که
است. شده اتخاذ که است ترتیبی به

ͷی {g1, · · · , gs} ∈ I پایه ͷبوخبرگر:ی قضیه
اگر تنها و اگر است I گروبنر پایه�های

1 ≤ i < j ≤ s برای S(gi, gj)
G
= 0

بزییر مͺعب

بزییر چندجمله�ای مختصر معرفͬ به قسمت این در
سوم درجه چندجمله�ای در گروبنر پایه�های کاربرد و
دارای باید منحنͬ این مͬ�پردازیم. ( بزییر (مͺعب بزییر
E1 از خروجͬ مماس خط شیب مثلأ باشد ویژگͬ�هایی
به و باشد یͺسان C1 و E1 واصل خط شیب با باید
C1 موقعیت که مͬ�گویند کنترل نقطه را C1 دلیل همین
E1 نقطه از که است منحنͬ شیب کننده تعیین E1 با
نیاز کلͬ حالت در مͬ�شود. ختم E2 به و شده شروع
بͽذرد. C2 و C1 ͬͺنزدی یا و نقاط از منحنͬ نیست

است. برقرار نیز C2 E2و برای شرایط همین

٣

5

5



مراجع

[1] David Cox John Little Donal

O’Shea(Ideals, Varieties, and Al-

gorithms)(2th ed, Springer, 2007)(ISBN

10 0-387-35650-9)

[2] John Kennedy, (A Brief Introduction

To Bezier Curves),Mathematics Depart-

ment,Santa Monica College 1900 Pico

Blvd.Santa Monica, CA 90405

[3] DR. Rafal Ablamowicz(SOME APPLI-

CATIONS OF GROEBNER BASES

IN ROBOTICS AND ENGINEER-

ING)(December 2008)

(
3

2
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جایͽذاری با و مͬ�کنیم بررسͬ (2, 0) و (3, 2) و (0, 1
4
) و

I ایده�ال تشͺیل و پارامتری معادلات در کنترل نقاط
شده ذکر ترتیب با I برای گروبنر پایه�های محاسبه و

مͬ�آید: بدست زیر بصورت g چندجمله�ای

g = −213948x+ 66420y − 214164yx−

145656y2x+ 89964x2y + 110079x2 + 135756 +

78608y3 − 18522x3 + 219456y2 = 0

نتایج

که دارند معایب و مزایا سری ͷی شده ذکر روش�های
برمͬ�شماریم: زیر بصورت

مزایا:
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معایب:
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Abstract: In this paper we show that for a positive measure λ, the family of all measurable set that λ is

concentrated on them, is a lattice but is not complete in general. Also this family is an up-set of family of

all measurable sets but it is not principal up-set in general.

Keywords: Lattice, Complete Lattice, Up-set, Concentrator of measure.

1 INTRODUCTION

Always communication between two science or two

branches of a science is very useful and can be im-

prove both of branches. One of the most applicable

theories of mathematics is a measure theory and

also the concept of concentration of a measure on

a set is a fundamental concept in measure theory.

This concept is necessary for the Lebesgue-Radon-

Nikodiom theorem. On the other hand the notion

of lattice, plays an important role in algebra and

even in other sciences. In this paper we show that

for a measure space by a positive measure, the fam-

ily of measurable sets which measure of measure

space is concentrated on them is a lattice but it is

not complete lattice in general and also we show

that it is an up-set of family of all measurable sets

but it is not principal.

2 Preliminaries

In this section we recall some definitions from or-

dered algebra and measure theory:

Definition 2.1. [2]. Let (E,≤) be an ordered set.

Let x, y ∈ E. We say that x, y are comparable if

either x ≤ y or y ≤ x. In contrast, we say that x, y

are incomparable, and write x ∥ y, when xy and

yx.

Definition 2.2. [2]. Let (E,≤) be an ordered set.

A subset U of E is called an up-set if x ∈ U

and y ∈ E such that x ≤ y, then y ∈ U .

Also a principal up-set is an up-set of the form

x↑ = {y ∈ E | x ≤ y}.

Definition 2.3. [2]. A lattice is an ordered set

in which every pair of elements (and hence every

finite subset) has an infimum and a supremum.

Infimum and supremum of x, y is denoted by x ∧ y

and x ∨ y respectively. Thus a lattice often denote

∗Corresponding Author
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by (E,∧,∨,≤).

Definition 2.4. [2]. A lattice L is said to be com-

plete if every subset of L has an infimum and a

supremum.

Definition 2.5. [2]. A sublattice of a lattice L is

a nonempty subset E of L such that if x, y ∈ E,

then x ∧ y ∈ E and x ∨ y ∈ E.

Definition 2.6. [2]. A filter of a lattice L is a

sublattice of L that is also up-set.

Definition 2.7. [2]. A filter F of lattice L is called

prime filter if F ̸= L and if a ∨ b ∈ F , then a ∈ F

or b ∈ F .

Definition 2.8. [4]. Let λ be a measure on a σ-

algebra M . If there is a set A ∈ M such that

λ(E) = λ(A ∩ E) for every E ∈ M , we say that

λ is concentrated on A. This is equivalent to the

hypothesis that λ(E) = 0 whenever A ∩ E = ϕ.

Definition 2.9. [4] Let µ be a positive measure on

a σ-algebra M and λ be an arbitrary measure on

M . We say that λ is absolutely continuous with

respect to µ and write λ ≪ µ, if λ(E) = 0 for

every E ∈ M for which µ(E) = 0.

Definition 2.10. [4]. Suppose λ and µ are mea-

sures on M , and suppose there exist a pair of dis-

joint sets A and B such that λ is concentrated on

A and µ is concentrated on B. Then we say that λ

and µ are mutually singular, and write λ ⊥ µ.

3 Main Results

Let (X,λ,M) be a measure space. We consider Cλ

as family of all measurable set which λ is concen-

trated on them. ie;

Cλ = {A ∈ M | λ is concentrated on A}.

Theorem 3.1 Cλ = M if and only if λ = 0.

Theorem 3.2 If A,B ∈ Cλ, then A ∩B ∈ Cλ.

Theorem 3.3 Let λ be a positive measure. If

A ∈ Cλ and A ⊆ B, then B ∈ Cλ.

By Definition 2.8 if (X,λ,M) be a mea-

sure space and A ∈ Cλ, then clearly λ(A) = λ(X).

Now see the next theorem.

Theorem 3.4 Let (X,λ,M) be a measure space

and λ be a finite positive measure. If A ∈ M and

λ(A) = λ(X), then A ∈ Cλ.

Proof. Let E ∈ M and A∩E = ϕ. LetD = A∪E.

Thus λ(D) = λ(E) + λ(A) and so λ(D)λ(A). On

the other hand λ(D)λ(X) = λ(A). Hence λ(E) = 0

and so A ∈ Cλ.

Next example shows that finiteness condi-

tion in the previous theorem, is necessary:

Example 3.5 Let X be the set of all real num-

bers, A = [0,+∞) and λ be Lebesgue mea-

sure. Then λ(A) = λ(X) but A /∈ Cλ because

3 = λ([−1, 2]) ̸= λ([−1, 2] ∩A) = 2.

Theorem 3.6 If λ is a positive measure, then

(Cλ,⊆) is a lattice but it is not necessary complete

lattice.

Proof. Suppose that A,B ∈ Cλ. By Theorem

3.2, A ∩B ∈ Cλ and since A ⊆ A ∪B by Theorem

3.3, A ∪ B ∈ Cλ. Thus Sup{A,B} = A ∪ B and

Inf{A,B} = A ∩ B are in Cλ. Hence (Cλ,⊆) is a

lattice.

Now let X = [0, 1] and λ be the Lebesgue measure.

For each x ∈ X we put Ax = X − {x}. Then

λ(Ax) = λ(X) = 1 and by Theorem 3.4, Ax ∈ Cλ

for each x ∈ X. But
∩

x∈X Ax = ϕ and is not in

Cλ. Therefore Cλ is not complete.
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Theorem 3.7 Let λ be a positive measure and

A ∈ Cλ and B ⊆ A. If λ(B) = 0, then A−B ∈ Cλ.

Theorem 3.8 Let (X,λ,M) be a measure space

and λ be a positive measure. Then Cλ is an up-set

of an ordered set (M,⊆) but it is not principal in

general.

Proof. Theorem 3.3 shows that Cλ is an up-set of

M . Now we show that it is not necessary principal.

Let X be the set of all real numbers and λ be the

Lebesgue measure. Let A ∈ M such that Cλ = A↑.

Thus A ∈ Cλ and so λ(A) = λ(X). Hence A is

uncountable. Suppose B is a nonempty countable

subset of A. Then λ(B) = 0 and by Theorem 3.7,

A−B ∈ Cλ. This means that A ⊆ A−B and this

is a contradiction. Thus Cλ is not principal up-set.

Theorem 3.9 Let (X,λ,M) be a measure space

and λ be a positive measure. Then Cλ is a filter of

(M,⊆) but it is not necessary prime.

Let (X,M) be a measurable space and

C(X,M) = {Cλ | λ is a measure on M}.
Thus (C(X,M),⊆) is an ordered set and we have

the following theorems:

Theorem 3.10 Let (X,M) be a measurable space

and λ and µ be tow non zero measures on M . If

λ ⊥ µ then Cλ ∥ Cµ .

Theorem 3.11 Let (X,M) be a measurable space

and λ and µ be tow measures on M . If λ ≤ µ

then Cµ ⊆ Cλ .

Theorem 3.12 Let (X,M) be a measurable space

and λ and µ be tow measures on M . If λ ≪ µ

then Cµ ⊆ Cλ .
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Abstract: Given a non-abelian group G, the non-commuting graph of G is the graph with the vertex set

G−Z(G), where two non-central elements x and y are joined by an edge if and only if xy 6= yx, where Z(G)

is the center of G. In this paper, we prove that every finite group G with claw-free non-commuting graph is

isomorphic to one of the groups S3, D8 or Q8.
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1 INTRODUCTION

For an integer z > 1, we denote by π(z) the set

of all prime divisors of z. If G is a finite group,

then π(|G|) is denoted by π(G). Let G be a non-

abelian group and Z(G) be its center. We will as-

sociate a graph Γ(G) to G which is called the non-

commuting graph of G. The vertex set V (Γ(G))

is G − Z(G) and the edge set E(Γ(G)) consists of

(x, y), where x and y are distinct non-central ele-

ments of G such that xy 6= yx. The commuting

graph associated to a non-abelian group G is the

complement of Γ(G). Here, we are considering sim-

ple graphs, i.e., graphs with no loops or directed

or repeated edges. The non-commuting graphs of

the non-abelian finite groups have been studied in

some literatures. In [1], some properties of non-

commuting graph have been studied. A set of ver-

tices of a graph Γ is called an independent set, if

its elements are pairwise nonadjacent. Through-

out this paper, let G be a finite group and M(G)

denote a set of the orders of maximal abelian sub-

groups G. The independent number of a graph Γ,

which is denoted by α(Γ), is the cardinality of the

largest its independent set. Also, a claw-free graph

is a graph that does not have a claw, the complete

bipartite graph K1,3 as an induced subgraph. Be-

cause of the special properties of claw-free graphs,

they have been studied in some papers. In this pa-

per, we are going to study the groups that their

non-commuting graphs are claw-free.

2 Some Lemmas

In this section, we bring some lemmas which will

be used in the proof of the main theorem:

Lemma 2.1. If M(G) ⊆ {2, 3}, then G ∼= S3.

Proof. Since for every x ∈ G, 〈x〉 is an abelian sub-

group of G, we deduce that G is a finite group

and π(G) ⊆ {2, 3}. Also, for every p ∈ π(G),

the subgroups of order p2 are abelian, so |G|2 = 2

and |G|3 = 3. But G is non-abelian and hence,

π(G) = {2, 3}. Thus lemma follows.

∗Corresponding Author
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Lemma 2.2. If M(G) ⊆ {2, 4}, then G ∼= D8 or

Q8.

Proof. Since G is non-abelian, M(G) ⊆ {2, 4} and

for every x ∈ G, 〈x〉 is an abelian subgroup of G, G

is a 2-group, |Z(G)| = 2 and there exists x ∈ G

such that O(x) = 4. Also, we can see at once

that G/Z(G) is a 2-elementary abelian group and

CG(x) = 〈x〉. Thus 〈x〉/Z(G) is a normal subgroup

of G/Z(G) and hence, 〈x〉 is normal in G. There-

fore, G/〈x〉 = G/CG(x) →֒ Aut(〈x〉) ∼= Z2. This

forces |G| = 8 and hence, lemma follows.

Lemma 2.3. If G is a finite group with α(Γ(G)) ≤

2, then G ∼= S3, D8 or Q8.

Proof. By [2], we can see that M is a maximal

abelian subgroup of G if and only if M − Z(G)

is an independent set of Γ(G). Thus “α(Γ(G)) ≤

2” implies that for every maximal abelian sub-

group M of G, |M | − |Z(G)| ≤ 2. Thus

|Z(G)|(|M |/|Z(G)| − 1) ∈ {1, 2}. This forces

(|M |, |Z(G)|) ∈ {(2, 1), (3, 1), (4, 2)}. Thus one of

the following holds:

(i) |Z(G)| = 1 and M(G) ⊆ {2, 3}. Then

Lemma 2.1 forces G ∼= S3

(ii) |Z(G)| = 2 and M(G) ⊆ {2, 4}. Then

Lemma 2.2 forces G ∼= D8 or Q8 and hence,

lemma follows.

Lemma 2.4. If G is a finite group and H,K,L

are distinct proper subgroups of G such that G =

H ∪K ∪ L, then [G : H ] = [G : K] = [G : L] = 2

and H ∩ L = H ∩K = K ∩ L = H ∩K ∩ L.

Proof. It follows immediately by considering the

order of G.

2.1 Main results

Theorem 2.5. If G is a non-abelian finite group

such such that Γ(G) is claw-free, then G ∼= S3, D8

or Q8.

Proof. Let M = {x1, ..., xt} be a maximal inde-

pendent set of Γ(G) such that |M | = α(Γ(G)). We

continue the proof in the following cases:

(i) Let α(Γ(G)) ≥ 3 and xi1 , xi2 , xi3 be three

arbitrary elements of M . Since Γ(G) is claw-

free, we deduce that for every y ∈ G−Z(G),

y ∈ CG(xi1 ), CG(xi2) or CG(xi3 ). This shows

that G = CG(xi1)∪CG(xi2 )∪CG(xi2 ). Thus

Lemma 2.4 shows that

∩3

j=1
CG(xij ) = CG(xi1) ∩ CG(xi2 ). (1)

Now let z ∈ G− (M ∪ Z(G)). If there exists

1 ≤ i, j ≤ t such that z 6∼ xi and z 6∼ xj ,

then by (1), for every u ∈ {1, .., t} − {i, j},

z 6∼ xu. Thus M ∪ {z} is an independent

set, which is a contradiction. Thus there

exists at least one i ∈ {1, ..., t} such that

z 6∼ xi and hence, since Γ(G) is claw-free and

α(Γ(G)) ≥ 3, α(Γ(G)) = 3. Thus [2] shows

that there exists a maximal abelian subgroup

M ′ of G such that |M ′ − Z(G)| = 3 and for

every maximal abelian subgroupM ′′ of G, we

have |M ′′ −Z(G)| ≤ 3. Thus |Z(G)| = 1 and

3 ∈ M(G) ⊆ {2, 3}. So Lemma 2.1 shows

that G ∼= S3 and hence, α(Γ(G)) = 2, which

is a contradiction.

(ii) If α(Γ(G)) ≤ 2, then Lemmas 2.1 and 2.2

completes the proof.

Remark 2.6. If G is a finite non-abelian group,

then there exists x, y ∈ G−Z(G) such that xy 6= yx.

If Γ(G) is triangular free, then we can see at once

that G = CG(x)∪CG(y), which is impossible. Thus

for every finite non-abelian group, Γ(G) contains a

triangular.
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1 INTRODUCTION

For a finite group G, put M(G) = {|H | : H is

a maximal abelian subgroup of G}. By a(G) and

ar(G), we denote the maximum number in M(G)

and the order of the largest abelian subgroup of r-

Sylow subgroup of G, respectively. A finite group

G is called characterizable by the set of orders of

maximal abelian subgroups, if each finite group H

with M(G) = M(H) is isomorphic to G. For in-

stance, alternating group An, where n and n − 2

are primes or n ≤ 10 and the simple group Bn(q),

where n is a power of 2, are characterizable by the

set of orders of their maximal abelian subgroups

(see [2] and [1]). In this paper, we prove that:

Main Theorem. Let G be a finite group and let

n ≥ 17 be an odd number. If M(G) = M(Cn(4)),

then G ∼= Cn(4).

Throughout this paper, p is a prime num-

ber, q = pk and G is a finite group. We denote by

π(G) the set of prime divisors of the order of G.

The prime graph GK(G) of G is the graph with

vertex set π(G), where two distinct primes r and

s are joined by an edge (we write (r, s) ∈ GK(G))

if G contains an element of order rs. An inde-

pendent set in a graph Γ is a set of pairwise non-

adjacent vertices. ρ(G) (ρ(r,G)) denotes the inde-

pendent set in GK(G) (containing a prime r) with

a maximal number of vertices. Let t(G) = |ρ(G)|

and t(r,G) = |ρ(r,G)|. We use a | n when a is

a divisor of n and use |n|a = ae, when ae || n,

i.e., ae | n but ae+1n. If a is a natural num-

ber, r is an odd prime number and gcd(r, a) = 1,

then by e(r, a) we denote the minimal natural num-

ber n with an ≡ 1 (mod r). The prime r with

e(r, a) = m is called a primitive prime divisor of

am − 1. We denote by rm(a) some primitive prime

divisor of am − 1. If a is odd, then let e(2, a) = 1 if

a ≡ 1 (mod 4) and let e(2, a) = 2 if a ≡ −1 (mod 4).

By Fermat’s little theorem, e(r, a) | r − 1. Also, if

an ≡ 1 (mod r), then e(r, a) | n.

2 Main results

In the following, we have brought some useful lem-

mas which will be used during the proof of the main

theorem:
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Lemma 2.1. [2] Let G and K be two finite groups

such that M(G) = M(K). Then the prime graph

of G and the prime graph of K are same.

Lemma 2.2. [4, Theorem 1] Let G be a finite group

with t(G) ≥ 3 and t(2, G) ≥ 2. Then the following

hold:

1. There exists a finite non-abelian simple group

S such that S ≤ Ḡ = G/K ≤ Aut(S) for the

maximal normal soluble subgroup K of G.

2. For every independent subset ρ of π(G) with

|ρ| ≥ 3 at most one prime in ρ divides the

product |K|.|Ḡ/S|. In particular, t(S) ≥

t(G)− 1.

3. One of the following holds:

(a) every prime r ∈ π(G) non-adjacent to

2 in GK(G) does not divide the prod-

uct |K|.|Ḡ/S|; in particular, t(2, S) ≥

t(2, G);

(b) there exists a prime r ∈ π(K) non-

adjacent to 2 in GK(G); in which case

t(G) = 3, t(2, G) = 2, and S ∼= A7 or

A1(q) for some odd q.

For a finite integer n, we define the follow-

ing function which will be used in some following

lemmas:

η(n) =

{

n if n is odd;
n
2 otherwise.

Lemma 2.3. [5] Let G be one of the simple groups

of Lie type, Bn(q) or Cn(q), over a field of char-

acteristic p. Let r, s be odd primes with r, s ∈

π(G) \ {p}. Put k = e(r, q) and l = e(s, q), and

suppose that 1 ≤ η(k) ≤ η(l). Then r and s are

nonadjacent if and only if η(k) + η(l) > n and l/k

is not an odd natural number.

Lemma 2.4. [5, Proposition 3.1] Let G = Cn(q) ,

r ∈ π(G) and r 6= p. Then (r, p) 6∈ GK(G) if and

only if η(e(r, q)) > n− 1.

Proof of the main theorem. If G is a fi-

nite group such that M(G) = M(Cn(4)), then

Lemma 2.1 shows that GK(G) = GK(Cn(4)).

Thus Lemma 2.4 guarantees that {2, r2n} ⊂

ρ(2, Cn(4)) = ρ(2, G). Since t(G) ≥ 3 and t(2, G) =

t(2, Cn(4)) = 3, Lemma 2.2(1) forces to exist the

maximal solvable subgroupK ofG and a finite non-

abelian simple group S such that S ≤ G = G/K ≤

Aut(S) and t(S) ≥ t(G) − 1. In [3], the authors

show that S ∼= Cn(4). Now by considering the in-

dependent set

ρ = {r2n(4), r2(n−1)(4), r2(n−2)(4)}

of GK(G) and Lemma 2.2(2), we can see that

K = 1. This implies that

Cn(4) ≤ G ≤ Aut(Cn(4)).

But

[Aut(Cn(4)) : Cn(4)] = 2.

Thus either G ∼= Aut(Cn(4)) or G ∼= Cn(4). If

G ∼= Aut(Cn(4)), then G contains a field auto-

morphism ψ of order 2. Thus CCn(4)(ψ) = Cn(2).

But Cn(2) contains a maximal abelian subgroup

M0 of order 2n + 1. Thus G contains a maxi-

mal abelian subgroup M such that M0 ≤ M and

[M : M0] | 2. But we can see at once that if

there exists a ∈ M(G) such that r2n(4) | a, then

a = 4n + 1, which is a contradiction and hence,

G ∼= Cn(4), as claimed.
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Abstract: This article introduces a new version of G-type domains that’s called ”pullback of G-type Do-

main” and for each G-type domain R, there exists a canonical associated pullback of G-type domain, that

is denoted by ”R̃”. Furthermore there exists a canonical induced map Spec(R) −→ Spec(R̃) which is a

homeomorphism. In special case, if R is a Prüfer G-type domain, then R will be coincides to R̃.

As usual, if R is a commutative ring with unit, then ”Spec(R)” will be equipped to Zariski topology, in

addition for each topological space that is homeomorphic to the ”Spec(R) = X” it is called a ”Spectral

Space”.

Here, a new version of ”G-type Space” is produced, which is a topological space homeomorphic to ”Spec(R) =

X”, for a suitable G-type domain of R. The process of these spaces will be started by producing some of

new definitions related to the concept of various version of Spectral Spaces .

Keywords: .

1 Some mathematical re-

marks

A domain R is called a ”G-type domain” if

its quotient field is countably generated as a R-

algebra.

R is a G-type domain if and only if its zero

ideal is the contraction of a maximal ideal in

R[x1, x2, ..., xn, ...].

A prime ideal I of R[x1, x2, ..., xn, ...] is called

”G-type ideal” if and only if its contraction in

R and R[x1, x2, ..., xn] for all n ≥ 1 are G-type.[1]

Let R be a domain with quotient field K and P be

any prime ideal of R and S = R\P be a mcs set of

R and R̄ = R/P and T be the Total quotient ring

of R̄ so:

i) R̃ is a pullback of a ring of fraction T of R such

that each nonzero prime of T is contained in the

union of height 1 primes.

ii) R+ : the seminormalization of R.

iii) R
′
: the integral closure of R.

iv) R∗ : the complete integral closure of R.

v) Let P (R) =
∩

P∈spec(R)

P ̸=(0)
P , it’s shown that for

brevity by P, so it’s defined as following:

1) P+: seminormalization of P.

2) P
′
: integral closure of P.

3) P ∗: complete integral closure of P.

vi) X(R): denote the set of all valuation overrings

of R.

X1(R): The set of all one-dimensional valuation

overrings of R.

vii) mV : denote the maximal ideal of any given val-

uation ring V.[7] The G-type domain R is called

essential (essential type) if each nonzero prime ideal

of R is contained in union of prime ideals in R with

∗Corresponding Author
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height 1.

