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Abstract: In this paper, first we consider D-bounded sets in probabilistic normed spaces. Then, we define

products of probabilistic normed spaces and we consider D-bounded sets in these spaces.
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1 Introduction and Prelimi-

naries

A probabilistic normed space (PN space) is a nat-
ural generalization of an ordinary normed linear
space. In PN spaces, the norms of the vectors are
represented by probability distribution functions
rather than a positive number. Such spaces were
introduced by Serstnev in [?] and have been rede-
fined by Alsina, Schweizer, and Sklar in [?]. We
first recall some notations and definitions of the
probabilistic normed spaces that will be used in
the sequel.

A distribution function, briefly a d.f., is a
function F defined on the extended reals R =
[—00, +00] that is non-decreasing, left-continuous
on R and such that F(—o0) = 0 and F(+00) = 1.
The set of all d.f.’s will be denoted by A; the subset
of those d.f.’s such that F'(0) = 0 will be denoted
by AT and by DT the subset of the d.f’s in A*
such that lim, o F(z) = 1.

Definition 1.1. A triangle function is a mapping

*Corresponding Author

T from AT x A" into AT such that, for all F, G,
H, K in AT,

(1) 7(F,e0) = F,

(2) 7(F.G) = 7(G, F),

(8) 7(F,G) < 7(H,K) whenever FF < H,
G<K,

(4) 7(r(F,G),H) = 7(F,7(G, H)).

Typical continuous triangle functions are the
operations 7p and T, which are, respectively, given
by

mr(F,G)(x) = sup T(F(s),G(t)),

s+t=x
and

T(F,G)(z) = T(F(z), G(z))
for all F,G € AT and all x € R. Here T is a con-

tinuous t-norm, i.e., a continuous binary operation
on the interval [0,1] that is associative, commuta-
tive, non-decreasing in each variable, and has 1 as
identity. one of The most important ¢t-norms is M
which is defined, by

M (a,b) = min(a, b).



Definition 1.2. A probabilistic normed space is

a quadruple (V,v,7,7*), where V is a real linear
space, T and T* are continuous triangle functions
and the mapping v : V. — A* satisfies, for all p
and q in 'V, the conditions

(N1) v, = €¢ if, and only if , p =0 (0 is the
null vector in V);

(N2) for all p eV v_, = vp;

(N3) Vprq = 7 (Vp, vq);

(N4) Vo € [0,1] vy < 7*(Vap, Y(1—a)p)-
The function v is called the probabilistic norm.
Definition 1.3. Let (S, <) be a partially ordered
set and let f and g be commutative and associa-
tive binary operations on S with common identity
e. Then f dominates g, and one writes f > g, if,
fO’I” all T1,T2,Y1,Y2 m S;

flg(z1,91), 9(w2,y2)) > g(f (21, 22), f(Y1,92))-

We recall that a set A in a PN space
(V,v, 7, 7*) is said to be bounded if its probabilistic
radius R4 belongs to D, where

Ra Iminf{v,(z) :p € A}, x € [0,+00;
AT 1, T = 4o00.

2 Main results

In this section, first we consider D-bounded sets in
probabilistic normed spaces. Then, we define prod-
ucts of probabilistic normed spaces and we consider
D-bounded sets in these spaces.

Theorem 2.1. Let (V,v,7,7*) and A be a PN
space and a nonempty D-bounded subset respec-
tively. The set aA = {ap : p € A} is also D-
bounded for every fived oo € R if DT is a closed set
under 7, i.e. T(DT x D) C DT.

Theorem 2.2. Let (V,v,7,7*) and A, B be a PN
space and two nonempty D-bounded subsets of V

respectively. Then the set given by

A+B:={p+q:pe A pec B}

is D-bounded if DV is a closed set under 7.

We denote the set of all D-bounded sets in
a PN space (V,v, 7, 7r-) by Pp+(V).

Theorem 2.3. Let (V,v,7,7*) be a PN space.
The triple (Pp+(V),+,.) is a real linear space if
7(D* x DY) C D*.