Let the G-type domain of R is one dimensional

and it’s motivation S−1R is also essential, then

the R̃ is pullback of an essential G-type domain.[5]

For each commutative ring R, let Speci(A) denote

the subspace of Spec(R) consisting of the height i

primes.

Especially, if Spec1(R) = {P1, P2, ..., Pn}, then:

S−1R = ∩RPi
.[5] Let P be a prime ideal in a

ring R, then the following are equivalent:

i) P is a G-type ideal in R.

ii) There exists a countable multiplicative closed

set S in R such that: P is maximal with respect to

having the empty intersection with S.

iii) There are either only a countable number of

prime ideals in R/P or any uncountable set of

prime ideals properly containing P, say F, can be

written in the form F = ∪n∈ΛFn , where Λ is a

subset of the natural numbers, P is properly con-

tained in ∪Q∈FnQ for each n and some of the Fn

are uncountable.[2] Let R be a domain, such that

each of its ideals countably generated , then R is a

G-type domain if and only if there exists a count-

ably generated R-algebra ”T” contains the quotient

field of R.[14] Let K be an algebraically closed field

and R = K[x1, x2, ...] then every maximal ideal M

of R is the form of M = (x1−α1, x2−α2, ...) if and

only if K is uncountable.[14] Let R has count-

able noetherian dimension, then R is a finite direct

sum of G-type domain if and only if each localiza-

tion RP is a G-type domain or countably gener-

ated as a ϕP (R)-algebra, where ϕP : R −→ RP

is the natural homomorphism.[14] The ring of R

is said has the ”CPA” property(Countable Prime

Avoidance) if A ⊆ ∪∞
i=1Pi ( A an ideal of R) then

A ⊆ Pi, ∃i.[14]

Let R be an integrally closed G-type domain,

then:

i) R∗ = ∩{V |V ∈ X1(R)}

ii) P (R) = P (R∗) = ∩{mV |V ∈ X1(R)}

Let a ring R have ”dcc” on finite intersec-

tions of prime ideals (R has dcc on prime ideals,

R/P has only a countable number of nonzero min-

imal primes for each prime P ), then each prime

ideal P of R is a G-ideal (G-type ideal).

Let R be a noetherian domain, R is a G-type

domain if and only if it has only countable number

of nonzero minimal prime ideals

Let k − dimR = n, then R is a G-type do-

main if and only if the number of nonzero minimal

prime ideals in R are countable. Proof. By The-

orem ”2.2” it is trivial. Let R be a noetherian

domain with the CPA property, then R is a G-type

domain if and only if Spec(R) is countable and each

nonzero prime ideal is maximal(i.e.,k−dimR ≤ 1).

If R be a G-type domain, then Spec(R̃) is

homeomorphic to Spec(R) (via the map induced

by the natural inclusion of R in R̃ ).

If R is a Prüfer G-type domain, then S−1R ⊂
R∗, R has pullback type, and R∗ = ∩{RP |P ∈
Spec1(R)} has essential type. In addition, if R is a

Bézout G-type domain, then S−1R = R∗.

It is exhibited a one-dimensional quasilo-

cal domain R such that R∗ is a one-dimensional

(therefore, essential) Prüfer G-type domain, but

not semiquasilocal. Let V be a one-dimensional

valuation domain with quotient field K such that

there exists an algebraic field extension L of K hav-

ing infinitely many valuation subrings extending V.

(for instance, take V = ZPZ and L the field of al-

gebraic numbers.) Let T be the integral closure of

V in L. Then T is one-dimensional and Prüfer, but

not semiquasilocal.
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Abstract: In this paper we examine AttR(H
d−1
I,J (R)) in which d := dim(R), the set of attached prime ideals

of Hd−1
I,J (R). As a technical tool we use the concept of colocalization introduced by Richardson in [3].
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1 INTRODUCTION

Local cohomology modules with respect to a pair

of ideals was introduced firstly in [4].

Recall that for an R-moduleK, a prime ideal

p of R is said to be an attached prime ideal of K

if p = Ann(K/N) for some submodule N of K.

We denote the set of attached prime ideals of K by

AttR(K). When K has a secondary representation,

this definition agrees with the usual definition of at-

tached primes. If K is an Artinian R-module, so

that K admits a reduced secondary representation

K = K1 + · · · + Kr such that Ki is pi-secondary,

i = 1, · · · , r, then AttR(K) = {p1, · · · , pr} is a fi-

nite set. M. Eghbali in [1] examine AttR(H
d−1
a (R))

in which d := dim(R) and a is an ideal of R.

Assume that (R,m) is a local ring and S

a multiplicative closed subset of R. Recently, A.

S. Richardson [2] has proposed the definition of

colocalization of an R-module M relative to S as

the S−1R-module S−1M = DS−1R(S
−1DR(M)),

where D(−) stands for the Matlis duality func-

tor. In the light of [2, Theorem 2.2], representable

modules are preserved under colocalization and

in case M is a representable module, we have

AttS−1RS−1M = {S−1p : p ∈ AttM and S ∩ p =

∅}. (1)

In this paper we examine AttR(H
d−1
I,J (R))

the set of attached prime ideals of Hd−1
I,J (R) in

which d = dim(R). As a technical tool we use the

concept of colocalization introduced in [2].

2 ATTACHED PRIME IDE-

ALS OF Hd−1
I,J (R)

Assume that (R,m)is a local ring with d = dim(R).

Theorem 2.1. Let c be an integer such

that Hc
I,J(R) is a representable R-module and

Hi
I,J(R) = 0 for every i > c. Then

(i) AttRp(
pHc

I,J(R)) ⊆ {qRp : q ∈ Spec(R), q ⊆
p and dimR/q + J ≥ c}, for all p ∈ Spec(R).

(ii) AttRp(
pHdimR

I,J (R)) = {qRp : J ⊆ q ⊆
p,
√
I + q = m,dimR/q = dimR}.
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Proof. (i) Assume that qRp ∈ AttRp(
pHc

I,J(R)).

Then q ∈ Spec(R) and q ⊆ p also by virtue of

(1), q ∈ AttHc
I,J(R). Hence, q ∈ AttHc

I,J(R/q).

This implies that Hc
I,J(R/q) ̸= 0 and consequently

dimR/q + J ≥ c, by [4, Theorem 4.3].

Let qRp ∈ AttRp
(pHd

I,J(R)). As we have

seen in part one Hd
I,J(R/q) ̸= 0 so dimR/q = d

and by Hartshorn Litchenbaum Vanishing Theo-

rem
√
I + q = m and J ⊆ q so it is enough to show

that q ∈ AttHd
I,J(R). As dimR/q = d so Indepen-

dence Theorem implies that Hc
I,J(R/q) ̸= 0. Hence

easily one can see that

∅ ̸= AttHc
I,J(R/q) = Hc

I,J(R))∩ Supp(R/q). (2)

In the contrary assume that q /∈ AttHd
I,J(R). Then

by virtue of (2) there exists a prime ideal q0 ∈
AttHd

I,J(R) such that q0 ⊇ q and so dimR/q0 < d.

On the other hand q0 ∈ AttHd
I,J(R) if and only if

q0Rq0 ∈ AttRq0
(q0Hd

I,J(R)). By virtue of part one

dimR/q0 = d which is a contradiction. Now the

proof is complete.

Theorem 2.2. Let R be a complete local ring of

dimension d. Let I, J be two ideals of R. Assume

that Hd−1
I,J (R) is representable and Hd

I,J(R) = 0.

Then

(i) AttHd−1
I,J (R) ⊆ {p ∈ Spec(R) : dimR/p =

d− 1, J ⊆ p,
√
I + p = m} ∪Assh(R).

(ii) {p ∈ Spec(R) : dimR/p = d − 1, J ⊆
p,
√
I + p = m} ⊆ AttHd−1

I,J (R).

Proof. (i): Let p ∈ AttHd−1
I,J (R), then pRp ∈

AttpRp
Hd−1

I,J (R). Hence by Theorem2.1 dimR/p ≥
d − 1 and J ⊆ p. When dimR/p = d it follows

that p ∈ Assh(M). In the case dimR/p = d − 1,

as p ∈ AttHd−1
I,J (R) and Hd−1

I,J (−) is a right exact

functor so one can deduce that Hd−1
I,J (R/p) ̸= 0.

(ii) Let dimR/p = d − 1 with
√
I + p = m

and J ⊆ p. Then Theorem 2.1(ii) implies that

pRp ∈ AttpRp
Hd−1

I,J (R/p). By (1) we deduce that

p ∈ AttHd−1
I,J (R/p). On the other hand the epi-

morphism

Hd−1
I,J (R) → Hd−1

I,J (R/p) → 0

implies that p ∈ AttHd−1
I,J (R).
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1 INTRODUCTION

The formal study of semigroups began in the early

20th century. Semigroups are important in many

areas of mathematics, for example, coding and lan-

guage theory, automata theory, combinatorics and

mathematical analysis. A semigroup is an algebraic

structure consisting of a non-empty set S together

with an associative binary operation.

In 1981, Sen and Later, In 1986, Senan Saha in-

troduced the notion of the Γ-semigroup, which

is in facta generalization of the notation of the

semigroup. The topic of investigations about Γ-

semigroups have been analyzed by a lot of math-

ematicians for instance by Sen, Saha, Qutta, Ad-

hikari, Hila,... .

Many classical notions and results of the theory

of semigroup have been extended a generalized

to Γ-semigroups by a lot of mathematicians. Ac-

tion over semigroups S-acts were introduced by

Hoehnke. One of the very useful notions in many

branches of mathematics as well as in computer

science is the action of a semigroup or a monoid on

a set.

In this paper, we introduce action over Γ-

semigroups as a generalization of action over semi-

groups and investigate classical notion and results

of the theory of acts extend a generalis to Γ-acts. So

we generalized the notions:subacts, fixed element,

identity, homomorphism, congruences, quotionts

and homomorphism theorem.

In section 1, the notion of a Γ-act is introduce

and some examples are given. The concept of

gamma acts of a Γ-semigroup has been introduced

and some basic properties and have been obtained.

Finally we show investigate the essential homomor-

phism theorem in Γ-acts.

In the following we first recall some facts about

the category S −Act needed in this paper.

Let S be a semigroup and A be a set. If we have a

mapping (called the actio of S on A )

µ : S ×A → A

(s, a) 7→ sa := µ(s, a) (1)

Such that (st)a = s(ta) for a ∈ A, s, t ∈ S we call

A a (left) S−act or a (left) act over S and write SA.

∗Corresponding Author
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If S is a monoid with identity 1, we usually also

require that 1a = a for a ∈ A.

Let S and Γ be non-empty sets we call S to be a Γ-

semigroup if there exists a mapping S×Γ×S → S

writing (a, γ, b) by aγb, such that S satisfies the

identity (aγb)βc = aγ(bβc) for all a, b, c ∈ S ad

γ, β ∈ Γ.

An element a of a Γ-semigroup S is said to be:

(i) A Left identity of S provided (aγs) = s for

all s ∈ S and γ ∈ Γ.

(ii) A right identity of S provided (sγa) = s for all

s ∈ S and γ ∈ Γ.

(iii) An identity provided it is both a left iden-

tity and right identity of S.

A Γ-semigroup with identity is called a Γ-monoid.

If S is a Γ-semigroup, so a mapping

S × Γ×A → A

(s, γ, a) 7→ sγa = a

Makes A to be a Γ− S-act.

2 On Gamma S-acts

Definition 2.1. Let S be a Γ-semigroup and A

be a set. If we have a mapping

λ : S × Γ×A → A

(s, γ, a) 7→ sγa := λ(s, γ, a)

such that (sγt)βa = sγ(tβa) for a ∈ A, s, t ∈ S

and γ, β ∈ Γ, we call A a (left) Γ−S-act or a (left)

Γ-act over S, and write Γ−S A.

If S is a Γ-monoid with identity 1, we usually

also require that 1γa = a for a ∈ A and γ ∈ Γ.

Therefor if S = {1} such that 1 is identity of S

then every non-empty set A is a left and right

Γ− S-act.

Lemma 2.2. Let S be a Γ-semigroup, then S

on itself is a Γ− S-act.

Example 2.3. Let S be the set of all 3× 2

matrices over Z, the set of integers numbers and Γ

be the set of all 2×3 matrices over Z and M be the

set of all 3×3 matrices over Z. Define AγB=usual

matrix product of A, γ,B, for all A ∈ S, γ ∈ Γ and

B ∈ M . Then M is a Γ − S-act, Note that M is

not S-act.

Example 2.4. Let A is a Γ− S-act and γ

a fixed element of Γ. We define s.a = sγa for every

s ∈ S and a ∈ A. We can show that A with this

action is a S-act.

Example 2.5. Let A is a S-act and Γ be a non-

empty set. Define a mapping from S × Γ × A to

A as, sγa = sa for every s ∈ S, γ ∈ Γ and a ∈ A.

Then A is a Γ− S-act.

Note that every S-act can be considered to be

a Γ − S-act. Thus the class of all Γ − S-acts in-

cludes the class of all S-acts.

Note that Γ− S-act is generalization of a S-act.

Definition 2.6. Let A be a Γ− S-act and A′ ⊆ A

a non-empty subset. Then A′ is called a Γ-subact

of A if sγa′ ∈ A′ for all s ∈ S, a′ ∈ A′ and γ ∈ Γ.

(or SΓA′ ⊆ A′).

Definition 2.7. Let A be a Left Γ − S-act. A

element θ ∈ A is called a right zero of A (a fixed
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element) if sγθ = θ for every s ∈ S and γ ∈ Γ.

Note that {θ} is a Γ-subact.

An Γ − S-act can have more than one zero, for

example:

Lemma 2.8. If the Γ-monoid S has a right

zero z, then every element zγa, a ∈ A and γ ∈ Γ is

a right zero of A.

Definition 2.9. We call A a simple Γ-act if it

contains no Γ-subacts other than A itself.

We call A a θ-simple Γ-act if it contains no other

than A and one 1-element Γ-subact, i.e. Sθ = {θ}.

Lemma 2.10. Let S and U be Γ-semigroup.

Then the product of S × U = T is a Γ-semigroup.

3 Homomorphism Theorem

for Γ− S-Acts

Definition 3.1. Let SA,S B be two left Γ − S-

acts. A mapping f :S A →S B is called a Γ-

homomorphism of left Γ− S-acts or just an Γ− S-

homomorphism, if:

f(sγa) = sγf(a) for every a ∈S A, s ∈ S and

γ ∈ Γ.

The set of all Γ − S-homomorphism from SA in

SB will be denoted by Hom(SA,S B) or sometimes

by HomS(A,B) (that S is Γ-semigroup). Clearly,

idA :S A →S A is a Γ-homomorphism.

A Γ − S-homomorphism f :S A →S B is called

an Γ − S-isomorphism if f is bijective and write

SA ∼=S B.

Note that if f :S A →S B be Γ−S-homomorphism

therefore f(SA) is Γ-subact of SB.

Lemma 3.2. The composition gf of Γ-

homomorphisms f :S A →S B, g :S B →S C

of left Γ − S-acts is a Γ-homomorphism, i.e.

gf ∈ HomS(A,C).

Lemma 3.3. The inverse mapping f−1 of a bi-

jective Γ-homomorphism f of left Γ − S-acts is a

Γ-homomorphism of left Γ− S-acts.

Definition 3.4. Let SA be a Γ − S-act. An

equivalence relation ρ on A is called a Γ − S-act

congruence or a Γ-congruence on SA, if aρa
′ im-

plies (sγa)ρ(sγa′) for a, a′ ∈S A , s ∈ S and γ ∈ Γ.

Definition 3.5. Let SA be a Γ − S-act and ρ be

a Γ-congruence on SA. Then SA
ρ = {[a]ρ|a ∈S A}

with sγ[a]ρ = [sγa]ρ for every s ∈ S and γ ∈ Γ is

called factor Γ-act of SA by ρ. Note that, If S is

a Γ-monoid then any left Γ-congruence ρ on S is a

Γ-act congruence on SS.

So SS
ρ = {[s]ρ|s ∈S S} such that for every [s]ρ ∈ SS

ρ

we have [s]ρ = [sγ1]ρ = sγ[1]ρ for every γ ∈ Γ,

therefore SS
ρ is generated by [1]ρ such that 1 is

identity of S we denote SS
ρ =< [1]ρ >.

Lemma 3.6. Let ρ be a Γ-congruence on a Γ-

act SA. The canonical surjection

Πρ :S A → SA

ρ

a 7→ [a]ρ

is a Γ-homomorphism. It is called a canonical epi-

morphism.

Definition 3.7. Let SB be Γ-subact of SA. An

equivalence relation ρB on SA is called a Γ-Rees

congruence on SA, if aρ
B
a′ implies a, a′ ∈ B or

a = a′ for a, a′ ∈S A.
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Definition 3.8. If SB be Γ-subact of SA Rees

factor SA
SB = {[a]ρ

B
|a ∈S A} with Γ-Rees congru-

ence ρB on A.

Definition 3.9. Let S be Γ-semigroup and K

be subset of S. K is called a left Γ-ideal of S if

SΓK = {sγK|s ∈ S, γ ∈ Γ and k ∈ K} be subset of
K. In particular Γ-ideal K from S is Γ-subact of S.

Corollary 3.10. If SK is a left Γ-ideal of SS

then SS
SK is the Γ-Rees factor of SS by the left

Γ-ideal SK.

Definition 3.11. Let f :S A →S B be Γ-

homomorphism, ρ = kerf that aρa′ ⇔ f(a) =

f(a′) then ρ is called kernel Γ-congruence of f .

Theorem (Homomorphism theorem for

Γ-acts)3.12. Let f :S A →S B be a Γ-

homomorphism and ρ be a Γ-congruence of SA

such that aρa′ implies f(a) = f(a′), i.e. ρ ≤ ker f .

Then f ′ : SA
ρ →S B with f ′([a]ρ) := f(a), a ∈S A,

is the unique Γ-homomorphism such that the fol-

lowing diagram is commutative. (Πρ :S A → SA
ρ )

SA −→S B

↘ SA
ρ ↗

References

[1] R.Ameri,R.Sadeghi gamma modules Ratio

Mathematical 20,2010.

[2] R.Chinram and K.Tinpun isomorphism

thorems forΓ -semigroup and ordered Γ -

semigroup Tha:jornal of mathematics volume

7(2009) Number 2:231-241.

[3] Z.Hssin, gamma modules with gamma rings

of gamma endomorphisms . International jor-

nal of science and technology the Experiment

jan.2013,vol.6(3),346-354.

[4] M.Kilp,U.Knauer, A.V.Mikhalev, Monoids,

acts and categories . w. de Gruyer, Berlin-

Newyork, 2000.

[5] H. J. Hoehnke, Structure theorie der Halgroup-

pen,Math. Nachr, 26, 1-13 (1963).

[6] H. J. Hoehnke, Structure of semi groups,

Canada. J. Math, 18, 449-491 (1966).

[7] M. K. Sen, On Γ-semiproups, Proceedings of

the international conference on Algebra and its

application, Deckar publication, New York., 301

(1981).

[8] M. K. Sen, On Γ-semigroup, Bull. Cal. Math.

Sco, 78 (1986), 180-186.

4

24

24



Armendariz Ideals Relative to a Monoid

F.Fatahi∗, Department of Mathematics,

University of Buali Sina,Hamedan,f.fatahi.kntu@ gmail.com

G.R. Safakish, Department of Mathematics,

University of Buali Sina,Hamedan, safakish@ iust.ac.ir

Ph. D. student ,

PHD ”Academic member”.
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ideals, and investigate some results involving theme. We show that if R be a right Ore ring with classical

right quotient ring Q and I is M -Armendariz left ideal of R, then QI is M -Armendariz left ideal of Q.
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1 INTRODUCTION

Throughout this article R denotes an associative

ring with identity, M denotes a monoid with iden-

tity e. The left annihilator of a subset A of a

ring R is denote by rR(A) or r(A). Rege and

Chhawchharia [1] introduced the notion of an Ar-

mendariz ring. They define a ring R to be an

Armendariz ring if whenever polynomials f(x) =

a0+a1x
1+· · ·+amxm, g(x) = b0+b1x

1+· · ·+bnx
n

∈ R[x] satisfy f(x)g(x) = 0, then aibj = 0 for each

i and j. (The converse is always true.). A monoid

M is called a u.p.-monoid (unique product monoid

) if for any two non empty finite subsets A,B ⊆ M ,

there exists an element g ∈ M uniquely presented

in the form ab where a ∈ A and b ∈ B. Liu [3] called

a ring R is M -Armendariz if whenever elements

α = a1g1+· · ·+amgm, β = b1h1+· · ·+bnhn ∈ R[M ]

satisfy αβ = 0, then aibj = 0 for all i, j. Which is a

generalization of Armendariz rings. We recall that

a left ideal I of R is called Armendariz [2] if when-

ever polynomials f(x) = a0 + a1x
1 + · · ·+ amxm,

g(x) = b0 + b1x
1 + · · ·+ bnx

n ∈ R[x] satisfy

f(x)g(x) ∈ rR[x](I[x]), then aibj ∈ rR(I) for each

i and j. In this article a left ideal I of R is called

M -Armendariz if whenever elements α =
n∑

i=1

aigi,

β =
m∑
j=1

bjhj ∈ R[M ] satisfy αβ ∈ rR[M ](I[M ]) we

have aibj ∈ rR(I) for all i, j. Which is a generaliza-

tion of Armendariz ideals. Let M = {N ∪ {0},+}.
Then a ring R is M -Armendariz if and only if R

is Armendariz. Also, if M = {N ∪ {0},+}, then a

ideal I of ring R is M -Armendariz if and only if I

is Armendariz.

2 Main Results

A left ideal I of R is called abelian if for each

idempotent elements e ∈ R, er − re ∈ rR(I) for

any r ∈ R.

∗Corresponding Author
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Definition. Let R be a ring.

(a) A left ideal I of R is called M -

Armendariz if whenever elements α =
n∑

i=1

aigi, β =

m∑
j=1

bjhj ∈ R[M ] satisfy αβ ∈ rR[M ](I[M ]) we have

aibj ∈ rR(I) for all i, j.

(b) A left ideal I of R is called reduced if

a2 ∈ rR(I), we have a ∈ rR(I) for every a ∈ R.

Clearly, the converse assertion of the condi-

tion of definition holds for every ring R and every

left ideal I of R since rR[M ](I[M ]) = rR(I)[M ].

A classical right ring for a ring R is a right of

fractions for R with respect to set of all regular el-

ements in R. The situation when R has a classical

right quotient right Q is a also denoted by saying

that R is a right r, s ∈ R such that xr = ys ̸= 0.

A ring R is called right Ore if for each nonzero

x, y ∈ R there exist r, s ∈ R such that xr = ys ̸= 0.

A ring R has a classical right quotient ring if and

only if the set of regular elements in R is right Ore

set

Theorem 2.1. Let M be a monoid and R be a

right Ore ring with classical right quotient ring Q.

If I is M -Armendariz left ideal of R, then QI is

M -Armendariz left ideal of Q.

We know that any subring of an M -

Armendariz ring is M -Armendariz ring. In the fol-

lowing proposition we prove that any left ideal of

R is an M -Armendariz left ideal provided that R

is M -Armendariz ring.

Theorem 2.2. If R is an M -Armendariz ring,

then each left ideal of R is an M -Armendariz left

ideal.

Let R be a ring. Define a ring T (R) as fol-

lows:


 a b c

0 a d

0 0 a

 |a, b, c, d ∈ R

 .

For a u.p.-monoid M we give an example

of a nonzero M -Armendariz left ideal of a non-M -

Armendariz ring.

Example. Let R = Z4, M a u.p.-monoid and S =

T (R). Since the ringR is not reduced, by [3, Propo-

sitions 1.1 and 1.7], S is notM−Armendariz. Write

a =

 0 2 2

0 0 2

0 0 0

 , I = Sa and r(I) = rs(I), then

r(I) =


 r a b

0 r c

0 0 r

 |r ∈ {0, 2}, a, b, c ∈ Z4

.

For the upper triangular matrix ring T (R), we

have nil(T (R)) =

 nil(R) R R

0 nil(R) R

0 0 nil(R)

,

therefore nil(T (R)) = r(I). So S/r(I) is a reduced

ring, hence I is an M -Armendariz left ideal of S.

Theorem 2.3. Let M be a u.p.-monoid and I a

reduced left ideal. Then I is an M -Armendariz left

ideal.

Theorem 2.4. Let M be a monoid and N a

u.p.-monoid. If I is a reduced left ideal and M -

Armendariz left ideal, then I[N ] is M -Armendariz

left ideal.

Theorem 2.5. Let M be a monoid and N be a

u.p.-monoid. If I is a reduced and M -Armendariz

left ideal, then I is M ×N -Armendariz left ideal.
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مجموعه زیر ͷی توسط شده تولید ضعیف استلزامͬ ایده�آل�های
مشبͺه استلزامͬ جبر از

norouzi.pooran@yahoo.com؛ تهران، بهشتͬ شهید دانشͽاه ارشد، کارشناسͬ التحصیل فارغ ، نوروزی پوران

بنا استلزامͬ جبر و شبͺه ترکیب براساس که هستند منطقͬ جبری ساختار ͷی مشبͺه استلزامͬ جبرهای چͺیده:
ضعیف -ایده�آل�های LI نماد با رابطه در قضیه دو اثبات و تعریف ͷی اصطلاح به داریم قصد مقاله این در شده�اند.
جبرهای در ضعیف استلزامͬ آل�های ”ایده عنوان با ای مقاله در ، J.J. Lai توسط که مشبͺه، استلزامͬ جبرهای در
جبرهای در -ایده�آل�ها LI از ”توسیعͬ عنوان با مقاله در J.J. Lai ، Y. Xu ، M. Jun و مشبͺه”(٢٠٠۶) استلزامͬ

بپردازیم. است، درآمده تحریر به (٢٠٠٧) مشبͺه” استلزامͬ
آل. -ایده WLI -ایده�آل، LI مشبͺه، استلزامͬ جبر کلیدی: کلمات

مطالعه مورد وسیع طور به منطقͬ جبر این پس آن
مفهوم (Jun) جون مقاله در گرفت. قرار محققان
تعریف را مشبͺه استلزامͬ جبرهای در -ایده�آلها LI
است. داده قرار بررسͬ مورد را آنها وخاصیتهای کرده
ایده نظریه مشبͺه، استلزامͬ جبرهای کلͬ توسعه برای
مͬ ایفا مشبͺه استلزامͬ جبرهای در را مهمͬ نقش آلها
ها، آل ایده نظریه از تعمیمͬ عنوان به مقاله این در کند.
مشبͺه استلزامͬ جبرهای در ها آل -ایده WLI مفهوم
کنیم. مͬ اثبات را آن وقضیه خاصیت چند و معرفͬ را

مشبͺه١ استلزامͬ جبرهای

» آن در که (L,∨,∧,′ , o, I) کراندار مشبͺه .١ تعریف
با همراه مرتب، معͺوس جذبͬ�ـ� یͺانͬ عمل ͷی « ′

مقدمه

هوش برای مفید ابزار ͷی ͷکلاسی غیر منطق اخیرا
توسیع مقداری چند منطق چون است. بوده مصنوعͬ
در لذا است ͷکلاسی منطق از پیشرفته�ای و بزرگ
منطق به نسبت جالبͬ روش سیستم�ها، اثبات و طراحͬ
مقداری، چند منطق حوزه در کند. مͬ فراهم ͷکلاسی

کند. مͬ ایفا را مهمͬ نقش مشبͺه
(Pavelka)، پاولͺا (Goguen)، گاگون اینرو از
مقداری منطق فرمولͬ دستͽاه روی (Novak) نواک
در تحقیق خاطر به بعلاوه کردند تحقیق مشبͺه
ایشان گزاره ارزش که مقداری چند منطق دستͽاه�های
(Xu ͹یان ،١٩٩٠ سال در است، شده داده مشبͺه در
و کرد ارايه را مشبͺه استلزامͬ جبرهای نظریه Yang)
از کرد. اثبات آنها مورد در را زیادی های خاصیت

١ Lattice Implication Algebras

١
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مشبͺه استلزامͬ جبر ͷی L کنید فرض .٣ تعریف
LI-ایده�آل را L از A غیرتهͬ مجموعه زیر باشد.
برای هرگاه نامند، L WLI-ایده�آل اختصار به یا ضعیف

دهد نتیجه x⊗ y′ ∈ A ، x, y ∈ Lهر

(x⊗ y′)⊗ y′ ∈ A

باشد. مشبͺه استلزامͬ جبر ͷی Lفرضکنید .١ قضیه
خانواده، {Ai|i ∈ J} ،J گذار اندیس مجموعه برای و
،∩
i∈J

Ai و
∪
i∈J

Ai آنͽاه باشد. L WLI-ایده�آل�های

مͬ�باشند. L WLI-ایده�آل

”LI-ایدال�های عنوان با خود مقاله در J.J. Lai اما
-WLI مشبͺه” استلزامͬ جبرهای ضعیفدر استلزامͬ
جبر از A مجموعه زیر ͷی توسط شده تولید ایده�ال
شامل WLI-ایده�ال بزرگترین را، L مشبͺه استلزامͬ
اصلاح زیر صورت به باید تعریف این که مͬ�نامد، A

شود:

مشبͺه استلزامͬ جبر ͷی L کنید فرض .۴ تعریف
شامل L WLI-ایده�آل کوچͺترین ، A ⊆ L و باشد
با آنرا و نامند A توسط شده، تولید WLI-ایده�آل را A

مͬ�دهند. نشان L < A >

مͬ�کنیم: تعریف a ∈ L هر برای ادامه در

L1
a := {((x → y)′ → y)′ | x, y ∈ L, (x → y)′ = a}

L2
a := {((x → y)′ → y)′ | x, y ∈ L, (x → y)′ ∈

L1
a} = {(x⊗ y′)⊗ y′ | x, y ∈ L, x⊗ y′ ∈ L1

a}.

L3
a := {((x → y)′ → y)′ | x, y ∈ L, (x → y)′ ∈

L2
a} = {(x⊗ y′)⊗ y′ | x, y ∈, x⊗ y′ ∈ L2

a}.

Ln
a := {((x → y)′ → y)′ | x, y ∈ L, (x → y)′ ∈

Ln−1
a } = {(x⊗ y′)⊗ y′ | x, y ∈, x⊗ y′ ∈ Ln−1

a }.

مجموعه مقاله همین در J.J. Lai

شرایط در x, y, z ∈ L هر برای که « → » تائͬ دو عمل
نامند. مͬ مشبͺه استلزامͬ جبر ͷی را کند صدق زیر

L1)x → (y → z) = y → (x → z);

L2)x → x = I;

L3)x → y = y′ → x′;

L4) x → y = y → x = I ⇒ x = y;

L5)(x → y) → y = (y → x) → x;

L6)(x ∨ y) → z = (x → z) ∧ (y → z);

L7) (x ∧ y) → z = (x → z) ∨ (y → z).

به L مشبͺه استلزامͬ جبر روی « ≤ » رابطه اگر
شود: تعریف زیر صورت

x ≤ y ⇔ x → y = I.

به « ≤ » رابطه با همراه L مشبͺه استلزامͬ جبر آنͽاه
مͬ�شود. تبدیل مرتب جزئاً مجموعه ͷی

در آن خواص و �ایده�آل�هاWLI

مشبͺه استلزامͬ جبرهای

برای L مشبͺه استلزامͬ جبر در کنید فرض .٢ تعریف
شود: تعریف چنین ⊕ و ⊗ دوتایͬ اعمال x, y ∈ L هر

x⊗ y = (x → y′)
′

, x⊕ y = x′ → y

x, y, z ∈ هر برای L مشبͺه استلزامͬ جبر در .١ گزاره
برقرارند: زیر روابط ،L

١) x⊗ y = y ⊗ x, x⊕ y = y ⊕ x;

٢) x⊕ x′ = I ، x⊗ x′ = 0 ، x⊕ I = I

x⊗ I = x ، x⊕ 0 = x ، x⊗ 0 = 0;

٣) (x⊗ y)
′
= x′ ⊕ y′, (x⊕ y)

′
= x′ ⊗ y′;

هر برای L مشبͺه استلزامͬ جبر ͷی در تذکر:
و x = y = 0 اگر تنها و اگر x ⊕ y = 0 ،x, y ∈ L

.x = y = I اگر تنها و اگر x⊗ y = I

٢
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در .(x⊗ y′) ∈ Ta ،x, y ∈ L برای کنید فرض اثبات.
، i ∈ {0, 1, 2, ...} که دارد وجود i ≥ 1 صورت این
ͷی برای ،(x⊗ y′)⊗ y′ ∈ Li+1

a لذا .(x⊗ y′) ∈ Li
a

.i ∈ {1, 2, ...}

ͷی Ta بنابراین .(x ⊗ y′) ⊗ y′ ∈ Ta دیͽر عبارت به
است. L WLI-ایده�آل

آن: اثبات و زیر قضیه صورت مقاله همین در همچنین
A ⊆ L و بوده مشبͺه استلزامͬ جبر ͷی L ”فرضکنید
تصحیح زیر صورت به باید ” < A >=

∩
a∈A

(a) آنͽاه
شود:

و مشبͺه استلزامͬ جبر ͷی L کنید فرض .٣ قضیه
.< A >=

∪
a∈A

< a > آنͽاه A ⊆ L

لذا a ∈< a > ، a ∈ A هر برای چون اثبات.
نیز، ها ایده�آل -WLI اجتماع چون و A ⊆

∪
a∈A

< a >

.< A >⊆
∪

a∈A

< a > بنابراین است. ایده�آل -WLI

است. A شامل WLI-ایده�آل کوچͺترین ،< A > زیرا
لذا .< a >⊆< A > ،a ∈ A هر برای دیͽر طرف از
.< A >=

∪
a∈A

< a > بنابراین . ∪
a∈A

< a > ⊆< A >

گیری نتیجه

خاصشان ویژگیهای با ها آل ایده میدانیم که همانطور
. کنند مͬ ایفا منطقͬ دستͽاه ساختار در را مهمͬ نقش
ویژگیهای وبررسͬ آل ایده - WLI مفهوم مطالعه لذا
ای گزاره ارزش با منطقͬ سیستم پیشبرد منجربه آن
قضیه دو اشتباهات مقاله این اینرو از . شد خواهد

مهم:
برای آنͽاه باشد. مشبͺه استلزامͬ جبر ͷی L اگر (١

است. WLI-ایده�آل ͷی Ta ،a ∈ L هر
A ⊆ L و مشبͺه استلزامͬ جبر ͷی L کنید فرض (٢

آنͽاه

Ln
a := {((x → y)′ → y)′ | x, y ∈ L, (x → y)′ ∈

Ln−1
a }

زیر جزيت غلط رابطه ادامه در ولͬ کند مͬ تعریف را
گیرد: مͬ نتیجه را

Ln
a ⊆ Ln−1

a ⊆ ... ⊆ L3
a ⊆ L2

a ⊆ L1
a

ای قضیه ودر مͬ�نامد Ta = ∩∞
i=1L

i
a را آنها اشتراک و

رابطه این که است. WLI-ایده�ال ͷی Ta مͬ�دهد نشان
شود: اصلاح زیر صورت به باید جزيت

...Ln
a ⊇ Ln−1

a ⊇ ... ⊇ L3
a ⊇ L2

a ⊇ L1
a

شود: تصحیح زیر صورت به قضیه همان اثبات و
اینرو: از

L1
a ⊆ L2

a ⊆ ... ⊆ Li
a ⊆ Li+1

a ⊆ ...

((x → y)′ → y)′ = Li
a ،i ≥ 1 برای کنید فرض زیرا

اینصورت: در
(١)

((x → y)′ → y)′ = (((x → y)′ → y)′ → o)′

(٢)

((x → y)′ → y)′ = (((x → y)′ → y)′ → o)′ → o)′

(١) به بنا ((x → y)′ → y)′ = X اختیار با اکنون
Li+1
a تعریف بر بنا نتیجه در و (X → o)′ ∈ Li

a ،
طرفͬ از ((X → o)′ → o)′ ∈ Li+1

a داشت، خواهیم
((X → o)′ → o)′ = ((x → y)′ → y)′ ،(٢) بنابر
.Li

a ⊆ Li+1
a لذا .((x → y)′ → y)′ ∈ Li+1

a بنابراین،
میدهند. نشان Ta با را (i ≥ 1) ها Li

a اجتماع همچنین
(i ≥ 1) ها Li

a اجتماع Ta = ∪∞
i=1L

i
a دیͽر عبارت به

Ta = ∪∞
i=1L

i
a دیͽر عبارت به میدهند. Taنشان با را

آنͽاه باشد. مشبͺه استلزامͬ جبر ͷی L اگر .٢ قضیه
است WLI-ایده�آل ͷی Ta ،a ∈ L هر برای

٣
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Abstract: Let G be a finite group. A subgroup H of G is called self-auto-permutable in G if HHα = HαH

implies Hα = H for α ∈ Aut(G). In this paper, we study the influence of self-auto-permutable on the

structure of a finite group.
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1 INTRODUCTION

self-conjugate-permutable subgroup of a group G

was introduced by Z. Shen in [4]. A subgroup

H of G is said to be self-conjugate-permutable if

HHx = HxH implies Hx = H for any x ∈ G.

In this paper we extend this definition and intro-

duce a new subgroup of a group G named self-

auto-permutable of a group G. H a subgroup H

of G is called self-auto-permutable of a group G if

HHα = HαH implies Hα = H for α ∈ Aut(G). It

is clear if we consider α ∈ Inn(G) then self-auto-

permutablity and self-conjugate-permutablity are

equal. Here all groups are finite. In this paper we

study the influence of self-auto-permutable on the

structure of a group.

2 Main Results

Subgroup H of G be auto-permutable if HHα =

HαH for any α ∈ Aut(G).

We start with the following lemmas.

Definition 2.1. A subgroup H of a group G is

said to be self-auto-permutable subgroup, if for each

α ∈ Aut(G) the equality HHα = HαH, implies

that H = Hα.

Lemma 2.2. Let H be a subgroup of G. Then we

have:

i) HcG if and only if HKcG and H self-auto-

permutable subgroup in G.

ii) HcG if and only if H is a self-auto-permutable

and auto-permutable in G

Lemma 2.3. Let G be a group. Suppose that H is

self-auto-permutable in G, K ≤ G and N cG. Then

we have:

i) Let N ≤ K. Then K
N is self-auto-permutable in

G
N and K is self-auto-permutable in G.

ii) If K is a p-subgroup of G with (| K |, | N |) = 1,

then K is self-auto-permutable in G if and only if

KN is self-auto-permutable in G.

Lemma 2.4. Let H be a self-auto-permutable sub-

group of a group G, with Aut(G) being abelian.

Then Hα is self-auto-permutable, for each α ∈
Aut(G).

∗Corresponding Author
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Proof. For all α, β ∈ Aut(G), we have

Hα(Hα)
β
= (Hα)

β
Hα,

HαHβα = HβαHα,

HαHαβ = HαβHα.

Now by the assumption we have (HHβ)
α

=

(HβH)
α
and hence HHβ = HβH. As H is self-

auto-permutable, we obtain H = Hβ . Therefore

Hα = Hαβ = Hβα and the proof is complete.

If H is a subgroup of group G, we define

N∗
G(H) = {α ∈ Aut(G); Hα = H}

to be the normalizer of H in Aut(G). Then we have

the interesting following result:

Lemma 2.5. Let H be a self-auto-permutable sub-

group of a group G, then the following statements

hold:

(i) If K is a subgroup of G, with H ≤ K ≤
NG(H), then N∗

G(K) ≤ N∗
G(H);

(ii) N∗
G(NG(H)) ≤ N∗

G(H);

(iii) If K is a characteristic subgroup of G

and contained in NG(H) then N∗
G(KH) =

N∗
G(H).

Proof. (i) For each α ∈ NAut(G)(K), we have Hα ≤
Kα = K ≤ NG(H). Therefore HHα = HαH

and by the assumption H = Hα, which shows that

α ∈ NAut(G)(H).

(ii) Clearly, H ≤ NG(H) ≤ NG(H). Clearly, (i)

implies thatNAut(G)(NG(H)) ≤ NAut(G)(H). Con-

versely, for each α ∈ NAut(G)(H) and g ∈ NG(H)

we have H = Hα and H = Hg. They follow that

H = Hα = (Hg)
α
= (Hα)

α(g)
= Hα(g).

Hence α(g) ∈ NG(H) and so α ∈ NAut(G)(NG(H)).

(iii) Clearly, NAut(G)(H) is contained in

NAut(G)(KH). We also have H ≤ KH ≤
NG(H) and part (i) gives that NAut(G)(KH) ≤
NAut(G)(H).

Lemma 2.6. Let M and L be subgroups of G, and

suppose that LM = ML,

(| K |, | N |) = 1 and Aut(G) = N∗
G(M).N∗

G(L).

Then L is self-auto-permutable in G.

Lemma 2.7. Let A and B be subgroups of a group

G, such that Aut(G) = Aut(A)Aut(B), H be a self-

auto-permutable subgroup of B and fixed by the au-

tomorphisms of A. Then H is self-auto-permutable

in G.

Proof. Assume that some α ∈ Aut(G) satisfies

HHα = HαH. then there exist γ ∈ Aut(A) and

β ∈ Aut(B) such that α = γβ and HHγβ =

HγβH ⇒ H(Hγ)β = (Hγ)βH. By hypothesis,

HcA, so HHβ = HβH. Applying the condi-

tion that H is self-auto-permutable in B, we get

H = Hβ . Consequently, H = Hγβ = Hα and H is

self-auto-permutable in G.

Definition 2.8. Let G be a group. A subgroup H

of G is called weakly characteristic in G if Hα ≤
NG(H) implies that Hα = H, where α ∈ Aut(G).

Definition 2.9. Let G be a group. A subgroup H

of G is said to satisfy subcharacteriser condition in

G if for every subgroup K of G such that HK, it

follows that N∗
G(K) ≤ N∗

G(H).

Theorem 2.10. Let H be a subgroup of G. Then:

(i) If H is self-auto-permutable in G, then H is

weakly characteristic in G;

(ii) If H is weakly characteristic in G, then H sat-

isfies the subcharacteriser condition in G.

Theorem 2.11. Let H be a p-subgroup of a group

G. The following properties are equivalent:

(i) H is a self-auto-permutable subgroup of G;

(ii) H is a weakly characteristic subgroup of G;

(iii) H satisfies the subcharacteriser condition in G.
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1 INTRODUCTION

Throughout this paper, R denotes an integral do-

main, with quotient field K,T = R − {0} and M

is a unitary R-module. An R-module M is called

a multiplication R-module, if for each submodule

N of M , there exists an ideal I of R such that

N = IM . (For more information about multiplica-

tion modules, see[2, 4]). An integral domain R is

called a valuation ring, if for each x ∈ K = R−{0},
x ∈ R or x−1 ∈ R. In [3], valuation modules in case

module is torsion-free investigated. Morover in [1],

nofinitely generated submodules of faithful multi-

plication valuation modules is investigated.

2 Valuation Rings

Definition 2.1. A subring R of a field K is called

a valuation ring of K if for every α ∈ K,α ̸= 0,

either α ∈ R or α−1 ∈ R.

Example 2.2. 1) Any field of K is a valuation

ring of K.

2) Let p be a fiexd prime. Let R ⊂ Q, the field

of rationals, be definded by

R = {pr m
n |r ≥ 0, (p,m) = (p, n) = (m,n) =

1}. Then R is a valuation ring of Q.

Proposition 2.3. Let V be a valuation ring of K.

Then

1) K is the qoutiont field of V .

2) Any subring of K containing V is a valuation

ring of K.

3) V is a local ring.

4) V is integrally closed.

Proposition 2.4. The ideals of a valuation ring

are totally ordered by inclusion. Conversely if the

ideals of domain V with quotient field K are totally

ordered by inclusion, then V is a valuation ring of

K.

Corollary 2.5. If V is a valuation ring of K and

P is a prime ideal of V , then Vp and V
P are valua-

tion ring.

∗Corresponding Author
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Corollary 2.6. Any Noetherian valuation ring is

a principal ideal domain.

Corollary 2.7. Let V be a Noetherian valuation

ring. Then there exists an irredusible element

p ∈ V such that every ideal of V is of the type

I = (pm),m ≥ 1 and
∩∞

m=1(p
m) = 0.

3 Valuation Modules

Let R be an integral domain with quotient field K

and M a torsionfree R-module. For y = r
s ∈ K and

x ∈ M , we say that yx ∈ M if there exists m ∈ M

such that rx = sm.

Lemma 3.1. Let R be an integral domain with

quotient field K and M a torsionfree R-module.

Then the following conditions are equivalent:

1) For all y ∈ K and all x ∈ M , yx ∈ M or

y−1M ⊆ M ;

2) For all y ∈ K, yM ⊆ M or y−1M ⊆ M .

Definition 3.2. Let R be an integral domain with

quotient field K. A torsionfree R-module M is

called valuation module (VM) if one of the condi-

tion of Lemma 3.1 holds.

Example 3.3. 1) Any vector space is a valua-

tion module.

2) Let R be a domain. R is a valuation ring if

and only if R is a valuation R-module.

3) Let R = Z and p be a prime integer num-

ber. If M = {pn a
b |a, b, n ∈ Z, b ̸= 0, n ≥

1, (p, a) = (p, b) = (a, b) = 1} then M is a

valuation module.

4) Z is not a valuation Z-module.

an R-module M is said to be integrally

closed whenever ynmn + · · · + ym1 + m0 = 0 for

some n ∈ N, y ∈ K and mi ∈ M , then ymn ∈ M .

Lemma 3.4. Any valuation module is integrally

closed.

Proposition 3.5. Let K be the quotient field of a

domain R and M a torsionfree R-module. Let S

be the set, ordered by inclusion, of all non-empty

subsets of M . Then the following conditions are

equivalent:

1) M is a valuation module;

2) S′ = {(N : M)|N ∈ S} is totally ordered;

3) For U = {rM |r ∈ R} the subset of S, U ′ is

totally ordered.

Corollary 3.6. Let R be a domain and M a tor-

sionfree R-module. Then M is a valuation mod-

ule if and only if for any submodules N,L of M ,

(N : M) ⊆ (L : M) or (L : M) ⊆ (N : M).

Corollary 3.7. Let R be a domain and M a faith-

ful multiplication R-module. Then M is a valuation

module if and only if for any two submodules N,L

of M , N ⊆ L or L ⊆ N .

Remark 3.8. R2 is a valuation R-module, but not

a multiplication R-module. Note that R ⊕ (0) ⊈
(0)⊕ R and (0)⊕ R ⊈ R⊕ (0).

Note that R does not have non-zero maximal

submodules as an R-module. Any vector space is a

VM, but an infinite dimensional vector space has

infinite number of maximal submodules. So it is

not necessary that each valuation module has a

(unique) maximal submodule.

Theorem 3.9. Let M be a valuation R-module.

Then the following statements are true.

1) For any submodule N of M , such that M
N is

a torsionfree R-module, M
N is a VM.

2) If M is finitely generated, then for each

p ∈ Spec(R), Mp is a valuation Rp-module.

3) If M ′ is a torsionfree R-module and

φ : M −→ M ′ is an epimorphism, then M ′

is a valuation module too.

The following give the relations between val-

uation rings and valuation modules.
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Lemma 3.10. Let R be a valuation ring and M

a torsionfree R-module. Then M is a valuation R-

module.