Definition 2.4. Let

(Va,ve,7,7%) be two PN spaces under the same

Vi, v1,7,7%) and

triangle functions T and 7*. Let T be a triangle
function. The T1-product of the two PN spaces is
the quadruple

(Vl x Vo, v 111, T, 7'*)

where

Tive Vi x Vo — AT

is a probabilistic seminorm given by

(rimiv2)(p, q) == 11 (v1(p).v2(q))
for all (p,q) € V1 x Vs.

Theorem 2.5. Let (Vi,vq,7,7%), (Va,ve,7,7%)
and T be two PN spaces under the same triangle
functions and a triangle function respectively. As-
sume that 7 > 1 and 71 > T, then the 1 -product

(Vi x Vo, 11111a) is a PN space under T and 7*.

Corollary 2.6. The T-product (Vi x Va,v1 Tus)
of the two PN spaces (Vi,v1,7r, M) and
(Va,va, 77, M) is a PN space under 71 and M.

Theorem 2.7. Let (Vi X Vo, v111va,7,7%) be the
T1-product of the PN spaces (Vy,vi,7,7*) and
(Va,va, 7,7%), where 7* > 1 and 7 > 7. Let
Pp(Vh X Vi) denote the set of all D-bounded sub-
sets in Vi x V,. Then the following statements hold:

(a) If A and B are D-bounded subsets in
the PN spaces (Vi,v1,7,7%) and (Va,va, 7,7%) re-
spectively, then their cartesian product A x B
is a D-bounded subset of the 11 -product (Vy X
Vo, 112, T, 7%);

(b) The triple Pp(V1 x Va,+,.) is a real lin-

ear space if DT is closed under both T and 7.
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Abstract: In this paper, we introduce a new type of contraction called F- Suzuki contraction and prove a

new fixed point theorems. concerning F-Suzuki contraction.

Keywords:Fixed point, Compact metric space, Contraction.

1 main result

In this paper, by using and combining ideas of some
recent papers, such as Suzuki's papers [1, 2, 3], E.
Karapinar [5] and Wardowski [4] , we shall present

some results on a new type of contractions.

Throughout the rest of this article, we de-
note by R the set of all real numbers, by R the
set of all positive real numbers and by N the set of
all natural numbers.

Definition 1.1. Let (X,d) be a metric space. A
mapping T : X — X is said to be F—Suzuki con-

traction if there exists T > 0 such that

Sl T2) < d(z,y)) = T+ F(d(T2, Ty) < F(d(zy),

for all x,y € X with x # vy, where, F': Ry — R is
a mapping satisfying the following conditions:
(Fy) F is strictly increasing,

(Fy) For each sequence {a,}52 1 of positive real
numbers lim, .o, = 0 if and only if
lim,, o0 F(ap) = —00.

Theorem 1.2. Let T be a self-mapping on a com-
pact metric space (X,d). Let v € [0,1) and o, 8 €
[0,1] be a real numbers in such that a+ S+ =1
and ¢ € [0,400). Assume that there exists T > 0
such that for all z,y € X with x # y, d(z,Tz) <
d(x,y) implies that

T+ F(d(Tz,Ty)) < aF(d(z,y)) + BF(d(z, Tx))
+yF(d(y, Ty)),

where F satisfies in conditions (Fy) and (F3).
Then, T has a fized point v € X.

Proof. Put f = inf{d(z,Tx) : © € X}. We can
choose a sequence {z,} in X such that

lim d(x,, Tz,) = . (1)

n—oo

Since X is compact. Without loss of generality, we

may assume that there exist v, w € X, such that

lim 2, =v and lim Tz, =w. (2)
n—oo n—oo

We shall show that 5 = 0. Arguing by contradic-

tion, we assume 3 > 0. For every € > 0 there exists
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xz. € X, such that d(z., Tx.) < S + €. Hence from
(£1)

F(d(z;,Tz;)) < F(B8 +e). (3)

Since 1
id(xs,TxE) < d(xe,Tx.),
therefore
7+ F(d(Tz, T?z.))
< aF(d(ze, Txe)) + BF(d(xe, Tx.))
+yF(d(Tze, T?x.)),

and hence

74+ (1 = y)F(d(Txe, T?x.)) < (o + B)F(d(ze, Te)).