Lemma 3.11. If M is a multiplication valuation

R-module, then M is finitely generated and R is a

valuation ring.

Lemma 3.12. Let R be a valuation domain. Then

every finitely generated torsion-free R-module is

free.

Lemma 3.13. Let R be a domain. Then R is a

valuation ring if and only if every free R-module is

a valuation module.

Corollary 3.14. Let M be a multiplication valu-

ation module over an integral domain R. Then M

is isomorphic to R.

An element u of an R-moduleM is said to be

unit provided that u is not contained in any maxi-

mal submodule ofM . In a multiplication R-module

M , u ∈ M is unit if and only if M = Ru.

Theorem 3.15. Let R be a local ring (not nec-

essarily an integral domain) with unique principal

maximal ideal I = (p) and M a multiplication R-

module such that
∩∞

n=1(p
n)M = (0). Then the only

proper submodules of M are (0) and (pm)M , for

some m ≥ 1. Furthermore, if M is faithful, then

either p is nilpotent or M is a valuation module.

Theorem 3.16. Let M be a finitely generated

module over an integrally closed ring R. If M is a

valuation module, then M is a free R-module and

R is a valuation ring.
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Abstract: Let G be a finite group and S be a nonempty subset of G that not containing the identity element

1. The cayley graph Γ = Cay(G,S) is simple graph who vertices are V (Γ) = G and E(Γ) = {{g, sg}|g ∈
G, s ∈ S}. If S = S−1 then (g , h)=(h , g) and the cayley graph is undirected. In this paper, we specify

the subset S for the graph Zn , to find number of cayley graphs that are undirected and determin how tow

undirected cayley graphs are isomorphism.

Keywords: cayley graph; cayley subset; finite group; isomorphism of graph.

1 Introduction

Definition of this consepts are given later. In this

section cosequence main result by the following the-

orems.

Theorem 1.1. Let G be a Finite group. Number

of cayley graph that are undirected and contrasting

with group of Zn are :

a) if n=1 then nonexist the undirected cayley

graph for gruop of Z1 .

b) if n=2 or 3 then number of cayley graph

that undirected is one.

c) if n ≥ 4

i) if n is even then number of undi-

rected cayley graph is( n
2

1

)
+

( n
2

2

)
+

( n
2

3

)
+· · ·+

( n
2

n
2 − 1

)
+

( n
2
n
2

)
(1)

ii) if n is odd then number of undi-

rected cayley graph is( n−1
2

1

)
+

( n−1
2

2

)
+

( n−1
2

3

)
+· · ·+

( n−1
2

n−1
2

)
+

( n−1
2

n−1
2

)
(2)

For a finite group G , a nonempty subset S of G is

called a cayley subset if S = S−1 := {s|s ∈ S} and

1 /∈ S .Given a cayley subset S of G , the cay-

ley graph Γ = cay(G,S) of G with respect to S

consists of the vertex set V Γ = G and the edge

set EΓ = {{g, sg}|g ∈ G, s ∈ S} . Note that

S = S−1 thus Γ is undirected . It is not difficult

to see that Γ is the disjoint union of k copies of

cay(⟨S⟩, S) when k = |G, ⟨S⟩|. Hence Γ is con-

nected if and only if ⟨S⟩ = G. Let X and Y

are graphs then X and Y are isomorphism if ex-

ist function f such that f : V (X) −→ V (Y ) and if

{x, y} ∈ E(X) ⇐⇒ {f(x), f(y)} ∈ E(Y )

Theorem 1.2. cay(Zn, S1) and cay(Zn, S2) are

isomorphism if :
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a) | S1 |=| S2 |
a) S1 = kS2, k ∈ Z

2 preliminare

We need the lemma 2.1 and lemma 2.2 to proof

theorem 1.1.

Lemma 2.1. In a cayley graph Γ = Cay(G,S) , if

|s| = k then Γ is k-regular.

Lemma 2.2. For the group Zn , number of cay-

ley graphs Γ = cay(G,S) that are undirected and

k-regular is

a) If n is odd and 1 ≤ k ≤ n−1
2 that k is even

and ( n−1
2
k
2

)

b) If n is even and 1 ≤ k ≤ n
2 − 1

i) If k even( n
2 − 1

k
2

)

ii) If k odd( n
2

k+1
2

)
−

( n
2 − 1
k+1
2

)

Proof. a) In the beginning we proof that k

is even.

The cayley graph is undirected . Then S = S−1

and n is odd then there is not element of group Zn

that its inverse itself . Hence we can not defin one

S that S has a one element and S is cayley subset

of undirected cayley graph if S has at least tow

element or S is union of Si has tow element and

collection of Si distinct .Hence k(= |s|) is even. In
the graph of Zn the Si (1 ≤ i ≤ n−1

2 )that have tow

element are:

S1 = {[1], [n− 1]}

S2 = {[2], [n− 2]}

S3 = {[3], [n− 3]}
.

.

.

Sn−1
2

= {[n−1
2 − 1], [n−1

2 ]}

Other S can build an undirected cayley graph

(i.eS = S−1) consist of union of Si that (1 ≤
i ≤ n−1

2 ) and number of this S (|S| = 6) are:

( n−1
3

3

)
And similarly , number of S that are cayley subset

and has k element and Cay(G,S) and undirected

are union of three Si that (1 ≤ i ≤ n−1
2 )and num-

ber of this S (|S| = k) is:

( n−1
2
k
2

)

b)If n is even for Sn
2

= {[n2 ]} we have

Sn
2

= S−1
n
2

and Sn
2

cayley subset for undirected

cayley graph that is 1-regular .Also cayley subset

that are tow element andS = S−1 are:

S1 = {[1], [n− 1]}

S2 = {[2], [n− 2]}

S3 = {[3], [n− 3]}
.

.

.

Sn
2 −1 = {[n2 − 1], [n2 + 1]}

Union of Si that (1 ≤ i ≤ n
2 − 1) and Sn

2
have

k element that k is odd and any union of Si

(1 ≤ i ≤ n
2 − 1) is even number .

Now number of undirected cayley graph that build-

ing with cayley subset S (S = S−1) and |S| is odd
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equal : ( n
2

k+1
2

)
−

( n
2 − 1
k+1
2

)
and number of undirected k-regular cayley graph

that k is even equal:( n
2 − 1

k
2

)

3 proof of theorem 1.1

a) it is obviously.

b) If G = Z2 or Z3 then number of cayley graph

subset S that (S = S−1) is single, that is {[1]} , and

for group Z3 cayley graph subset S that (S = S−1)

is {[1], [2]}
c) (i)if n be even by lemma 3(b) number of undi-

rected cayley graph for group of Zn is equal to num-

ber cayley subset S that (S = S−1) is equal to sum

of number of undirected cayley graph that are k-

regular (k ∈ {1, 2, 3, ..., n
2 }) and is equal to numbrr

of cayley subset S that |S| = k (k ∈ {1, 2, 3, ..., n
2 })

that is :

1+(
n

2
−1)+

(( n
2

2

)
−
( n

2 − 1

2

))
+

( n
2 − 1

2

)
+

(( n
2

3

)
−
( n

2 − 1

3

))
+

( n
2 − 1

3

)

+

(( n
2

4

)
−
( n

2 − 1

4

))
+...+

(( n
2

n
2 − 1

)
−
( n

2 − 1
n
2 − 1

))
+

( n
2 − 1
n
2 − 1

)
+

( n
2
n
2

)
=

n

2
+

( n
2

2

)
+

( n
2

3

)
+ · · ·+

( n
2

n
2 − 1

)
+

( n
2
n
2

)
=

( n
2

1

)
+

( n
2

2

)
+

( n
2

3

)
+ · · ·+

( n
2

n
2 − 1

)
+

( n
2
n
2

)
ii) If n be odd by lemma 3(a) number of

undirected cayley graph for group of Zn is :

number of undirected cayley graph that are 2-

regular

+ number of undirected cayley graph that are 4-

regular

+ number of undirected cayley graph that are 6-

regular

.

.

.

+ number of undirected cayley graph that are

(n− 1)-regular

=

(
n−1
2
1

)
+

(
n−1
2
2

)
+

(
n−1
2
3

)
+ · · ·+

(
n−1
2

n−1
2 −1

)
+(

n−1
2

n−1
2

)

4 proof of theorem 1.2

if | S1 |=| S2 | and S2 = kS1, k ∈ Z then

f : Zn −→ Zn that f(a) = ka is isomorphism

because:

∀a, b ∈ Zn

ifa ∼ b ⇒ ab−1 ∈ S1

⇒ a− b ∈ S1

⇒ k(a− b) ∈ kS1

⇒ ka− kb ∈ kS1

⇒ (ka)(kb)−1 ∈ S2

⇒ ka ∼ kb

⇒ cay(Zn, S1) ∼= cay(Zn, S2)
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Va.ahmadimath@gmail.com اردبیلͬ، محقق دانشͽاه محض، ریاضͬ ارشد کارشناسͬ دانشجوی پور، اسمعلͬ *اعظم

مرجع داده و کرده استخراج را تشخیصهویت نمونه قادرند که هستند هایͬ سیستم ͷبیومتری های سیستم چͺیده:
جمله: از هایͬ شناسه به هویت تشخیص جهت کنند. مشخص را فرد توسط شده ادعا هویت همسانͬ و مقایسه را
از استفاده با هویت تشخیص های سیستم در کنند. مͬ توجه رفتن راه و کردن تایپ صورت، تصاویر انͽشتان،
ما است. (FRR) غلط رد نرخ دیͽری و (FAR) غلط پذیرش نرخ ͬͺی که دارد وجود اصلͬ ویژگͬ دو ͷبیومتری
فازی گذاری رمز از استفاده و ترکیبͬ سیستم ͷی معماری انͽشت، اثر های سیستم در فازی منطق روش مقاله این در

کنیم. مͬ مطرح انͽشت اثر های برآمدگͬ های ویژگͬ ساختار دادن نشان برای را
اثرانͽشت ،ͷبیومتری فازی، منطق کلیدی: کلمات

ͷبیومتری

مͯ بندي تقسيم فاكتور سه به هويت تأييد هاي روش
رمز مانند دانند مͯ كاربران كه اطلاعاتͬ الف) شوند:
مانند دارند همراه به كاربران كه اطلاعاتͬ ب) عبور.
ج)اطلاعاتͬ هوشمند. كارتهاي پرداز، خود كارتهاي
ها ͷبیومتری مانند است کاربران خود به مربوط که

عنبیه. و شبͺیه الͽوی انͽشت، اثر شامل
ترین ساده و ترین امن ها) ͷبیومتری) سوم دسته
های روش به ͷبیومتری هستند. هویت تأیید فاکتور
از زنده شخص ͷی هویت تایید یا تشخیص خودکار
رفتاری یا ͬͺفیزیولوژی های گیریمشخصه اندازه طریق
و ها برآمدگͬ از انͽشت اثر ͷی شود. مͬ اطلاق وی
ها برآمدگͬ این است. شده تشͺیل متعددی شیارهای
پهنای و بوده موازی چون دارند، تشابهاتͬ شیارها و
در که وسیعͬ تحقیقات براساس اما . دارند معادل
دست به نتیجه این شده، انجام انͽشت اثر امرتشخیص
تشخیص در تاثیری هیچ ها وبرآمدگͬ شیارها که آمده
مقایسه تصاویر با توان نمͬ را انͽشت اثر ندارند.
نامیم. مͬ منوشیا را شیارها در غیرطبیعͬ نقاط کرد.
مهم بسیار مورد دو منوشیاها از متفاوتͬ انواع درمیان

مقدمه

منحصر انسان انͽشت اثر که شد کشف سال١٩۵۶ در
که کارانͬ جنایت از توانستند روش این با . است فرد به
هویت تعیین داشت وجود جرم صحنه در انͽشتشان اثر
ازسیستم وری بهره مبتͺرانه های روش وجود با کنند.
زیاد کار حجم که زمانͬ دستͬ، هویت تشخیص های
با دهند. انجام را ها خواسته تمام توانستد نمͬ شد مͬ
بین ارتباط که هستیم آن شاهد تͺنولوژی سریع رشد
داریم نیاز لذا است شده ͬͺترونیͺال پیش از بیش افراد
کنیم. تعیین خودکار و دقیق بطور را افراد هویت تا
است فرد مخصوصهمان فرد هر ͷبیومتری اطلاعات
وجود فرد توسط آن شدن گم و کردن فراموش امͺان و
باشند. داشته دسترسͬ آن به توانند نمͬ دیͽران و ندارد
سنتͬ های سیستم به نسبت ͷبیومتری های سیستم لذا
ͷی به فازی کنترل دارند.چون بالاتری اطمینان قابلیت
سیستم از خیلͬ مورد در توان مͬ ندارد، نیاز ریاضͬ مدل
پیاده قابل متعارف کنترل تئوری ی وسیله به که هایͬ

برد. کار به را آن نیستند سازی
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های برآمدگͬ از کنند مͬ تغییر آسانͬ به ها زخم
استفاده انͽشت اثر منوشیاهای عنوان به دوشاخه
رمزگزار فازی تصویر ویژگͬ ͷی همچنین ایم. کرده
برای شͺل مخروطͬ عضویت توابع از استفاده با را
شاخه دو های برآمدگͬ ویژگͬ ساختار دادن نشان
ایم. کرده طراحͬ انͽشت اثر از شده استخراج

هر ابتدا باشد. مͬ مرحله سه شامل رمزگزاری این
به است ۵١٢ ×۵١٢ آن سایز که را انͽشت اثر تصویر
کنیم مͬ تقسیم پیͺسل ۶۴ پهنای با ٨ ×٨ های بخش
دوشاخه هر برای عضویتͬ مقدار ͷی بعد مرحله .در
بخش هر برای شͺل مخروطͬ تابع ͷی در انͽشت اثر
ها دوشاخه از ساختاری دادن نشان منظور به اثرانͽشت
به برای تجزیه این از حاصل نتایج گیریم. مͬ نظر در
مجموعه در ها دوشاخه عضویت مقدار آوردن دست

شود. مͬ استفاده فازی های

نتایج

زیر صورت به انͽشت اثر های بخش در عضویت توابع
شود مͬ محاسبه

µ(i, j) =

m∑
n=١

(١− d

w
).

m است. عضویت تابع معرف µ(i, j) فرمول این در
فاصله d ،(i, j) مرکز به ͷنزدی شاخه دو نقطه معرف
بخش هر پهنای و شبͺه عرض w و شبͺه مرکز تا
مجموعه سوم ی مرحله در است. پیͺسل ۶۴ نیز
سپس شود. مͬ محاسبه بخش هر در مقادیرعضویت
آید. مͬ دست به فازی تصویر های دوشاخه ساختار
اساس بر انͽشت اثر شناسایͬ اصلͬ مراحل و نتایج
نویز کاهش با ابتدا که است شرح بدین فازی رمزگذاری
مشخص را انͽشت اثر مهم خصوصیات تصویر های
سطحخطوطͬ و کاهشعمق سازی نرمال به و کنیم مͬ
مͬ اند شده ایجاد انͽشت اثر فشار اختلاف توسط که
را نامطلوب های نویز گابور فیلتر ͷکم به پردازیم.
حفظ را درست های ͬͽرفت فرو و ها برآمدگͬ و حذف

شیار ͷی انتهایͬ سر که انتهایͬ ͬͺی . دارد وجود
ای نقطه که شود مͬ نامیده شاخه دو دیͽری و است
کند. مͬ تقسیم شیار دو به را نقطه آن و بوده شیار در

داده پیوند هم با را برآمدگͬ چند که منوشیا نقطه هر
برای گیری اندازه ͷی و (X,Y ) مختصات دو است
ͬͽبست انͽشت اثر تطبیق دارد. انͽشت اثر کیفیت
نقاط از گروهͬ . دارد آن روی چرخش و محل به
هراثرانͽشت لذا نیست ͹هماهن هم با مختصاتشان
احتمال موارد از بسیاری در شود. نمایشداده تواند نمͬ
٠ بین ای مجموعه زیر فرد، به انͽشت اثر ͷی تعلق در
محاسبه برای ما که شود مͬ باعث این و باشد مͬ ١ و

کنیم. استفاده فازی منطق از آن

ͷبیومتری های سیستم فازیدر منطق

در که هایͬ خطا و نادرست های پذیرش سطح برای
بنام پارامتری شود مͬ ایجاد نادرست پذیرش عدم
برای سیستم که گیری تصمیم بریم. مͬ کار به را آستانه
ͷنزدی مقدار براساس دهد مͬ انجام فرد ͷی شناسایͬ
افزایش آستانه مقدار که زمانͬ باشد. مͬ (T) آستانه به
مجاز) غیر پذیرشنادرست(کاربر احتمال کند، مͬ پیدا
یابد. افزایشمͬ اشتباه رد احتمال و کند مͬ پیدا کاهش

ساختار نمایش برای فازی رمزگذاری
ها برآمدگͬ

باعث پایین کیفیت با تصاویر در نویزها وجود
استخراج هنͽام در زیادی خطاهای که شود مͬ
انͽشت اثر الͽوهای که آنجا از دهد. رخ منوشیاها
توسط پایانͬ های برآمدگͬ و هستند مبهم طبیعت در
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٢٨ اطلاعات، فناوری مهندس ملͬ همایش
١. صفحه ١٣١٩ بهمن

حقیقت سرچ،ن.، زاده،ع.،داداشͬ بساق [٣]
برای دید روش ١مقدمه، دوست،و.صفحه
اساس بر اثرانͽشت ناقص تصاویر کلاسبندی
کبیر، امیر دانشͽاه شاهد، هسته،دانشͽاه مͺان

شاهد دانشͽاه

[4] Iancu.I,Constantinescu.N,Colhon.M, Craiova
RO-200585 Vol. V, No. 4, pp. 525-531, Finger-
prints entification using a Fuzzy Logic System,
2010.

الͽوی از استفاده با تصویر کاری رقیق از بعد کنیم. مͬ
را انͽشت اثر های منوشیا انͽشت، اثر از ͷبیومتری

کنیم. مͬ استخراج

مراجع

ها زیردریایͬ بندی دیزجͬ،دسته غفارزاده [١]
صفحه فازی های سیستم از استفاده با

١١،١١،١٧،١١،١٩،.٢١٣٢
های سیستم در امنیت مقدم،س.،افزایش غفاری [٢]
فرکتالͬ، های کد از استفاده با هویت تشخیص

٣

44

44



Autocommutativity degree of an elementary abelian

p-group
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Abstract: In this paper we define autocommutativity degrees of finite groups. If G is a finite group, the

autocommutativity degree of G, denoted by daut(G), is the probability that an element of G is fixed by an

automorphism of G. We also determine an upper bound for autocommutativity degree of elementary abelian

p-groups.

Keywords: Autocommutativity degree, Autoabelian, Absolute centre..

1 INTRODUCTION

If G is a finite group then the commutativity degree

of G, denoted by

d(G) =
1

|G|2
|{(x, y) ∈ G×G|[x, y] = 1}| ,

is the probability that two randomly chosen ele-

ments of G commute. The commutative degree

first studied by Gustafson in 1973, where he showed

that d(G) ≤ 5
8 for every non-abelian finite group G.

In 1995 Lescot investigated this concept by con-

sidering the notion of commutativity degree of fi-

nite groups. Whence he obtained certain results

in this regard. In this paper, we introduce the

autocommutativity degree, denoted by daut(G),

which are defined as follows:

daut(G) =
|{(x, α) ∈ G×Aut(G)|[x, α] = 1}|

|G||Aut(G)|
,

and

where [x, α] = x−1α(x) . In Hegarty [?], the

characteristic subgroups K(G) and L(G) of G are

defined as follows:

K(G) = ⟨ [x, α] | x ∈ G,α ∈ Aut(G) ⟩ ,

and

L(G) = { x | [x, α] = 1 ∀α ∈ Aut(G) },

which are called autocommutator subgroup and ab-

solute centre of G, respectively. One can easily

check that K(G) contains the derived subgruop G′

of G and L(G) is contained in the centre, Z(G), of

G.

Definition 1.1. A group G is said to be autoa-

belian if K(G) =< 1 > or L(G) = G.

Obviously, G is autoabelian if and only if

daut(G) = 1.

∗Corresponding Author
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2 RESULTS ON THE AUTO-

COMMUTATIVITY DE-

GREE

Let G be a group and α be an automorphism of G.

The subgroup CG(α) of G is defined by

CG(α) = { x ∈ G | [x, α] = 1 }.

The following theorem gives the upper bound for

daut(G) when G is elementary abelian, which is

similar to the Lemma 1.3 of [?].

Theorem 2.1. Let G be a non-autoabelian p-group

and elementary abelian of rank n (n ≥ 2). Then

daut(G) ≤ 1

pn(pn − 1)...(pn − pn−2)
+

1

p
.

Proof. Let G be an elementary abelian group, then

|Aut(G)| = (pn − 1)(pn − p)...(pn − pn−1) and we

have |CG(α)| ≤ pn−1 for α ̸= 1 which α ∈ Aut(G).

Put k = pn(pn − 1)...(pn − pn−1), hence

kdaut(G) = pn(pn − 1)...(pn − pn−1)daut(G)

= |G||Aut(G)|daut(G)

=
∑

α∈Aut(G) |CG(α)|

=
∑

α={1} |CG(α)|+
∑

α∈Aut(G)\{1} |CG(α)|

= |G|+ |CG(α)|(|Aut(G)| − 1)

≤ pn + pn−1[(pn − 1)...(pn − pn−1)− 1]

= pn−1(p− 1) + pn−1(pn − 1)...(pn − pn−1).

Therefore

daut(G) ≤ 1

pn(pn − 1)...(pn − pn−2)
+

1

p
.
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Abstract: We give a characterization of unique coclosure modules with respect to a cohereditary torsion
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1 INTRODUCTION

Throughout this paper R will denote an arbitrary

associative ring with identity and M will be uni-

tary right R-module.The notation N ≤⊕ M de-

notes that N is a direct summand in M ; N � M

means that N is small in M (i.e. for all proper

submodule L of M , L + N 6= M). A module N is

said to be small if N � L, for some module L. For

N,L ≤M,N is supplement of L in M if N+L = M

with N ∩ L � N . Following [4], a module M is

called supplemented if every submodule of M has

a supplement in M . On the other hand, the mod-

ule M is amply supplemented if, for any submodules

A,B of M with M = A+ B there exists a supple-

ment P of A in M such that P ≤ B. Module M

is called a weakly supplemented module if for each

submodule A of M there exists a submodule B of

M such that M = A+B and A ∩B �M .

Let τ = (T ,F) denotes a cohereditary tor-

sion theory on R-Mod, where T and F denote the

classes of all τ -torsion and τ -torsionfree modules

respectively.

If τ(M) denotes the sum of the τ -torsion

submodules of M , then τ(M) is necessarily the

unique largest τ -torsion submodule of M and

τ(M/τ(M)) = 0 for an R-module M . Let N be

a submodule of a module M . Then N is called

τ -small in M if it is N ∈ F and small in M . In

this case we write N �τ M . Let B ≤ A ≤ M ,

if A/B �τ M/B, then B is called a τ -cosmall

submodule of A in M (denoted by B
τ -cs
↪→ A). A

submodule A of M is called τ -coclosed (denoted

by A
τ -cc
↪→ M), if A has no proper τ -cosmall sub-

module. A τ -coclosure of a submodule B of M is

a τ -cosmall submodule of B in M which is also a

τ -coclosed submodule of M . A module M is called

a unique τ -coclosure module (denoted by τ -UCC

module) if every submodule of M has a unique τ -

coclosure in M .

In [2] Doğruöz, Harmanci, and Smith stud-

ied modules in which every submodule has a unique

closure with respect to a hereditary torsion theory

τ . In this paper we investigate modules in which

every submodule has a unique coclosure with re-

spect to a cohereditary torsion theory τ .

2 Main Results

Theorem 2.1. Let R be a ring and let τ be a co-

hereditary torsion theory on Mod-R. If M is an

amply τ -supplemented R-module, then the follow-

∗Corresponding Author
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ing statements are equivalent.

(1) M is a τ − UCC module;

(2) for all sets I and for all submodules

Ki
τ -cs
↪→ Li inM for all i ∈ I,

⋂
i∈I Ki

τ -cs
↪→

⋂
i∈I Li

in M .

(3) if K
τ -cs
↪→ K ′ in M and L

τ -cs
↪→ L′ in M ,

then (K ∩ L)
τ -cs
↪→ (K ′ ∩ L′).

(4) if KθτK
′ and LθτL

′, for submodules

K,K ′, L and L′ of M , then (K ∩ L)θτ (K ′ ∩ L′).

(5) if L
τ -cs
↪→ K + L then (K ∩ L)

τ -cs
↪→ K.

(6) for any A ⊆ B ⊆ M and a τ -coclosure

B1 of B in M , there exists a τ -coclosure A1 of A

in M such that A1 ⊆ B1.

(7) the sum of any family of τ -coclosed sub-

module of M is τ -coclosed;

(8) the sum of two τ -coclosed submodule of

M is τ -coclosed.
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Abstract: In this paper we define the notions of weakly quasi annihilator-flat and right(left) absolutely

weakly quasi annihilator-flat. Some of their properties are investigated. We obtain some conditions that

completely 0-simple semigroups are right absolutely weakly quasi annihilator-flat.

1 INTRODUCTION

In [1] Bulman-Fleming gave annihilator-flat no-

tion and studied its property. The present pa-

per offer a new notion that although seems to be

similar to annihilator-flat against annihilator-flat

it is a strong notion that is called weakly quasi

annihilator-flat. Besides its properties are inves-

tigated. In fact weakly flat implies weakly quasi

annihilator-flat and weakly quasi annihilator-flat

implies principally weakly flat but the converse is

not necessarily true. We show that annihilator-

flat doesn’t imply weakly quasi annihilator-flat and

vice versa. Also right(left) absolutely weakly quasi

annihilator-flat is definable naturally. We show

that on what conditions completely 0-simple semi-

groups and full transformation monoids are right

absolutely weakly quasi annihilator-flat. In the fol-

lowing we utter some definitions that are used in

this paper.

Let S be a semigroup. An element s ∈ S is called

left cancellable (resp. right cancellable if rs = ts) if

sr = st implies r = t, for all r, t ∈ S. Moreover, the

semigroup S is called cancellative if all elements of

S are left and right cancellable.

Let S be a monoid. A non-empty set A is called a

right S-act usually denoted AS , if S acts on A uni-

tarily from the right that is there exists a mapping

A × S → A, (a, s) 7→ as, satisfying the condition

(as)t = a(st) and a1 = a, for all a ∈ A and all

s, t ∈ S. Left S-act SA is defined dually. Let AS

be a right S-act. A is called flat if the functor A⊗−
preserves embeddings of left S-acts. If this functor

preserves embeddings of (principal) left ideals of S

into S, then A is called (principally) weakly flat.

An act AS is called torsion free, if as = bs with

a, b ∈ A and s a right cancellable element of S, im-

plies a = b. A left ideal J of a monoid S is called

right-stabilizing if j ∈ jJ for every j ∈ J(see p. 230

of [3], where the left-right dual of this property is

called Condition (LU)). A left S-act SB is called

connected whenever b, b′ ∈ B then there exist ele-

ments bi ∈ B and si, ti ∈ S such that

b = s1b1

t1b1 = s2b2

...

tn−1bn−1 = snbn

tnbn = b′.
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Let a, a′ ∈ A and b, b′ ∈ B. Then a ⊗ b =

a′ ⊗ b′ in AS ⊗ SB if and only if there exist

s1, ..., sk, t1, ..., tk ∈ S, a1, ..., ak−1 ∈ AS and

b1, ..., bk ∈ SB such that

s1b1 = b

as1 = a1t1 s2b2 = t1b1

a1s2 = a2t2 s3b3 = t2b2

... ...

ak−1sk = a′tk b′ = tkbk.

2 Right Absolutely Weakly

Quasi Annihilator-Flat

Monoids

In this section we define the notions of weakly quasi

annihilator-flat and right(left) absolutely weakly

quasi annihilator-flat and investigate some of their

properties.

Definition 2.1. Let S be a monoid and s, t ∈ S.

The set L∗
s,t = {u ∈ S| us = vt, for some v ∈ S}

(resp. R∗
s,t = {u ∈ S| su = tv, for some v ∈ S})

is called a left(right) quasi annihilator ideal of S if

it is a non-empty set.

The following example shows that the equal-

ity L∗
s,t = L∗

t,s is not generally hold.

Example 2.2. Let S = {0, x, 1} be a monoid,

where x2 = 0. Then we have S = L∗
0,x ̸= L∗

x,0 =

{0, x}.

Definition 2.3. An act AS is called weakly quasi

annihilator-flat if the natural mapping A⊗L∗
s,t →

A, a⊗ u 7→ au is injective, for all s, t ∈ S.

Every weakly flat right act is obviously weakly quasi

annihilator-flat, and by the fact that L∗
1,t = St,

for all t ∈ S it is clear that every weakly quasi

annihilator-flat right act is principally weakly flat.

Therefore we have

Flat ⇒ Weakly Flat ⇒ Weakly Quasi

annihilator-Flat ⇒ Principally Weakly Flat ⇒
Torsion Free.

Definition 2.4. A monoid is called right(left) ab-

solutely weakly quasi annihilator-flat if all of its

right(left) acts are weakly quasi annihilator-flat.

Theorem 2.5. A monoid S is right absolutely

weakly quasi annihilator-flat if and only if, for all

u, v, s, t ∈ S if u and v belong to L∗
s,t then there

exist e1, ..., e2m+1 ∈ L∗
s,t such that

u = ue1

ve1 = ve2

ue2 = ue3

...

ue2m = ue2m+1

ve2m+1 = v.

Corollary 2.6. It is clear that if S is a right abso-

lutely weakly quasi annihilator-flat then every left

quasi annihilator ideal L∗
s,t of S is right stabiliz-

ing.

Corollary 2.7. Suppose that S is right absolutely

weakly quasi annihilator-flat. Then

(i) each proper left Rees factor act of the form

S/L∗
s,t is principally weakly flat;

(ii) each amalgamated coproduct S⨿L∗
s,tS, where

s ̸= t is a flat left S-act.

Theorem 2.8. Let S be a monoid such that xyx =

x2y, for all x, y ∈ S. Then S is right absolutely

weakly quasi annihilator-flat if and only if, for all

s, t ∈ S the set L∗
s,t is non-empty and right stabi-

lizing left ideal.

Lemma 2.9. If S is a right reversible monoid then

for every s, t ∈ S, L∗
s,t is non-empty and connected

left act.

Theorem 2.10. The one-element right S-act ΘS

is weakly quasi annihilator-flat if and only if, each

non-empty quasi annihilator ideal L∗
s,t is con-

nected left S-act.
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Theorem 2.11. Let S be a monoid and R∗
s,t be

a proper right quasi annihilator ideal of S. Then

the right Rees factor S-act S/R∗
s,t is weakly quasi

annihilator-flat if and only if each non-empty left

ideal L∗
u,v is left connected S-act and R∗

s,t satisfies

Condition (LU).

Theorem 2.12. All principally weakly flat right

Rees factor acts of a monoid S of the form S/R∗
s,t

are weakly quasi annihilator-flat if and only if each

non-empty ideal L∗
u,v is connected left S-act.

This section is ended with some examples.

For simplicity we use the following abbreviations:

Weakly flatness = WF, principally weakly flatness

= PWF, weakly quasi annihilator-flatness = WQ-

F, right absolutely annihilator-flatness = (r.a.a-f),

right absolutely weakly quasi annihilator-flatness =

(r.a.w.q-f).

Example 2.13.

(i). (WQ-F ̸⇒ WF). Let S be a right zero

semigroup and s, t ∈ S1(s ̸= t). Then L∗
s,t = ∅ and

so by Lemma 2.9, S1 is not right reversible. There-

fore ΘS is not weakly flat. Moreover, according to

the Theorem 2.10 ΘS , is weakly quasi annihilator-

flat.

(ii). (PWF ̸⇒ WQ-F). Let S be a monoid

as follows:

Then L∗
g,e = {e, f}. Suppose that L∗

g,e is con-

nected. Then there exist s1, ..., sn, t1, ..., tn ∈ S,

e1, ..., en ∈ L∗
g,e such that

e = s1e1

t1e1 = s2e2

...

tn−1en−1 = snen

tnen = f.

Therefore according to the table and e = s1e1 we

have e1 = e. Also e = t1e1 = s2e2 therefore e2 = e.

By following this process we conclude that en = e.

Hence e = tnen = f . So this is a contradiction

and L∗
g,e is not connected. Thus ΘS is not weakly

quasi annihilator-flat by Theorem 2.10, but clearly

it is principally weakly flat.

(iii). If S is any right zero semigroup, then

S1 is right absolutely weakly quasi annihilator-flat.

(iv). Right normal bands(with 1 ad-

joined) need not be right absolutely weakly quasi

annihilator-flat. If S1 has the multiplication table

then L∗
g,e = {e, f}.

(v). (Annihilator-flat ̸⇒ WQ-F). According

to the [1] the cyclic act N/ρ(2, 4), where ρ(2, 4) is

the smalest congruence on N identifying 2 and 4, is

annihilator-flat but not torsion free.

If N/ρ(2, 4) be weakly quasi annihilator-flat then it

is torsion free and this is a contradiction.

(vi). r.a.a-f ̸⇒ r.a.w.q-f. Because every left

cancelative monoid is right absolutely annihilator-

flat by [1], N has this property too. But according

previous example N is not right absolutely weakly

quasi annihilator-flat.

(vii). r.a.w.q-f ̸⇒ r.a.a-f. Let S be a monoid

as follows:

Then S is not right absolutely annihilator-flat but

it is right absolutely weakly quasi annihilator-flat

by Theorem 2.5.

(viii). (WQ-F ̸⇒ annihilator-flat). It is ob-

vious by previous example.

(ix). The null monoid S = {0, x, 1}, where
x2 = 0 is not right absolutely weakly quasi

annihilator-flat. Indeed, x ∈ L∗
x,0 = {0, x} but

there is no element y belong to L∗
x,0 such that

xy = x. Therefore S is not right absolutely weakly

quasi annihilator-flat by Theorem 2.5.

(x). The right regular monoid with table

is right absolutely weakly quasi annihilator-flat by

Theorem 2.5.
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3 The completely 0-simple

semigroups that are right

absolutely weakly quasi

annihilator-flat

A semigroup S without identity will be termed

right absolutely weakly quasi annihilator-flat or

right absolutely annihilator-flat when the monoid

S1 has the corresponding property. Recall that a

regular Rees matrix semigroup with 0 having sand-

wich matrix P is right absolutely annihilator-flat if

and only if, for all µ ̸= ν ∈ Λ, if no entry of row µ

or of row ν of P is 0, then pµj
−1pµi ̸= pνj

−1pνi for

all i ̸= j ∈ I; and no two rows of P having an entry

0 have equal support. The above results appear in

[1]. If P is a Λ× I matrix over a group with 0, the

support of row α is the set of those i ∈ I for which

pαi ̸= 0.

We will show that if every completely 0-

simple semigroup be right absolutely weakly

quasi annihilator-flat then it is right absolutely

annihilator-flat.

Theorem 3.1. Let M0(G; I,Λ;P ) be a completely

0-simple semigroup, represented as a regular Rees

matrix semigroup with 0. Then the monoid S =

(M0(G; I,Λ;P ))1 is right absolutely weakly quasi

annihilator-flat if and only if the following condi-

tions hold

(i) for all µ ̸= ν ∈ Λ, a, b, a′, b′ ∈ G,

i, j ∈ I, µ′, ν′ ∈ Λ, if pµ′j
−1(a′)−1apµi =

pν′j
−1(b′)−1bpνi, some entry of row µ or

some entry of row ν of P are 0;

(ii) no two rows of P that at least one of them

has an entry 0 have equal support.
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1 INTRODUCTION

The theory of soft sets was initiated by Molodtsov

[3] as a new mathematical tool for dealing with un-

certainties which is free from the difficulties affect-

ing classical methods. The study on connections

between soft sets and algebraic systems has been

of interest for some authors. In [3], Ali et al. intro-

duced the concept of soft S-acts for a semigroup S

to characterize general fuzzy soft S-acts.

In this talk our aim is to study the interre-

lations of some category-theoretic concepts includ-

ing particular morphisms, limits, and colimits such

as soft products, soft coproducts, soft equalizers,

soft coequalizers, soft pullbacks, and soft pushouts

of soft S-acts with their corresponding concepts in

the categories Act-S of all S-acts and S-maps, and

Set of all sets and maps. For more information on

some categorical ingredients of Act-S, see [2].

Let A be an S-act and (F,A)A be a soft set

over A. Then (F,A)A, or simply (F,A), is called

a soft S-act or soft S-set over A if F (a) ̸= ∅ is a

subact of A for all a ∈ A. The reader is referred to

[1] to see some examples of soft S-acts.

Let (F,A) and (G,B) be two soft S-acts over

S-acts A and B, respectively. Let f : A → B be an

S-homomorphism and g : A → B be a map. Then

(f, g) is called a soft homomorphism from (F,A)A

to (G,B)B if f(F (a)) = G(g(a)) for all a ∈ A.

Also if f(F (a)) ⊆ G(g(a)) for all a ∈ A, then we

say that (f, g) is a weak soft homomorphism. All

soft S-acts together with all soft homomorphisms

between them forms a category which is denoted by

SoftAct. This category is a subcategory of WSof-

tAct consisting of all soft S-acts together with all

weak soft homomorphisms between them.

Let P be a category-theoretic notion in Sof-

tAct. We use the term “soft corresponding notion”

for P . For example, by a soft monomorphism we

mean a monomorphism in SoftAct, a soft pull-

back refers to a pullback in SoftAct, etc. Analo-

gously, we use “w-soft corresponding notion” for a

∗Corresponding Author and Speaker

1

53

53



category-theoretic notion in WSoftAct.

2 MAIN RESULTS

We study some basic category-theoretic properties

of SoftAct and WSoftAct. We will see that the

categorical properties in SoftAct and WSoftAct

are mostly dependent to their corresponding prop-

erties in Act-S and Set.

2.1 ON PARTICULAR MOR-

PHISMS

First we study soft monomorphisms and soft epi-

morphisms in SoftAct. Then we characterize all

soft isomorphisms in terms of all isomorphisms in

Act-S and Set.

Theorem 2.1. Let (f, g) : (F,A)A → (G,B)B be a

soft homomorphism in SoftAct such that f and g

be monomorphisms (epimorphisms) in Act-S and

Set, respectively. Then (f, g) is a soft monomor-

phism (soft epimorphism).

Corollary 2.2. Let (f, g) : (F,A)A → (G,B)B be

a soft homomorphism in SoftAct such that f and

g be bimorphisms in Act-S and Set, respectively.

Then (f, g) is a soft bimorphism.

The following result characterizes all soft iso-

morphisms in terms of all isomorphisms in Act-S

and Set.

Theorem 2.3. Let (f, g) : (F,A)A → (G,B)B be

a soft homomorphism. Then (f, g) is a soft iso-

morphism in SoftAct if and only if f and g are

isomorphisms in Act-S and Set, respectively.

2.2 ON SOFT PRODUCTS AND

SOFT COPRODUCTS

In the following soft products and soft coproducts

in the categories SoftAct and WSoftAct are in-

vestigated.

Problem 2.4. The category SoftAct has a ter-

minal object but not an initial object. The same

situation holds in WSoftAct.

The following result presents a connection

between w-soft products in WSoftAct and the

products in Act-S and Set.

Theorem 2.5. Let {(Fi, Ai)Ai}i∈I be a non-

empty family of soft S-acts. Then the soft

S-act (
∏
i∈I

Fi,
∏
i∈I

Ai)∏
i∈I

Ai
is a w-soft product

w∏
i∈I

(Fi, Ai)Ai of this family, where
∏
i∈I

Fi :∏
i∈I

Ai → P(
∏
i∈I

Ai) is given by (
∏
i∈I

Fi)((ai)i∈I) =∏
i∈I

(Fi(ai)), ai ∈ Ai, i ∈ I.

In the following, a dual result of Theorem

2.5 for soft coproducts in SoftAct is obtained.

Theorem 2.6. Let {(Fi, Ai)Ai}i∈I be a non-

empty family of soft S-acts. Then the soft

S-act (
⨿
i∈I

Fi,
⨿
i∈I

Ai)⨿
i∈I

Ai
is a soft coproduct⨿

i∈I

(Fi, Ai)Ai of this family, where
⨿
i∈I

Fi :
⨿
i∈I

Ai →

P(
⨿
i∈I

Ai) is given by (
⨿
i∈I

Fi)(ai, i) = Fi(ai) × {i},

for all ai ∈ Ai, i ∈ I.

Remark 2.7. Since coproducts in a category

are unique up to isomorphisms, using Theorems

2.3 and 2.6, if (F,A)A is a soft coproduct of

{(Fi, Ai)Ai}i∈I in SoftAct, then A and A are iso-

morphic to
⨿
i∈I

Ai and
⨿
i∈I

Ai in Set and Act-S,

respectively.

2.3 ON SOFT EQUALIZERS AND

SOFT COEQUALIZERS

This subsection is devoted to study soft equaliz-

ers and soft coequalizers in SoftAct. We obtain

the interrelations of these notions in SoftAct with

their correspondings in Act-S and Set under some

conditions. But, considering WSoftAct, these

connections remain as an open problem.

The following result presents a soft equalizer

of some soft S-acts.

2

54

54



Theorem 2.8. The soft equalizer of soft homo-

morphisms (F1, A1)A1

(f1,g1)//
(f2,g2)

// (F2, A2)A2
in Sof-

tAct, under the condition “for every subact X of

A1, if f1(X) = f2(X), then f1(x) = f2(x) for all

x ∈ X”, is a pair ((F,E)E , (e, e
′)), where (e, e′) :

(F,E)E → (F1, A1)A1 is a soft homomorphism for

which (E , e) and (E, e′) are the (existing) equal-

izers of A1

f1 //
f2

// A2
and A1

g1 //
g2

// A2
in Act-S

and Set, respectively, and F : E → P(E) is given

by F = F1|E.

On soft coequalizers in SoftAct, the follow-

ing result is obtained.

Theorem 2.9. The soft coequalizer of soft homo-

morphisms (F1, A1)A1

(f1,g1)//
(f2,g2)

// (F2, A2)A2
in Sof-

tAct, under the condition “for every subact X of

A1, f1(X) = f2(X)”, is a pair ((F,C)C , (c, c
′)),

where (c, c′) : (F2, A2)A2 → (F,C)C is a soft ho-

momorphism for which (C, c) and (C, c′) are the

coequalizers of A1

f1 //
f2

// A2
and A1

g1 //
g2

// A2
in

Act-S and Set, respectively, and F : C → P(C)
is given by F ([a]θ) = c(F2(a)), for every a ∈ A2.

2.4 ON SOFT PULLBACKS AND

SOFT PUSHOUTS

Finally, we study the notions of soft pullbacks and

soft pushouts in SoftAct and WSoftAct.

In the following, a result concerning w-soft

pullbacks in WSoftAct under some conditions is

obtained.

Theorem 2.10. Let (fi, gi) : (Fi, Ai)Ai →

(F,A)A, i = 1, 2, be weak soft homomorphisms

satisfying the condition “for every subacts X of

A1 and Y of A2, if f1(X) = f2(Y ), then

f1(x) = f2(y) for every x ∈ X, y ∈ Y ”. A

w-soft pullback of (fi, gi), i = 1, 2, in WSoft-

Act is a pair ((G,P )P , ((p1, p
′
1), (p2, p

′
2))), where

(P, (p1, p2)) and (P, (p′1, p
′
2)) are the (existing) pull-

backs of f1, f2 and g1, g2 in Act-S and Set, respec-

tively, and (pi, p
′
i) : (G,P )P → (Fi, Ai)Ai

, i = 1, 2,

are weak soft homomorphisms for which G : P →
P(P) is defined by G(a1, a2) = F1(a1)×F2(a2), for

all (a1, a2) ∈ P .

Here we study a particular kind of soft

pushouts, so called soft amalgamated coproduct, in

SoftAct.

Problem 2.11. The soft amalgamated co-

product (G,A)A
⨿(F,U)U (G,A)A is the pair

((H,A
⨿U

A)A
⨿U A, ((q1, q

′
1), (q2, q

′
2))), where

(A
⨿U

A, q′1, q
′
2) and (A

⨿U A, q1, q2) are the amal-

gamated coproducts in Set and Act-S, respectively,

and H(a, i) = qi(G(a)) for every a ∈ A\U , i = 1, 2,

H(a) = F (a) for every a ∈ U .
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1 INTRODUCTION

We assume throughout that R is a commutative

Noetherian ring and M is a non-zero finitely gen-

erated R-module.

Let I be a proper ideal of R. We recall that

htI = min{htP |P ∈ Spec(R), I ⊆ P}.

In [2,
∮
48], Macaulay showed that, when R

is a polynomial ring in finitely many indeterminates

with cofficients in a field, and if htI = n and I can

be generated by n elements, then htP = n for every

P ∈ assI.

In [1, Theorem21], Cohen established the

corresponding result when R is a regular local ring.

It turns out that commutative Noetherian ring R

is Cohen-Macaulay if and only if, for an n ∈ N0,

for every proper ideal I of R of height n which can

be generated by n elements, we have htP = n for

every P ∈ assI.

Let a1, ..., an ∈ R. We know by [3, 16.1],

that a1, ..., an form an M−sequence of elements of

R precisely when

(i) M ̸= (a1, ..., an)M , and

(ii) For each i = 1, ..., n, the element ai is a

non-zerodivisor on the R−module
M

(a1, ..., ai−1)M
.

Let I be an ideal of R such that M ̸= IM .

We know by [3, 16.13], that every two maximal

M−sequence in I have the same length. The

common length of all maximal M−sequences in I

denoted by gradeMI. If M = R, then we show

gradeRI by gradeI.

For P ∈ Supp(M), we know by [3, 17.15],

that the M−height of P , denoted htMP , is de-

fined by dimRPMP = dim(
RP

AnnRP
(MP )

). Let I

be an ideal of R such that M ̸= IM . We know by

[3, 17.15], that the M−height of I, denoted htMI,

is defined by

htMI = min{htMP |P ∈ Supp(M), I ⊆ P}.

If (R, J) is a local ring, then we show the gradeMJ

by depthM and htMJ by dimM .

We know by [3, 17.1], that R is a Cohen-

Macaulay ring precisely when gradeI = htI, for

every proper ideal I of R.

∗Corresponding Author
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Let R be a commutative Noetherian ring

and M be a non-zero finitely generated R−module.

Let I be an ideal of R such that M ̸= IM . We

know by [3, 9.23] that there exists a prime ideal

P ∈ Supp(M) such that I ⊆ P and by [3, 17.15],

we have

htMI = min{htMP |P ∈ Supp(M), I ⊆ P}.

Also, we know by [3, 17.16] that M is a Cohen-

Macaulay R−module precisely when gradeMI =

htMI, for every ideal I of R for which M ̸= IM .

2 RESULTS

Definition 2.1. Let R be a commutative Noethe-

rian ring and M be a non-zero finitely generated

R−module. A proper ideal I of R with M ̸= IM is

said to be M−unmixed when htMI = htMP for all

P ∈ Ass(
M

IM
).

Theorem 2.2. Let R be a commutative Noethe-

rian ring and M be a non-zero finitely generated

R−module.Then M is Cohen-Macaulay if and only

if, for every k ∈ N0,every proper ideal I of R with

M ̸= IM and htMI = k Which can be generated

by k elements is M−unmixed.

Definition 2.3. Let (R, J) be a commutative

Noetherian local ring and M be a non-zero finitely

generated R−module with M ̸= JM . We say

that M is semi-regular precisely when depthM =

dimM .

Definition 2.4. Let (R, J) be a commutative

Noetherian local ring and M be a non-zero finitely

generated R−module with M ̸= JM . We say

that M is a regular local R−module if dimM =

dimR

J

J

J2
.

Theorem 2.5. Let (R, J) be a commutative

Noetherian local ring and M be a non-zero finitely

generated R−module. If M be a regular local

R−module, then it is semi-regular.

Remark 2.6. Let (R, J) be a commutative Noethe-

rian local ring and M be a non-zero finitely gener-

ated R−module. We know by [3, 17.17], that M is

Cohen-Macaulay if and only if it is semi-regular.

Corollary 2.7. Let (R, J) be a commutative

Noetherian local ring and M be a non-zero finitely

generated R−module. If M be a regular local

R−module, then it is Cohen-Macaulay.

Theorem 2.8. Let R be a commutative Noetherian

ring, M be a non-zero finitely generated R−module

and S be a multiplicatively closed subset of R. If

M be a Cohen-Macaulay R−module, then MS is a

Cohen-Macaulay RS−module.

Remark 2.9. Let R be a commutative Noetherian

ring, M be a non-zero finitely generated R−module

and S be a multiplicatively closed subset of R.

We know by [3, 17.18], That if MP be a Cohen-

Macaulay RP−module for every P ∈ Supp(M),

then M is a Cohen-Macaulay R−module. So the

converse of the Theorem 2.8 is true by Corollary

2.10.

Corollary 2.10. Let R be a commutative Noethe-

rian ring and M be a non-zero finitely gener-

ated R−module. If MS be a Cohen -Macaulay

RS−module, for every multiplicatively closed subset

S of R, then M is a Cohen-Macaulay R−module.

Corollary 2.11. Let R be a commutative Ar-

tinian ring. Then every non-zero finitely generated

R−module is Cohen-Macaulay.

Lemma 2.12. Let R be a commutative Noetherian

ring and suppose that the non-zero finitely gener-

ated R−module M is Cohen-Macaulay. Let

P0 ⊂ P1 ⊂ ... ⊂ Pn

be a saturated chain of prime ideals in Supp(M).

Then htMPn = htMP0 + n.

Theorem 2.13. Let R be a commutative Noethe-

rian ring and M be a non-zero finitely generated

R−module and let a ∈ J(R) be such that a forms

an M−sequence. Then M is Cohen-Macaulay if

and only if
M

(a)M
is Cohen-Macaulay.
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Theorem 2.14. Let R be a commutative Noethe-

rian ring and M be a non-zero finitely generated

Cohen-Macaulay R−module. Let a1, ..., an be an

M−sequence of elements of R. Then
M

(a1, ..., an)M
is again a Cohen-Macaulay module.

Definition 2.15. Let (R, J) be a commutative

Noetherian local ring and M be a non-zero finitely

generated R−module with JM ̸= M . Let dimM =

n. A system of parameters for M is a set of n el-

ements of J which generates a J−primary ideal of

R.

Remark 2.16. Let R be a commutative Noetherian

ring , M be a non-zero finitely generated R−module

and I be an ideal of R with IM ̸= M . We know by

[3, 17.15], that gradeMI ≤ htMI.

Theorem 2.17. Let (R, J) be a commutative

Noetherian local ring and M be a non-zero finitely

generated R−module with JM ̸= M . Set

depthM = d and dimM = n. Let a1, ..., ad be an

M−sequence in J . Then there exist ad+1, ..., an ∈
J such that (a1, ..., ad, ad+1, ..., an) is a system of

parameters for M .

This research has been supported by the Vali-

e-Asr University of Rafsanjan.
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Abstract: The unit (Unitary Cayley) graph corresponding to an associative ring R is the graph obtained

by setting all the elements of R to be the vertices and defining distinct vertices x and y to be adjacent if

and only if x+ y ∈ U(R) (x− y ∈ U(R)), where U(R) is the set of all unit elements of R. H. R. Maimani,

et al. (C. Lanski and A. Maróti) derive necessary and sufficient conditions for unit (Unitary Cayley) graphs

to be Hamiltonian. In this paper, by a constructive method, we give simple proofs for these results.

Keywords: Hamiltonian graphs, Unit graphs, Unitary Cayley Graphs, finite rings.

1 INTRODUCTION

The study of algebraic structure using the proper-

ties of graphs has become an exciting research topic

in the last twenty years. Let n be a positive inte-

ger, and let Zn be the ring of integers modulo n.

R. P. Grimaldi defined a graph Γ(Zn) based on the

elements and units of n (cf. [7]). The vertices of

G(Zn) are the elements of Zn; distinct vertices x

and y are defined to be adjacent if and only if x+y

is a unit of Zn.

This corresponding graph is generalized as

follows: Let R be a ring and U(R) be the set of

unit elements of R. The unit graph of R, denoted

by G(R), is the graph obtained by setting all the

elements of R to be the vertices and defining dis-

tinct vertices x and y to be adjacent if and only if

x + y ∈ U(R). For some paper about unit graphs,

we refer the reader to [1], [3] and [6].

Let G be a graph, V(G) will denote its ver-

tex and E(G) its edge set. A path is an ordered

list of distinct vertices v0, v1, ..., vn such that vi−1

is adjacent to vi for i = 1, 2, ..., n. A graph G is

connected if there exists a path between any two

distinct vertices of G.

A cycle of a graph is a path that the start

and end vertices are the same. A Hamiltonian cy-

cle— is a spanning cycle in G. A graph is called

Hamiltonian if it contains a Hamiltonian cycle.

H. R. Maimani, et al. in [6] derive neces-

sary and sufficient conditions for unit graphs to be

Hamiltonian. In this paper, we give a simple proof

for this result.

The unitary Cayley graph of a ring R, de-

noted by Γ(R), is the graph whose vertices set is

R, and distinct vertices x and y are defined to be

adjacent if and only if x − y is a unit of R. For

more information about Cayley graphs, we refer

the reader to [3] and [4].

C. Lanski and A. Maróti in [5] give neces-

sary and sufficient conditions for Unitary Cayley

∗Corresponding Author
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graphs to be Hamiltonian. In this paper, we also

give a simple proof for this result.

2 MAIN RESULTS

Throughout this paper R is finite commutative ring

and J(R) is the Jacobson radical of R. In this sec-

tion we present some lemmas and theorems that

will be used in the main theorems. For beginning,

we have the following well-known theorems.

Theorem 2.1. Let R be an arbitrary ring. An ele-

ment r ∈ R is a unit of R if and only if r ∈ R/J(R)

is a unit of R/J(R).

Theorem 2.2. Let R be an arbitrary ring. If

G(R/J(R)) is Hamiltonian, then G(R) is also

Hamiltonian.

The cross product (sometimes also tensor

product) of two graphs G and H is a graph de-

noted G × H, with V (G × H) = V (G) × V (H)

and (x, y), (x′, y′)) ∈ V (G ×H) if and only if x is

adjacent to x′ in G and y is adjacent to y′ in H.

Lemma 2.3. (See [2]) Let G1 and G2 be two

Hamiltonian graphs. The graph G1 ×G2 is Hamil-

tonian if and only if either |G1| or |G2| be odd.

Lemma 2.4. Let R = F1 × F2 × ... × Fn such

that Fi is a field of even order and |Fi| > 2 for all

2 ≤ i ≤ n. Then G(R) is a Hamiltonian graph.

Proof. First suppose that |Fi| ≥ 4, for all 1 ≤
i ≤ n. We use induction on n. Clearly, for

n = 1 the assertion is clearly true. Assume that

a1, a2, ..., ar is a Hamiltonian cycle in G(R), such

that ai = (ai1, ai2, ..., ain), for all 1 ≤ i ≤ r. Let

Fn+1 = {f1, f2, ..., f2k}. For abbreviation, let

ai(fj) := (ai1, ai2, ..., ain, fj)

Also we define Pi,i+1 be the following path,

Pi,i+1 := ai(f2), ai+1(f1), ai(f3), ai+1(f2), ..., ai(f2k),

ai+1(f2k−1), ai(f1), ai+1(f2k)

Now we construct the following Hamiltonian cycle

for F1 × F2 × ...× Fn × Fn+1,

P1,2, P3,4, ..., Pr−1,r

.

For the rest part of the proof, it is sufficient to

show that G(F × Z2), where F is a field and

|F | = 2m for some m ≥ 2, has Hamiltonian cy-

cle. Let F = {f1, f2, ..., f2m}. The following, is a

Hamiltonian cycle for G(F × Z2),

(f1, 0), (f2, 1), (f3, 0), (f4, 1), ..., (f2m−1, 0), (f
m
2 , 1)

(f2, 0), (f1, 1), (f4, 0), (f3, 1), ..., (f2m , 0), (f2m−1, 1).

Corollary 2.5. Let R = F1 × F2 × ... × Fn such

that Fi is a field and |Fi| > 2 for all 2 ≤ i ≤ n.

Then G(R) is a Hamiltonian graph.

By an easy observation, we have the follow-

ing lemma:

Lemma 2.6. Let R be a ring such that G(R) is

Hamiltonian. If |R| is odd, then G(Z2 × R) is

Hamiltonian.

By using the before lemmas and theorems,

we have the following main results:

Theorem 2.7. (See [6]) Let R be a ring such that

R ̸∼= Z2 and R ̸∼= Z3. Then the following conditions

are equivalent:

(1) The graph G(R) is Hamiltonian.

(2) The graph G(R) is connected.

(3) Every element of R is a sum of at most three

units.

(4) The ring R is generated by its units.

(5) The ring R cannot have Z2 × Z2 as a quotient.

Theorem 2.8. (See [5]) Let R be a ring. Then

the following conditions are equivalent:
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(1) The factor ring R/J(R) has at most one sum-

mand isomorphic to Z2.

(2) Every element of R is a sum of two or three

units.

(3) The graph Γ(R) is connected.
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با متقارن های گروه روی کيلͬ های گراف نرماليته بررسͬ
ها ترانهش از ای ازمجموعه متشͺل رابطͬ مجموعه

ارشد کارشناسͬ التحصیل فارغ چͽنͬ حسینͬ نسرین

رئوس مجموعه با گرافͬ T ترانهشͬ باشد.گراف Sn متقارن گروه ترانهشهای از مجموعه ͷی T فرضکنید چͺیده:
گروه آنگاه ،n ≥ 3 اگر که شود مͬ داده نشان مقاله این در است. {ij | (i j) ∈ T} یالهای مجموعه و {1, 2, . . . , n}

آن در که است یͺریخت Aut(Sn, T ) با Tra(T ) ترانهشͬ گراف خودریختͬ
کیلͬ های گراف آنگاه باشد، Sn مینیمال مولد مجموعه T اگر همچنین .Aut(Sn, T ) = {α ∈ Aut(Sn) | Tα = T}

.R(Sn)Aut(Sn, T ) ضرب نیم Cay(Sn, T ) کیلͬ گراف خودریختͬ گروه یعنͬ نرمالند Cay(Sn, T )

نرمال. کیلͬ کیلͬ،گراف ترانهشͬ،گراف گراف کلیدی: کلمات

ͷی بخش

گروه و ها یال رئوس،مجموعه مجموعه مقاله این در
E(X) ،V (X) با ترتیب به را X گراف خودریختͬ
ضرب نیم را G گروه دهیم. مͬ نمایش Aut(X) و
دهیم NKنمایشمͬ با و KوNنامیده گروه دو مستقیم

هرگاه
1)NG 2)K ≤ G 3)N ∩ K = 1 4)G = NK

طوری به ∅ ̸= S ⊆ G و باشد گروه ͷی G اگر
، S−1 = {s−1| s ∈ S} = S و 1G /∈ S که
کیلͬ گراف آنگاه باشد، بسته وارون به نسبت S یعنͬ
مͬکنیم تعریف زیر صورت به را Cay(G,S) = Γ

E(Γ) = {(g, sg}| g ∈ G , s ∈ S} و V (Γ) = G

.{x, y} ∈ E(Γ) ⇐⇒ xy−1 ∈ S یعنͬ
گوییم. Γ کیلͬ گراف رابط مجموعه را S

مقدمه

Cay(Sn, T ) کیلͬ گرافهای بودن نرمال مقاله این در
مجموعه ͷی T آنها در که مͬکنیم بررسͬ را
God- است. Sn ترانهشهای از مینیمال مولد
گروه اگر که کردند اثبات [4] منبع در Royleو sil
آن باشد، بدیهͬ Tra(T ) ترانهشͬ گراف خودریختͬ
نمایش R(Sn) که Aut(Cay(Sn, T )) = R(Sn) گاه
ایجاد بدون نامه پایان این در ما است. Sn راست منظم
ترانهشͬ گراف خودریختͬ گروه روی محدودیتͬ هیچ
یعنͬ نرمالند Cay(Sn, T ) گرافهای که مͬکنیم ثابت
دربخش .Aut(Cay(Sn, T )) = R(Sn)Aut(Sn, T )

بیان را مقاله در نیاز مورد اولیه مفاهیم از برخͬ اول
نیاز مورد گزاره و لم تعدادی به دوم بخش کنیم.در مͬ
سوم بخش در پردازیم. مͬ اصلͬ قضیه اثبات جهت
قسمت در سپس و کنیم مͬ بیان را مقاله اصلͬ قضیه

پردازیم. مͬ نتیجه چند بیان به نتایج
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سه بخش

اثبات از کلیاتͬ و اصلͬ قضیه بیان به بخش این در
ترانهش از مجموعه ͷی T کنید پردازیم.فرض مͬ آن
خودریختͬ گروه آنگاه ،n ≥ 3 اگر باشد. Sn های
اگر است. یͺریخت Aut(Sn, T ) با Tͬترانهش گراف
گروه آنگاه باشد، Sn از مینیمال مولد مجموعه T

ضرب نیم Cay(Sn, T ) کیلͬ گراف خودریختͬ
است. R(Sn)Aut(Sn, T )

Aut(Cay(Sn, T )) ∼= R(Sn)Aut(Sn, T )

،A = R(Sn)Ae دهیم مͬ نشان اثبات:ابتدا
،Ae = Aut(Sn, T ) کنیم مͬ ثابت سپس
به توجه با .A = R(Sn)Aut(Sn, T ) بنابراین
.N(R(Sn)) = R(Sn)Aut(Sn, T داریم:( [10]

که Aut(Cay(Sn, T ) ∼= R(Sn)Aut(Sn, T بنابراین(
است. نرمال Cay(Sn, T ) کیلͬ گراف یعنͬ این

نتایج

ترانهش از مینیمال مولد مجموعه ͷی T نتیجه١:اگر
،Aut(Tra(T )) = 1 و باشد Sn های

.Aut(Cay(Sn, T )) ∼= Sn آنگاه
ترانهشهای از مولد یͷمجموعه T نتیجه٢:فرضکنید
،t1 ̸= t2که t1, t2 ∈ T هر برای که طوری به باشد Sn

منحصربه ۴تایی دور ͷی اگر فقط و اگر t1t2 = t2t1

t2 و t1 و e از که باشد داشته وجود Cay(Sn, T ) در فرد
وجود ۶تایی دور ͷی آنگاه ،t1t2 ̸= t2t1اگر و بͽذرد
بͽذرد. e از ٣ فاصله یͷرأسبه و t2 و t1 و e از که دارد

اصلͬ قضیه اثبات طبق آنگاه
یعنͬ Aut(Cay(Sn, T )) ∼= R(Sn)Aut(Sn, T )

n ≥ 3 اگر براین علاوه است. نرمال Cay(Sn, T )

.Aut(Sn, T ) ∼= Aut(Tra(T )) بنابراین

دو بخش

Sn ترانهشهای از مجموعه ͷی T کنید گزاره١:فرض
هیچ شامل T گراف و باشند T از عناصری g, h و باشد
g, h آنگاه gh = hg اگر صورت این در نباشد، مثلثͬ
gh ̸= hg اگر و دارند Cay(Sn, T در( همسایه دو دقیقا
دارند. Cay(Sn, T ) در همسایه ͷی دقیقا g, h آنگاه

نامیم. مͬ e را آن که Sn همانͬ یعنͬ
مͬ حفظ را ترانهشها Sn از φ خودریختͬ ͷگزاره٢:ی

باشد. داخلͬ اگر تنها و اگر کند؛
آنگاه ،n ̸= 6 و n ≥ 2 گزاره٣:اگر
آن ،n = 6 اگر . Inn(Sn) = Aut(Sn)

هر برای . |Aut(S6) : Inn(S6)| = 2 گاه
به را ترانهش هر α ،α ∈ Aut(S6) \ Inn(S6)

مͬنگارد. مجزا ترانهش سه حاصلضرب
ترانهش از یͷمجموعه T و ،n ≥ 3 گزاره۴:فرضکنید
یͺریخت Aut(Tra(T صورت(( این در باشد. Sn های
.Aut(Tra(T )) ∼= Aut(Sn, T ) است. Aut(Sn, T ) با
باشد، تهͬ T نیست.اگر درست n = 2 برای گزاره

است. برقرار n ̸= 6 و n ≥ 3 برای گزاره
مولد مجموعه ͷی T کنید گزاره۵:فرض
کنید فرض و باشد. Sn ترانهشهای از مینیمال
در مجزا ترانهشهای k , t اگر .X = Cay(Sn, T )

دور ͷی اگر فقط و اگر ،kt = tk بنابراین باشند، T
از که باشد داشته وجود X در بفرد منحصر ۴−تایی
بر علاوه .(e, k, tk = kt, t, e) یعنͬ بͽذرد. e, k, t
بفرد منحصر دور۶−تایی ͷی آنگاه ،kt ̸= tk اگر این
فاصلهی به رأس ͷی و e, k, t از که دارد وجود X در
.(e, k, tk, ktk = tkt, kt, t, e) یعنͬ Xبͽذرد. در e از ٣
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Prime (semiprime) (∈,∈ ∨q)-intuitionistic fuzzy
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Abstract: In this paper, we introduce the notion of prime and semiprime (∈,∈ ∨q)-intuitionistic fuzzy

bi-hyperideals of semihypergroups by using belongs to relation (∈) and quasi-coincidence with relation (q)

between intuitionistic fuzzy points and intuitionistic fuzzy sets. Also, we study some properties of these

notions.

1 Introduction

After the introduction of fuzzy sets by Zadeh [11],

reconsideration of some concepts of classical math-

ematics began. On the other hand, because of the

importance of group theory in mathematics, as well

as its many areas of applications, the notion of a

fuzzy subgroup was defined and its structure was

investigated by Rosenfeld [10]. This subject has

been studied further by many mathematicians. A

new type of fuzzy subgroup ((∈,∈ ∨q)-fuzzy sub-

group) was introduced by Bhakat and Das [4]. In

fact, (∈,∈ ∨q)-fuzzy subgroup is an important and

useful generalization of Rosenfeld’s fuzzy subgroup.

Atanassov has introduced and developed the con-

cept of intuitionistic fuzzy sets as a generalization

of fuzzy sets [3]. Coker and Demirci [5] introduced

the notion of intuitionistic fuzzy point. Abdollah et

al. [1] introduce the notion of (α, β)-intuitionistic

fuzzy ideals of hemirings where α, β are any two

of {∈, q,∈ ∨q,∈ ∧q} with α ̸=∈ ∧q and related

properties are investigated. In this paper, using

the concept of intuitionistic fuzzy point, the notion

of prime (semiprime) (∈,∈ ∨q)-intuitionistic fuzzy

bi-hyperideal of semihypergroups is introduced and

some related properties are investigated.

2 Preliminaries

A hypergroupoid is a non-empty set S together

with a map · : S × S −→ P∗(S) where P∗(S) de-

notes the set of all the non-empty subsets of S.

The image of the pair (x, y) is denoted by x · y.
If x ∈ S and A,B are non-empty subsets of S,

then A · B is defined by A · B =
∪

a∈A,b∈B

a · b. Also

A · x is used for A · {x} and x · A for {x} · A. A

hypergroupoid (S, ·) is called a semihypergroup if

(x · y) · z = x · (y · z) for all x, y, z ∈ S. A non-

empty subset X of a semihypergroup S is called

a subsemihypergroup if X · X ⊆ X. A subsemi-

hypergroup X of S is called a bi-hyperideal [2] if
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X · S ·X ⊆ X.

An intuitionistic fuzzy set (IFS for short)

A in X is an object having the form A =

{⟨x, µA(x), λA(x)⟩ | x ∈ X} where the functions

µA : X −→ [0, 1] and λA : X −→ [0, 1] denote

the degree of membership (namely µA(x)) and the

degree of nonmembership (namely λA(x)) of each

element x ∈ X to the set A, respectively, and 0 ≤
µA(x) + λA(x) ≤ 1 for all x ∈ X. For the sake of

simplicity, we shall use the notation A = (µA, λA)

instead of A = {⟨x, µA(x), λA(x)⟩ | x ∈ X}. An

IFS A = (µA, λA) in S is called intuitionistic

fuzzy subsemihypergroup [6] of S if (1) µA(z) ≥
µA(x) ∧ µA(y) and (2) λA(z) ≤ λA(x) ∨ λA(y), for

all x, y ∈ S and z ∈ x · y.

Definition 2.1. [9] An intuitionistic fuzzy sub-

semihypergroup A = (µA, λA) of S is called an

intuitionistic fuzzy bi-hyperideal of S if

(1) µA(z) ≥ µA(x) ∧ µA(y),

(2) λA(z) ≤ λA(x) ∨ λA(y),

for all x,w, y ∈ S and z ∈ x · w · y.

Let X be a non-empty set and c ∈ X a

fixed element in X. A fuzzy point ct (see [8]) for

t ∈ (0, 1] is a fuzzy subset of X such that

ct(x) =

{
t c = x,

0 otherwise.

If t ∈ (0, 1] and s ∈ [0, 1) are two fixed real

numbers such that 0 ≤ t + s ≤ 1, then the IFS

c(t, s) = ⟨x, ct, 1− c1−s⟩ is called an intuitionistic

fuzzy point (IFP for short) [5] in X, where t

(resp. s) is the degree of membership (resp. non-

membership) of c(t, s) and c ∈ X is the support

of c(t, s). An IFP c(t, s) is said to belong to an

IFS A = (µA, λA) of X, denoted by c(t, s) ∈ A, if

µA(c) ≥ t and λA(c) ≤ s. We say that c(t, s) is

quasi-coincident with A = (µA, λA), denoted by

c(t, s)qA, if µA(c) + t > 1 and λA(c) + s < 1.

To say that c(t, s) ∈ ∨qA means that c(t, s) ∈ A

or c(t, s)qA. For any intuitionistic fuzzy set A =

⟨µA, λA⟩ in S and t ∈ (0, 1], s ∈ [0, 1), the sets

U(t,s) = {x ∈ S | x(t, s) ∈ A} and [A](t,s) = {x ∈

S | x(t, s) ∈ ∨qA}. are called ∈-level set and ∈ ∨q-
level set of A, respectively.

Definition 2.2. [7]Let A = ⟨µA, λA⟩ be IFS in

S. Then, A = (µA, λA) is called an (∈,∈ ∨q)-
intuitionistic fuzzy bi-hyperideal of S if for all

x,w, y ∈ S, (t1, t2 ∈ (0, 0.5] and s1, s2 ∈ [0.5, 1)) or

(t1, t2 ∈ (0.5, 1] and s1, s2 ∈ [0, 0.5)) the following

conditions hold:

(1) If x(t1, s1) ∈ A, y(t2, s2) ∈ A =⇒ z(t1 ∧ t2, s1 ∨
s2) ∈ ∨qA, for all z ∈ x · y,
(2) If x(t1, s1) ∈ A, y(t2, s2) ∈ A =⇒ z(t1 ∧ t2, s1 ∨
s2) ∈ ∨qA, for all z ∈ x · w · y.

3 Maine results

In what follows let S denote a semihypergroup.

Definition 3.1. An (∈,∈ ∨q)-intuitionistic fuzzy

bi-hyperideal of S is called semiprime if for all

x,w ∈ S, (t ∈ (0, 0.5] and s ∈ [0.5, 1)) or

(t ∈ (0.5, 1] and s ∈ [0, 0.5)); z(t, s) ∈ A im-

plies that x(t, s) ∈ ∨qA, for all z ∈ x · w · x.
An (∈,∈ ∨q)-intuitionistic fuzzy bi-hyperideal of

S is called prime if for all x,w, y ∈ S, (t ∈ (0, 0.5]

and s ∈ [0.5, 1)) or (t ∈ (0.5, 1] and s ∈ [0, 0.5));

z(t, s) ∈ A implies that x(t, s) ∈ ∨qA or y(t, s) ∈
∨qA, for all z ∈ x · w · y.

Now, we have a characterization of prime

(semiprime) (∈,∈ ∨q)-intuitionistic fuzzy bi-

hyperideals.

Theorem 3.2. An (∈,∈ ∨q)-intuitionistic fuzzy

bi-hyperideal A = ⟨µA, λA⟩ of S is prime if and

only if, for all x,w, y ∈ S and z ∈ x · w · y,
µA(x)∨µA(y) ≥ µA(z)∧ 0.5, and λA(x)∧λA(y) ≤
λA(z) ∨ 0.5.

Theorem 3.3. An (∈,∈ ∨q)-intuitionistic fuzzy

bi-hyperideal of S is semiprime if and only if

µA(x) ≥ µA(z) ∧ 0.5 and λA(x) ≤ λA(z) ∨ 0.5,

for all x,w ∈ S and z ∈ x · w · x.

Example 3.4. (i) Let N be the set of all positive

integers. Then, (N,⊙) is a semihypergroup, where

⊙ is defined by x ⊙ y = {xty | t ∈ 4N} for all
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x, y ∈ N . Now define µA(x) =

{
0.8, if x ∈ 2N

0.9, if x ̸∈ 2N

and λA(x) =

{
0.2, if x ∈ 2N

0.1, if x ̸∈ 2N.

By Theorem 3.2, it is easy to check that

A = ⟨µA, λA⟩ is a prime (∈,∈ ∨q)-intuitionistic
fuzzy bi-hyperideal of (N,⊙).

(ii) Let S = {a, b, c, d}. Then, (S, ·) is a semihyper-

group where “ · ” is defined by the following table

· a b c d

a {a} {a} {a} {a}
b {a} {a} {a} {a}
c {a} {a} {a, b} {a}
d {a} {a} {a, b} {a, b}

Now, define an intuitionistic fuzzy set A = ⟨µA, λA⟩
on S by µA(a) = µA(c) = 0.7, µA(b) = 0.6,

µA(d) = 0.8 and λA(a) = 0.2, λA(b) = 0.3,

λA(c) = λA(d) = 0.1. By Theorem 3.3, it is routine

to see that A = ⟨µA, λA⟩ is a semiprime (∈,∈ ∨q)-
intuitionistic fuzzy bi-hyperideal of S.

Theorem 3.5. The intersection of any family of

prime (semiprime) (∈,∈ ∨q)-intuitionistic fuzzy bi-

hyperideal of S is a prime (semiprime) (∈,∈ ∨q)-
intuitionistic fuzzy bi-hyperideal of S.

Definition 3.6. A bi-hyperideal P of S is said to

be semiprime if for all x,w ∈ S; x · w · x ⊆ P im-

plies that x ∈ P . A bi-hyperideal P of S is said to

be prime if for all x,w, y ∈ S; x ·w · y ⊆ P implies

that x ∈ P or y ∈ P .

Finally, we characterize prime (semiprime)

(∈,∈ ∨q)-intuitionistic fuzzy bi-hyperideals based

on ∈-level sets and ∈ ∨q-level sets.

Theorem 3.7. An (∈,∈ ∨q)-intuitionistic fuzzy

bi-hyperideal A = ⟨µA, λA⟩ of S is prime

(semiprime) if and only if for 0 < t ≤ 0.5 and

0.5 ≤ s < 1, each non-empty U(t,s)is a prime

(semiprime) bi-hyperideal of S.

Theorem 3.8. An (∈,∈ ∨q)-intuitionistic fuzzy

bi-hyperideal A = ⟨µA, λA⟩ of S is prime

(semiprime) if and only if for all (t ∈ (0, 0.5] and

s ∈ [0.5, 1)) or (t ∈ (0.5, 1] and s ∈ [0, 0.5)) each

[A](t,s) is a prime (semiprime) bi-hyperideal of S.
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�جمعͬn حلقه�های

zohre١٨٨٩@yahoo.com شاهرود دانشͽاه ریاضͬ، ارشد کارشناسͬ التحصیل فارغ عبداللهͬ، زهره

ashrafi@kashanu.ac.ir کاشان دانشͽاه ، ریاضͬ علمͬ هیأت عضو اشرفͬ، علͬ�رضا

ولͬ نوشت آن زیرحلقه n اجتماع به�صورت را آن بتوان هرگاه مͬ�نامیم n-جمعͬ را R غیردوری و متناهͬ چͺیده:حلقه
در مͬ�دهیم. نشان σ(R) با nرا باشد، n-جمعͬ ،R صورتͬ�که در نوشت. نتوان زیرحلقه n از کمتر اجتماع �صورت به

مͬ�کنیم. محاسبه کامل طور به p3 و p2 مرتبه از حلقه�های برای را σ(R) مقاله این
جمعͬ n حلقه ، متناهͬ حلقه کلیدی: کلمات

دید مͬ�توان سادگͬ به حال

R = S1 ∪ S2 ∪ S3

و بوده R از ایده�آلͬ S1 ∩ S2 ∩ S3 علاوه به و
است. یͺریخت Z2 × Z2 حلقه با R

S1 ∩ S2 ∩ S3
حلقه

حلقه�ای مشابهͬ آیا که بپرسیم تا است طبیعͬ بنابراین
دارد؟ وجود اسͺورزا نتیجه برای

که p2 مرتبه از متناهͬ حلقه�های توصیف به ادامه در
حلقه�ای چنین R کنیم فرض مͬ�پردازیم. است اول p

باشد
حاصل�ضرب لذا است آبلͬ گروه ͷیRͬجمع گروه
کنید فرض است. دوری گروه�های از مستقیمͬ
مرتبه�های ,gkبا · · · , g1 مولدهای دارای گروه�ها این
حلقه این عناصر بنابراین باشند. m1, · · · ,mkبه�ترتیب

شͺل به حاصلضرب k2 توسط

gigj =

k∑
t=1

ctijgt cij ∈ Zmt

گروه نظریه از تعاریفͬ ادامه در مͬ�شوند. مشخص

مقدمه

گروهͬ هیچ گروه�ها نظریه در معروف مساله�ای بنابر
سره زیرگروه دو از اجتماعͬ صورت به نمͬ�توان را
نام به ایتالیایی ریاضیدانͬ ١٩٢۶ سال در نوشت. آن
نوشتن Gقابل گروه که ثابتنمود [8] مرجع در اسͺورزا
CوB،A متمایز گروه زیر سه از اجتماعͬ صورت به
در 2 اندیس دارای زیرگروه سه این اگر تنها و اگر است

است. یͺریخت Z2 × Z2 با
G

A ∩B ∩ C
و بوده G

هیچ که دید مͬ�توان اسͺورزا استدلال به توجه با
زیرحلقه دو از اجتماعͬ صورت به نمͬ�توان را حلقه�ای
R چون ای حلقه مͬ�توان این وجود با نوشت آن سره
حلقه این باشد آن سره زیرحلقه سه اجتماع که ساخت
فرض گردید. ارایه [1] مرجع در روزا توسط بار اولین
باشد. Z روی جمله�ایها چند حلقه R = Z[X] کنیم

مͬ�کنیم: تعریف

S1 = {f ∈ Z[X] : 2 | f(0)} ,

S2 = {f ∈ Z[X] : 2 | f(1)} ,

S3 = {f ∈ Z[X] : 2 | f(0) + f(1)} .

١
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حلقه ͷی m از d هرمقسوم�علیه برای ویژه به .m

Rd = ⟨g : mg = 0, g2 = dg⟩

d ازای Cmاست.به جمعͬ مولد ͷی g که دارد وجود
غیریͺریختند. دو به دو ها حلقه این مختلف های

دو دقیقا یͺریختͬ حد در باشد اول p اگر :١ نتیجه
.Cp(0) و Zp از عبارتند که دارد وجود p مرتبه از حلقه
در باشند مجزا اول عدد دو q و p اگر : ٢ نتیجه
که دارد وجود pq مرتبه از حلقه 4 دقیقا یͺریختͬ حد
. Zp +Cq(0) Cp(0)و +Zq، Cpq(0) ، Zpq از: عبارتند
خالͬ و مثبت و صحیح عددی n اگر کلͬ حالت در
جمعͬ گروه آنگاه n مرتبه از حلقه�ای R و باشد مربع از

مͬ�آید: بدست زیر نتیجه باشد.لذا دوری باید R
صحیح عدد ͷی n = p1p2 · · · pk اگر :٣ نتیجه
دقیقا یͺریختͬ درحد آن�گاه باشد مربع از خالͬ مثبت

دارد. وجود n مرتبه از حلقه 2k

دقیقا یͺریختͬ حد در p اول عدد هر برای :٢ قضیه
از: عبارتند حلقه�ها دارد.این وجود p2 مرتبه از حلقه 11

1.A = ⟨a|p2a = 0, a2 = a⟩ = Zp2

2.B = ⟨a|p2a = 0, a2 = pa⟩

3.C = ⟨a|p2a = 0, a2 = 0⟩ = Cp2(0)

4.D = ⟨a, b|pa = pb = 0, a2 = a, b2 = b, ab =

0, ba = 0⟩ = Zp + Zp

5.E = ⟨a, b|pa = pb = 0, a2 = a, b2 = b, ab =

a, ba = b⟩

6.F = ⟨a, b|pa = pb = 0, a2 = a, b2 = b, ab =

b, ba = b⟩

بیان متناهͬ حلقه ͷی ساختار نمایش برای را ها
از مجموعه�ای R متناهͬ حلقه معرفͬ کنیم.برای مͬ
دوضابطه با را R جمعͬ گروه از g1, · · · , gkمولدهای

مͬ�گیریم: نظر در زیر
mi و 1 ≤ i ≤ k آن در که migi = 0 الف)

است. gi جمعͬ مرتبه نشان�دهنده
آن در که gigj =

k∑
t=1

ctijgt ب)

1 ≤ i, j, t ≤ k, cij ∈ Zmt

باشد داشته بالا صورت به نمایشͬ R حلقه اگر
مͬ�نویسیم:

R = ⟨g1, · · · gk : gigj =
k∑

t=1

ctijgi⟩

زیر حلقه�ای نمایش دارای Z2 + Z2 حلقه مثال(١)
است:

Z2 + Z2 = ⟨a, b : 2a = 2b = 0, a2 = a, b2 = b

ab = ba = 0⟩

نمایش دارای 4 مرتبه از متناهͬ میدان ͷی و

⟨a, b : 2a = 2b = 0, a2 = a, ab = b, b2 = a+ b⟩

مولد با دوری جمعͬ گروه اگر که کنیم توجه است.
تعیین g2 توسط کامل طور به حلقه ساختار باشد g

بنابراین: مͬ�شود.

Z4 = ⟨a, 4a = 0, a2 = a⟩

دوری جمعͬ گروه دارای که حلقه�هایی به ادامه در
اثبات مرجع[5] در که زیر قضیه مͬ�پردازیم. هستند

است. اهمیت حائز خصوص این در است شده

با غیریͺریخت دو به دو حلقه�های تعداد :١ قضیه
های مقسوم�علیه تعداد با است برابر Cm جمعͬ گروه

٢
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.σ(R) = ∞

R.است دوری غیر حلقه�ای R کنید ٢:فرض تعریف
اجتماع صورت به را آن بتوان هرگاه نامیم n-جمعͬ را
n از کمتر اجتماع صورت به ولͬ نوشت زیرحلقه n

نوشت. نتوان زیرحلقه
طور به p2 مرتبه از حلقه ͷی برای را σ(R) ادامه در

مͬ�کنیم. محاسبه کامل
10.J = {a, b|pa = pb = 0, a2 = b2 = 0⟩ = cp×cp

از: عبارتند J حلقه های زیرحلقه
s1 = ⟨a⟩ = {a, 2a, · · · , (p− 1)a}

s2 = ⟨b⟩ = {b, 2b, · · · , (p− 1)b}

s3 = ⟨a+ b⟩ = {a+ b, 2a+ b, · · · , (p− 1)a+ b}

...

sp+1 = ⟨a + (p − 1)b⟩ = {a + (p − 1)b, 2a +

(2p− 2)b, · · · , (p− 1)a+ b}

σ(R) = p+ 1. لذا
p2 مرتبه از دوری غیر حلقه�ای R ٢:فرضکنید قضیه

.σ(R) ∈ {∞, p+ 1} اینصورت است.در
p3 مرتبه از دوری غیر حلقه�ای R ٣:فرضکنید قضیه

اینصورت است.در

σ(R) ∈ {∞, 6, p+ 1, 2p, 2p− 1}

مراجع
[1] Borbely, A. Bovdi, V. Brindza, B. Krausz, T.

Covering theorems for Artinian rings. Publ.

Math. Debrecen.51 (1997)

7.G = ⟨a, b|pa = pb = 0, a2 = 0, b2 = b, ab =

a, ba = a⟩

8.H = ⟨a, b|pa = pb = 0, a2 = 0, b2 = b, , ab =

ba = 0⟩ = Zp + Cp(0)

9.I = ⟨a, b|pa = pb = 0, a2 = b, ab = 0⟩

10.J = {a, b|pa = pb = 0, a2 = b2 = 0⟩ =

Cp(0)× Cp(0)

11.K =



⟨a, b|pa = pb = 0, a2 = a, b2 = ja,

ab = b, ba = b⟩

j is not square in Zp, p ̸= 2

⟨a, b|2a = 2b = 0, a2 = a, b2 = a+ b

, ab = b, ba = b⟩

p = 2

نتایج

p3 و p2 مرتبه از حلقه�های برای را σ(R) بخش این در
را زیر تعریف ابتدا مͬ�سازیم. مشخص کامل طور به

داریم:
گروه هرگاه مͬ�نامیم دوری را R ١:حلقه تعریف
a هرتوان و شده تولید a چون عنصری توسط R جمعͬ

داد. نشان a از مضربی صورت به بتوان را

مͬ�دهیم قرار باشد دوری R حلقه قرارداد:اگر

٣
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When is Cck(X) a Pc - ideal?

A.Mousavi∗, Department of Mathematics, Faculty of Polymer

Mahshahr Branch, Islamic Azad University, Mahshahr, Iran
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Abstract: Let C(X) be the ring of all continuous real - valued functions and Cc(X) is the subring of

all countinuous real valued functions with countable image .Let Cck(X) = {f ∈ Cc(X) : suppf is compact},
Ccψ(X) = {f ∈ Cc(X) : suppf is pseudocompact}. We proved that if I is an ideal contaned in Ccψ(X), then

I is a Pc - ideal if and only if Coz(I) is discrete and I is c-pure. In particular we show that Cck(X) is a Pc

- ideal if and only if Cck(X) = {f ∈ Cc(X) : f = 0 except on a finite set}.
Keywords:Ring of continuous functions,functionally countable subring, ideal with compact support, CP-

space, Pc-ideal.

1 INTRODUCTION

In this paper , all of spaces are zero - dimentional,T2

space. C(X) is the ring of all countinuous real-

valued functions defined on X, βX is the Stone-

Cech compactification of X and Cc(X) is the sub-

ring of C(X) consisting of functions whit countable

image.For all f, g ∈ Cc(X) , f ∨ g = f+g+|f−g|
2 ∈

Cc(X), hence Cc(X) is a sublattice of C(X). For

each f ∈ Cc(X), let Z(f) = {x ∈ X : f(x) = 0},
Coz(f) = X − Z(f), suppf = clXCoz(f) and

Zc(X) = {Z(f) : fc(X).It is manifest that Zc(X)

is closed under the countable intersection and fi-

nite union and if f, g ∈ Cc(X) then Z(f) ∪ Z(g) =

Z(fg), Z(f) ∩ Z(g) = Z(f2 + g2). It is obvious

every set in Zc(X) is closed in X. If all elements

of Zc(X) are open too, then X is called a count-

ably P-space (briefly, CP-space). Furthermore X

is a CP-space iff Cc(X) is a regular ring, i.e., for

every f ∈ Cc(X), there exists g ∈ Cc(X) such that

f2g = f , see[2 ].

In C(X), we assume that X is a completely

regular space, similarly, if X is any space( not nec-

essarily completely regular), then there is a zero -

dimentional space Y (i.e., a T1-space with a base

consisting of clopen sets) which is a continuous

image of X and Cc(X) ≃ Cc(Y ), for more infor-

mation see [2,3 ].

2 Some properties of Cck(X)

Difinition2.1: For a topological space X we put

Cck(X) = {f ∈ Cc(X) : suppf is compact}

It is manifest that Cck(X) is both an ideal in

Cc(X) and f ∈ C∗
c (X), and if X is compact, then

Cck(X) = Cc(X). The following example showes

that the equallity in Cck(X) ⊆ Ck(X) = {f ∈
C(X) : suppf is compact} is not necessarily holds.

Example2.2: Let X = R with natural topology.

∗Corresponding Author
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Define f : R → R, such that

f(x) =


0 : |x| > 1

1 + x : − 1 ≤ x < 0

1− x : 0 ≤ x ≤ 1

we have f ∈ C(R), Z(f) = (−∞, 1) ∪ (1,∞),

cl(R − Z(f)) = [−1, 1] is compact in R. Thus

f ∈ Ck(R), but f /∈ Cck(R).

We recall that the ideal I of Cc(X) is called Zc-

ideal, if Z(f) ∈ Z[I] then f ∈ I. I is called free, if∩
f∈I Z(f) = ϕ

Lemma 2.2: Cck(X) is a Zc - ideal in Cc(X) .

Lemma 2.3: Let I be an ideal in Cc(X). I is free

iff for every compact set A ⊆ X, there exists f ∈ I

such that f(x) ̸= 0, for all x ∈ A.

Lemma 2.4: Cck(X) is contained in every free

ideal in Cc(X) and in every free ideal in C∗
c (X).

For p ∈ βX, we define

Op
c = {f ∈ Cc(X) : p ∈ intβXclβXZ(f)}

It is clear that Op
c is an ideal in Cc(X).

Theorem2.4: Cck(X) is the same as the family of

all f ∈ C∗
c (X) such that ZβX(fβ) is a neighbor-

hood of βX −X. Thus

Cck(X) =
∩
p∈βX−X Op

c = OβX−X

hence Cck(X) is the intersection of all the free ide-

als in Cc(X), and all the free ideals in C∗
c (X).

3 c-pure and Pc-ideals

Difinitions3.1: Let I be an ideal in Cc(X). I is

called c-pure if for each f ∈ I there exists g ∈ I

such that f = fg, and in this case g = 1 on suppf .

A nonzero ideal I of Cc(X) is called a Pc-ideal if

every proper prime ideal of I is maximal in I.

The ideal I is called regular if for each f ∈ I there

exists g ∈ I such that f = f2g.

Theorem3.2: Let I be a nonzero ideal of Cc(X).

Then the following statemants are equivalent:

(1) I is a Pc-ideal.

(2) Z(f) is open for each f ∈ I.

(3) Every ideal of I is c-pure.

(4) Every prime ideal of Cc(X) which dose not con-

tain I, is maximal in Cc(X).

IfX is a CP-space, then every ideal of Cc(X)

is a Pc-ideal. In the following there is an example

of X is not a CP-space.

Example3.3: Let X = N∗ (one-compactification

of N). Difine I = {f ∈ Cc(X) : f =

0 except on a finite set}.It is clear that I is an

ideal in Cck(X)and I is a Pc-ideal, because for ev-

ery f ∈ Cc(X), Coz(f) is finite and then is clopen.

Hence Z(f) is clopen, but X is not CP-space.

For ideal I of Cc(X), we put CozI =∪
f∈I Cozf , and for x ∈ X,

M c
x = {f ∈ Cc(X) : x ∈ Z(f)}

Oc
x = {f ∈ Cc(X) : x ∈ intZ(f)}

M c
x and Oc

x are ideals in Cc(X), Oc
x ⊆ M c

x.( see [ ])

Theorem3.4: Let I be a nonzero ideal of Cc(X).

Then the following statemants are equivalent:

(1) I is a Pc-ideal.

(2) M c
x = Oc

x for each x ∈ CozI and I ⊆ Oc
x for

x /∈ CozI.

(3) I is a regular ring.

(4) CozI is a CP-space and I is c-pure.

4 When is Cck(X) a Pc - ideal?

We define Ccψ(X) = {f ∈ Cc(X) :

suppf is pseudocompact}. It is manifest Ccψ(X)

is an ideal of Cc(X) and Cck(X) ⊆ Ccψ(X).

Lemma 4.1: If I is a c-pure ideal, then suppf ⊆
CozI for f ∈ I.

Theorem4.2: Let I be an ideal contained in

Ccψ(X). Then I is a Pc-ideal iff CozI is discrete

and I is c-pure.

corollary4.2: The following statemants are equiv-

alent:

(1) Cck(X) is a Pc-ideal.

(2) CozCck(X) is discrete and Cck(X) is c-pure.
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(3) Cck(X) = {f ∈ Cc(X) : f =

0 except on a finite set}.
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ساده گروه�های توان گراف ٢-همبندی درباره

nargesakbari١٣٩١@gmail.com کاشان، دانشͽاه ریاضͬ-جبر، ارشد کارشناسͬ دانشجوی اکبری، *،**نرگس
ashrafi@kashanu.ac.ir کاشان، دانشͽاه �ریاضͬ، گروه علمͬ هيأت عضو اشرفͬ، رضا علͬ

از h و g رأس دو و مͬ�باشد گروه عناصر آن رئوس مجموعه که است گرافͬ متناهͬ، گروه ͷی توان گراف چͺیده:
توان گراف�های ٢-همبندی مطالعه� به مقاله این باشد. دیͽری از توانͬ برابر ͬͺی اگر تنها و اگر مجاورند گراف این

مͬ�پردازد. PSL(3, q) تصویری گروه�های و 2F4(q) نوع ری ساده گروه�های پراکنده، ساده گروه�های
٢-همبندی. ،PSL(3, q)تصویری گروه ،2F4(q) نوع ری ساده گروه پراکنده، ساده گروه توان، گراف کلماتکلیدی:

دوری گروه ͷی توان گراف هنگام چه که مسئله این
از بعد بلافاصله که است مسائلͬ جمله از است کامل
زیر قضیه در مͬ�شود. متبادر ذهن به گراف این تعریف
داده�اند. پاسخ سئوال این به دیͽران و ،([١]) چاکرابارتͬ

اگر تنها و اگر است کامل P (G) توان گراف .٢ قضیه
باشد. دوری p−گروه ͷی G

و متناهͬ گروه ͷی G اگر که دید مͬ�توان سادگͬ به
آن�گاه x ∈ G

deg(x) = |{g ∈ G/ < g >≤< x > يا < g ><< x >}| − 1

درجه محاسبه برای روابطͬ تا داریم نیاز ادامه در
روابط این از ͬͺی باشیم. داشته توان گراف در رئوس
پورقلͬ از نتیجه�ای بود خواهد ما استفاده مورد بسیار که

است. رسیده اثبات به ([۵]) در که است دیͽران و

در باشد. n مرتبه از دوری گروه Zn کنید فرض .٣ لم
داریم: این�صورت

deg(x) = o(x) +
∑

ko(x)|n,k ̸=1

φ(ko(x))− 1

اولیه مفاهیم و مقدمه

توان گراف است. متناهͬ گروه ͷی G کنید فرض
دو آن در که G رئوس مجموعه با است گرافͬ P (G)

از ͬͺی اگر تنها و اگر مجاورند y و x متمایز عنصر
باشد. دیͽری از توانͬ آن�ها

P (G) از همانͬ رأس حذف با که سره توان گراف
واقع در مͬ�شود. داده نشان P ∗(G) با مͬ�آید به�دست
را توان گراف در x درجه .P ∗(G) = P (G) − {e}

πe(G) با را G عناصر مرتبه�های مجموعه و deg(x) با
است رأسͬ گراف، ͷی در برشͬ رأس مͬ�دهند. نشان
همبندی مولفه�های تعداد افزایش موجب آن حذف که
هرگاه مͬ�شود گفته ٢-همبند ،Γگراف مͬ�گردد. گراف

باشد. نداشته برشͬ رأس

تنها و اگر است کامل P (G) توان گراف ([١]) .١ لم
داشته G از G2 و G1 دوری زیرگروه دو هر برای اگر

.G2 ⊆ G1 یا G1 ⊆ G2 باشیم

١
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کپی n اجتماع فوق گروه توان صورتگراف این در
یال ͷی در ͬͽهم که است Z2n توان گراف و K4 از
دیͽر رأس و همانͬ یال، رأس ͷی طوری�که به مشترکند

مͬ�باشد. T4n در ٢ مرتبه از منحصربفرد عنصر آن

اصلͬ نتایج

گروه�های وجود مسئله [۵] مرجع در دیͽران و پورقلͬ
مطرح را است ٢-همبند آن�ها توان گراف که ساده�ای
توان گراف که مͬ�شود ثابت بخش این در ساختند.
به نیستند. ٢-همبند پراکنده ساده گروه�های تمامͬ
قرار بررسͬ مورد 2F4(q) نوع ری ساده گروه�های علاوه

گرفت. خواهد

وجود گروه ٢۶ ساده، گروه�های بندی رده بنابر
ساده گروه�های از نامتناهͬ دسته هیچ در که دارند
پراکنده ساده گروه�های را گروه�ها این نمͬ�گیرند. قرار

از: عبارتند پراکنده ساده گروه�های مͬ�نامند.


M11,M12,M22,M23,M24, J1, J2, J3,

J4, Co1, Co2, Co3, F i22, F i23, F i24,HS,

Msl,He,Ru, SUZ,O′N,HN,Ly, Th,B,M



دو میان صورتͬ در گروه ͷی توان گراف در مͬ�دانیم
دیͽری از توانͬ صورت به ͬͺی که دارد وجود یال رأس
صورت در این�که به توجه با حال باشد. نوشتن قابل
ندارد، وجود دو آن میان یالͬ رأس دو مرتبه بودن متباین

مͬ�گیریم. نظر در را پراکنده گروه�های توان گراف

در ،([١]) دیͽران و چاکرابارتͬ از زیر نتیجه
نتایج جمله از توان گراف یال�های تعداد خصوص
بوجود آن حوش و حول زیادی مسائل که است زیبایی

است. آمده

باشد. n مرتبه از متناهͬ گروه G کنید فرض .۴ نتیجه
این�صورت در

2e =
∑
a∈G

(2o(a)− φ(o(a))− 1)

a رأس مرتبه o(a) و گراف یال�های تعداد e آن در که
است.

P (G) ٢-همبندی با P ∗(G) همبندی که کنید توجه
P (G)٢-همبندی جای به مقاله این در ما است. معادل

مͬ�پردازیم. P ∗(G) همبندی به

مثال چند

از معروف دسته چند توان گراف محاسبه به بخش این
توان گراف�های دقیق طور به دارد. اختصاص گروه�ها
محاسبه وجهͬ دو نیم و دوری دو وجهͬ، دو گروه�های
معرفͬ زیر صورت به وجهͬ دو گروه شد. خواهند
D2n =< a, b | an = b2 = 1, bab = a−1 > مͬ�شود:
اجتماع فوق گروه توان گراف دیدکه مͬ�توان سادگͬ به

است. Zn توان گراف و K4 از نسخه n
معرفͬ زیر نمایش با SD8n وجهͬ دو نیم گروه

مͬ�شود:

SD8n =< a, b | a4n = b2 = 1, bab = a2n−1 > .

نسخه 2n اجتماع فوق گروه توان گراف صورت این در
به است Z4n توان گراف و K4 از نسخه n ،K2 از
که مشترکند چنان یͷیال در P (Z4n) و K4ها طوری�که
مͬ�باشد. a2n آن دیͽر رأس و همانͬ یال، آن رأس ͷی
گروه این مͬ�گیریم. نظر در T4n دوری دو گروه حال

مͬ�شود: ساخته زیر نمایش با
T4n =< a, b | a2n = 1, an = b2, aba = b > .

٢
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-٢ ،2F4(q) نوع ری گروه�های توان گراف .۶ قضیه
نیستند. همبند

گروه�های نمودند ثابت ،([۴]) فرخͬ و آبادی دوست
همبندی مولفه (p2m+1 − 1)

p− 1
دارای ،PSL(2, pm)

PSL(3, q) گروه�های به که است طبیعͬ حال هستند.
،([٢]) دیͽران و درفشه نتایج از استفاده با بپردازیم.
بررسͬ نیز را PSL(3, q) گروه�های ٢-همبندی مͬ�توان

دقیق: طور به نمود.

٢-همبند ،PSL(3, q) گروه�های توان گراف .٧ قضیه
نیستند.
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اول عامل تعدادی با همراه پراکنده ساده گروه�های .١ جدول
گروه عناصر مرتبه سایر با متباین

M11 M12 M22

11 11 11

M23 M24 J1

23 23 19

J2 J3 J4

7 19 {23, 29, 31, 37, 43}

Co1 Co2 Co3

23 {11, 23} 23

He HN Mcl

17 19 11

O′N Ly Ru

31 67 29

Hs Th Suz

{7, 11} {13, 19, 31} {11, 13}

B M Fi22

{31, 47} {41, 71} {13, 17}

Fi23 Fi24 -
{17, 23} 29 -

در شده داده محاسبات روی ساده بررسͬ ͷی با
مرتبه�های مجموعه میان در که دید مͬ�توان ،١ جدول
فوق پراکنده گروه�های از ͷی هر تزویج �های کلاس
زیر شده مشخص اعداد که نمͬ�شود یافت عددی هیچ
بنابراین شود. عاد آن توسط یا و کند عاد را گروه هر

داریم: را زیر قضیه

٢-همبند پراکنده، گروه�های توان گراف .۵ قضیه
نیستند.

دنگ نتایج از استفاده و کننده خسته محاسباتͬ با
مͬ�رسد. اثبات به زیر قضیه ،([٣]) شͬ و

٣
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موضعͯ كوهمولوژي هاي مدول بودن متناهͯ هم از بررسͯ يك
يافته تعميم

sareh١٢۴@yahoo.com نور، پيام دانشͽاه ریاضͬ علمͯ هيات عضو ارشد، کارشناسͬ ، پوینده سارا

متناهͯ توليد با مدول دو N و M و باشد R جابجايي و نوتري موضعͯ، حلقه از آل ايده يك I كنيد فرض چͺیده:
توليد با Hi

I(M,N) ، i < tهر ازاي به اگر كه دانيم مͯ ما باشد. مثبت صحيح عدد يك t كنيد فرض باشند.
مͯ ثابت اساساً ما مشابه، نتيجه يك عنوان به است، متناهͯ توليد با Hom(R/I,Ht

I(M,N)) آنگاه باشد، متناهͯ
و است متناهͯ هم -I Hi

I(M,N) ، i < t هر ازاي به آنگاه باشد، آرتينͯ Hi
I(M,N) ، i < t هر ازاي به اگر كه كنيم

است. متناهͯ توليد با Hom(R/I,Ht
I(M,N))

کلیدی: کلمات
متناهͬ. هم موضعͬ، کوهمولوژی آرتینͬ،

،R اول هاي آل ايده همه مجموعه V (I) آن در (كه
كرد. مطرح را زير مسئله سپس است.) I شامل

توليد با مدول -R يك N كنيد فرض ٢�مسئله.�١
ازاي به آيا باشد. R از آل ايده يك I و باشد متناهͯ
كلͯ، حالت در است؟ متناهͯ هم -I ، Hi

I(N) ، iهر
اين جواب باشد، منظم موضعͯ حلقه يك R اگر حتͯ
ببينيد.) را [5] نقض مثال يك (براي است. منفͯ سوال
مدول - Rهر ازاي به [9] در ٣ هرزوگ ديͽر طرف از
به را يافته تعميم موضعͯ كوهمولوژي مدول ، Nو M

كرد. تعريف زير صورت
است Hiواضح

I(M,N) = lim−→
n

ExtiR(M/InM,N)

معمولͯ موضعͯ كوهمولوژي مدول يك تعميم اين كه
موضعͯ كوهمولوژي هاي مدول درباره مطالعه است،

٣ Herzog

مقدمه

يك I و باشد جابجايي نوتري حلقه يك R كنيد فرض
، ١ گروتنديك ،١٩۶٩ سال در باشد. R از سره آل ايده

كرد. مطرح را زير فرضيه

توليد با مدول -R يك N كنيد فرض ١�فرضیه.�١
ازاي به آنگاه باشد، R از آل ايده يك I و باشد متناهͯ
متناهͯ توليد با Hom

(
R/I,Hi

I(N)
)

, i ≥ 0 هر
است.

بيان فرضيه اين بر نقض مثال يك [8] در ٢ هارتشورن
نظر در متناهͯ هم -I را L مدول -R يك او كرد.
i ≥ 0 هر ازاي به و SuppR(L) ⊆ V (I) اگر گرفت
باشد. متناهͯ توليد با مدول -R يك ExtiR(R/I, L) ،

١ Grothendieck
٢ Hartshorne

١
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-I ، ExtiR(M,L) ،i هر ازاي به آنگاه باشد، متناهͯ
است. متناهͯ هم

ExtiR(M,L) ،i هر ازاي به است، Lآرتينͯ چون برهان:
ثابت كافيست [8] از ٣-۴ گزاره به بنا است. آرتينͯ نيز

است. متناهͯ توليد با كه كنيم

توليد با مدول -R يك M كنيد فرض ٣�لم.�٢
فرض و باشد نامنفͯ صحيح عدد يك s و باشد متناهͯ
i < s هر ازاي به طوريͺه به باشد مدول - Rيك L كنيد
ازاي به اگر باشد. متناهͯ هم -I و آرتينͯ Hi

I(M) ،
، Hi

I(M,L)آنگاه باشد، آرتينͯ Hi
I(M,L) ، i < sهر
است. متناهͯ هم -I

شود. مͯ ثابت s روي استقرا با برهان:

دنباله كنيد فرض ۴�لم.�٢
-R از دقيق دنباله يك 0 → L1 → L2 → L3 → 0

دقيق زير دنباله آنگاه باشند. متناهͯ توليد با هاي مدول
است:

... → Hi
I(L3, N) → Hi

I(L2, N)

→ Hi
I(L1, N) → Hi+1

I (L3, N) → ...

انژکتیو تجزیه ͷی 0 → N → E• فرضکنید برهان:
انژكتيو ΓI(E) باشد، Eانژكتيو باشد،(اگر Nاز مینیمال
دقيق ۴ فانكتور يك Hom(−,ΓI(E)) آنگاه است).

بنابراين است.
0 → Hom(L3,ΓI(E

•)) → Hom(L2,ΓI(E
•))

→ Hom(L1,ΓI(E
•)) → 0

دقيق دنباله آن از و هاست مختلط -R از دقيق دنباله يك
داريم: را زير

... → Hi(Hom(L3,ΓI(E
•)) →

Hi(Hom(L2,ΓI(E
•)) →

Hi(Hom(L1,ΓI(E
•)) →

Hi+1(Hom(L3,ΓI(E
•)) → ...

۴Functor

نمونه (براي شد. دنبال نويسندگان از بسياري بوسيله
را سوال اين ياسمͯ آن در كه ببينيد) را [13] در ١۶-٢
موضعͯ كوهمولوژي براي ٢-١ مسئله كه كرد مطرح
بودن متناهͯ هم همچنين است؟ برقرار يافته تعميم
توسط يافته تعميم موضعͯ كوهمولوژي هاي مدول
در ياسͯ و منش خشيار و [7] در سازيده و آذر ديوانͯ
ما ١-١ فرضيه ديͽر طرف از است. شده مطالعه [10]

دهد. مͯ سوق ديͽري مسئله طرح به را

-R Nهر و M كنيد فرض ٣�مسئله.�١
موقع چه باشند. متناهͯ توليد با مدول

است؟ متناهͯ توليد با ،Hom(R/I,Hi
I(M,N))

كردند ثابت [1] در سالارين و خشيارمنش اسدالهͯ،
توليد با Hi

I(M,N) ، i < t هر ازاي به اگر كه
توليد با Hom(R/I,Ht

I(M,N)) آنگاه باشد، متناهͯ
نشان ما مشابه نتيجه يك عنوان به بود. خواهد متناهͯ
Hi

I(M,N) ، i < t هر ازاي به اگر كه دهيم مͯ
است متناهͯ هم - I Hi

I(M,N) آنگاه باشد آرتينͯ
است. متناهͯ توليد با Hom(R/I,Hi

I(M,N)) و
تعاريف يا اصطلاحات يافتن جهت [2] به را خواننده

دهيم. مͯ ارجاع ديͽر

بودن متناهͯ هم براي معادل شرايط
آرتينͯ هاي مدول

توليد با مدول -R يك M كنيد فرض ١�لم.�٢
، i < t هر ازاي به Hi

I(M) اگر باشد. متناهͯ
و است متناهͯ هم –I ، Hi

I(M) آنگاه باشد، آرتينͯ
است. متناهͯ توليد با Hom(R/I,Hi

I(M))

[5]و از ٢-١ قضيه از راحتͯ به لم اين اثبات برهان:
آيد. مͯ بدست [8] از ٣-۴ گزاره

توليد با مدول -R يك M كنيد فرض ٢�لم.�٢
هم -I و آرتينͯ مدول -R Lيك اگر باشد. متناهͯ

٢
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Hom(R/I,Hi
I(M,N)) ∼=

Hom(R/(I +AnnM),Hi
I+AnnM (M,N))

0 → كنيد فرض AnnM ⊆ I كه كرد فرض توان مͯ
مدول -R از دقيق دنباله يك K → Rn → M → 0

دقيق دنباله ٢-۴ لم طبق باشد. متناهͯ توليد با هاي
داريم را زير

... → Ht−1
I (K,N)

α−→

Ht
I(m,N) → Ht

I(R
n, N) → ...

Hi
I(R

n, N) ∼= ،i هر ازاي به كه است واضح
n
⊕
i=1

Hi
I(N)

،i < tهر ازاي به [٣] از ٢-٢ قضيه طبق بنابراين .
هستند. Hiآرتينͯ

I(K,N) و Hi
I(R

n, N)

،i < tهر ازاي به كه دانيم مͯ قبل، بخش از استفاده با
تصوير L فرضكنيد است. متناهͯ هم -I ،Hi

I(K,N)

،L [٨] از ۴-۴ نتيجه طبق باشد، بالا دقيق دنباله در α
دقيق دنباله از حال است. متناهͯ هم -I

0 → L
α−→ Ht

I(M,N)

→ Ht
I(R

n, N) → ...

داريم را زير دقيق دنباله
0 → Hom(R/I, L) →

Hom(R/I,Ht
I(M,N)) →

Hom(R/I,Ht
I(R

n, N))

توليد با بالا دقيق دنباله راست بخش ،١-٢ لم طبق و
حاصل بالا دقيق دنباله از نتيجه بنابراين است، متناهͯ

شود. مͯ

مراجع

Khash- K. Asadollahi، J. [١]
Salarian، Sh. and yarmanesh
of properties finiteness the ’On
cohomol- local generalized the
Algebra Comm، modules’، ogy

.٨۵٨-٩۶٧ ،(٢٠٠٢) ٣٠

باشد، متناهͯ توليد با مدول -RيكM فرضكنيم اگر
آنگاه

همچنين ΓI(Hom(M,E•)) ∼= Hom(M,ΓI(E
•))

Hi
I(M,N) = lim−→

n

ExtiR(M/InM,N)

∼= Hi (ΓI(Hom(M,E•)))

∼= Hi (Hom(M,ΓI(E
•)))

است. ثابت حͺم بنابراين
نتيجه توان مͯ كه داريم قرار موقعيتͯ در اينجا در حال

نمود. اثبات را مقاله اصلͯ

مدول -R دو N و M كنيد فرض ٢�قضیه.�۵
صحيح عدد ازاي به اگر باشند متناهͯ توليد با
آرتينͯ Hi

I(M,N) ، i < tهر ازای به و ،t نامنفͯ
و است متناهͯ هم -I ، Hi

I(M,N) آنگاه باشد،
است. متناهͯ توليد با Hom(R/I,Ht

I(M,N))

، i < tهر ازای به چون [3] از ٢-٢ قضيه به بنا برهان:
پس است، آرتينͯ Hi

I(M,N)

ازای به ،١-٢ لم به بنا است. آرتينͯ Hi
I+AnnM (N)

هم - (I + AnnM) ، Hi
I+AnnM (N) ، i < tهر

Hi
I+AnnM (N) ،٣-٢ لم طبق بنابراين است. متناهͯ

هر ازاي به بويژه است. متناهͯ هم - (I + AnnM) ،
Hom

(
R/(I +AnnM) , Hi

I+AnnM (M,N)
) ، i < t

كه كنيد (توجه است. متناهͯ توليد با

Hom(R/I,Hi
I(M,N)) ∼=

Hom(R/(I +AnnM), Hi
I+AnnM (M,N))

،i < t هر ازاي به بنابراين
است.) متناهͯ توليد با Hom(R/I,Hi

I(M,N))

به اينكه فرض به بنا و [٨] از ٣-۴ گزاره به بنا پس
Hi

I(M,N) ،i < t هر ازاي
Hi

I(M,N) كه شود مͯ نتيجه است آرتينͯ
كه دهيم نشان كافيست ادامه در است. آرتينͯ
چون است. متناهͯ توليد با Hom(R/I,Hi

I(M,N))

و Hi
I+AnnM (M,N) ∼= Hi

I(M,N) ،i هر ازاي به

٣
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Abstract: In this paper we generalize the notion of valuation to an injective R-module and obtain results

which characterize it.

Keywords: multiplication module, valuation module, divisible module, injective module.

1 INTRODUCTION

Throughout this paper, R denotes an integral do-

main, with quotient field K, T = R − {0} and M

is a unitary R-module. An R-module M is called

a multiplication R-module, if for each submodule

N of M , there exists an ideal I of R such that

N = IM . (For more information about multipli-

cation modules, see [1, 3].) An integral domain R

is called a valuation ring, if for each x ∈ K − {0},
x ∈ R or x−1 ∈ R (see [4]). An R-module E is said

to be injective if given R-modules A ⊆ B such that

h : A → B be a monomorphism and f : A → E

be a homomorphism, there exists a homomorphism

g : B → E such that gh = f . Let R be an integral

domain. An R-module D is divisible if for every

d ∈ D and every 0 ̸= r ∈ R there exists c ∈ D such

that rc = d. In [2] valuation modules is introdused

and we prove some interesting results for injective

valuation modules.

2 Valuation Modules

Let R be an integral domain with quotient field K

and M a torsionfree R-module. For y = r
s ∈ K and

x ∈ M , we say that yx ∈ M if there exists m ∈ M

such that rx = sm.

Lemma 2.1. [2] Let R be an integral domain with

quotient field K and M a torsionfree R-module.

Then the following conditions are equivalent:

1) For all y ∈ K and all x ∈ M , yx ∈ M or

y−1M ⊆ M ;

2) For all y ∈ K, yM ⊆ M or y−1M ⊆ M .

Definition 2.2. Let R be an integral domain with

quotient field K. A torsionfree R-module M is

called valuation module (VM) if one of the condi-

tion of lemma 2.1 holds.

Example 2.3. (i) Any vector space is a valua-

tion module.

(ii) Let R be a domain. R is a valuation ring if

and only if R is a valuation R-module.

∗Corresponding Author
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Proposition 2.4. Let K be the quotient field of a

domain R and M a torsionfree R-module. Let S

be the set, ordered by inclusion, of all non-empty

subsets of M . Then the following conditions are

equivalent:

1) M is a valuation module;

2) S′ = {(N : M)|N ∈ S} is totally ordered;

(3) For U = {rM |r ∈ R} the subset of S, U ′ is

totally ordered.

Corollary 2.5. Let R be a domain and M a faith-

ful multiplication R-module. Then M is a valuation

module if and only if for any two submodules N,L

of M , N ⊆ L or L ⊆ N .

Lemma 2.6. Let R be a valuation ring and M a

torsionfree R-module. Then M is a valuation R-

module.

Corollary 2.7. Let R be a valuation ring, M a

torsionfree R-module and N be a submodule of M .

Then N is a valuation R-module.

Lemma 2.8. If M is a multiplication valuation

R-module, then M is finitely generated and R is a

valuation ring.

Corollary 2.9. Let M be a multiplication valua-

tion module. Then for each p ∈ spec(R), Mp is a

multiplication valuation module.

Lemma 2.10. Let R be a valuation domain. Then

every finitely generated torsion-free R-module is

free.

Corollary 2.11. Let M be a multiplication valu-

ation R-module. Then any finitely generated sub-

module of M is cyclic.

Theorem 2.12. Let M be a finitely generated

module over an integrally closed ring R. If M is a

valuation module, then M is a free R-module and

R is a valuation ring.

3 Injective Valuation Modules

Definition 3.1. An R-module E is said to be injec-

tive if for any module monomorphism h : A −→ B

and any homomorphism f : A → E , there exists a

homomorphism g : B → E such that gh = f .

Definition 3.2. Let R be an integral domain. A

R-module D is divisible if for every d ∈ D and ev-

ery 0 ̸= r ∈ R there exists c ∈ D such that rc = d.

Example 3.3. Q is a Z-module divisible.

Theorem 3.4. Every R-module injective is divis-

ible.

Theorem 3.5. Let R be a principal ideal domain.

Then an R-module M is injective if and only if it

is divisible.

Example 3.6. Any vector space is an injective val-

uation module.

Proposition 3.7. Let M be an divisible valuation

R-module. Then For any submodule N of M , such

that M
N is a torsionfree R-module, M

N is a divisible

valuation module.

Corollary 3.8. Let M be an injective valuation

R-module. Then For any submodule N of M , such

that M
N is a torsionfree R-module, M

N is a injective

valuation module.

Proposition 3.9. Let R be an artinian semisim-

ple valuation ring and M an injective torsion-free

R-module. Then any submodule N of M is an in-

jective valuation module.

Proposition 3.10. Let M be an injective valua-

tion module. Then if M ′ is a torsionfree R-module

and φ : M → M ′ is an epimorphism, then M ′ is

an injective valuation module too.

Lemma 3.11. Let R be a valuation domain and

M a divisible torsion-free R-module. Then M is

an injective valuation module.

Proposition 3.12. Let R be an notherian valua-

tion ring and M a R-module divisible. Then M is

an injective module.
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