Since v + 5+ v =1, we get

T

F(d(Tz,T?x.)) < F(d(ze, Tx.)) — o

(4)

On the other hand, since

1
id(Tme,TZxE) < d(Tx., T?x.),

thus by assumption of theorem
T+ F(d(T?z, T?z.))
< aF(d(Tze, T?x.)) + BF(d(Tx, T?x.))
+yF(d(T?z, T3z.)).
Therefore,

74+ (1 — ) F(d(T?x., T3z.))
< (a+ B)F(d(Txe, T?x,.)).

Since a+ f + v =1, we get

F(d(T?z,T3z.)) < F(d(Tz., T?z.))

T atd (5)

Now by using (3) and continuing similar method as
used in (4) and (5), we obtain

F(d(T"z, T"z.)) < F(B+¢)
nrt
a+p’

Therefore lim,, oo F(d(T"x., T" 2.)) = —0c0. So
from (Fg), lim, oo d(T"x, T"2.) = 0, so that
there exists Ny € N such that

d(T"x., T"z.) < B, ¥V n> N,

which is a contradiction with definition of 3. So,
B =0 and from (2), we have

lim Tz, =v. (7)

n—oo

0. Thus
from (Fy), lim, oo F(d(zp, T2z,)) = —o0. by us-

Since limy, o0 d(2p, Tx,) = f =

ing similar method as used in the proof of (6), we
have
nr
. (8
a+p ®
So from (8), we have lim, o F(d(Tzy, T?z,)) =
—00. Thus from (Fy), we get

F(d(T" 2, T" 1 x,)) < F(B 4 €) —

lim d(Tx,,T%z,) = 0. (9)

n—r oo

Since d(v, T?z,,) < d(v,Txy,) + d(Txp, T?x,) = 0,
from (7)and (9) we have
lim 7%z, = v. (10)
n—o0

Now, we claim that,
1
§d(xm7T:vm) < d(Xpm,v)
or (11)

1

§d(Txm,T2xm) < d(Txy,v), V¥Ym € N.

Arguing by contradiction, we assume that there ex-
ist n € N such that

%d(xn,Txn) > d(xn,v)
and (12)
%d(T.’L‘n,TZ.’L‘n) > d(Txp,v).
So we obtain
d(Txy, T?x,) < d(zn, Txy)
< %d(T:cn,T%:n) + %d(Tl‘n,T2£L‘n)
=d(Txn, T?x,),
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Abstract: The purpose of this paper is to introduce some new concepts and extend the usual ones are

introduced for variational inequality problems over arbitrary product sets. Our result is the extention of

the results obtained by Igor V. Konnov [8] [V. konnov, ”Relatively monotone variational inequalities over

product sets”, Oper. Res. Letts. 28, 21-26(2001)].

1 INTRODUCTION

In recent years variational inequality have been
generalized and extended in various different direc-
tions in abstract see ref.[7, 8]. Moreover many au-
thors have investigated vector variational inequali-
ties in abstract spaces; see ref.[4, 5]. The develop-
ment of efficient methods for proving existence of
solution is one the most interesting and important
in variational inequalities theory and equilibrium
type problem arising in operation research, eco-
nomics, mathematical, physics and other fields. It

*Corresponding Author and Speaker

is well known that most of such problems arising
game theory, transportion and network economics
have a decomposable structure i.e. thay can be
formulated as variational inequalities over Carte-
sian produce sets; see e.g. Nagurney [9] and Ferris
and Pang [3]. The most existence results for such
variational inequalities established under either
compactness of the feasible set in the norm topol-
ogy or monotonicity-type assumption regardless of
the decomposable structure of the variational in-
equalities see [2]. In fact Bianchi [1] considered the

corresponding extension of P-mapping and noticed
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that thay are not sufficient to derive existence re-
sults with the help of Fans lemma.

In this paper we present («,3)-monoton concept,
which is suitable for variational inequalities on ar-
bitrary produce of locally convex spaces, and our
results extend theorems of V. Konnov [8].
Throughout this paper, let I be any set indexes,
(I) denote the set of all nonempty finite subsete of
I and let P denotes the set of all positive vector in
°(I) ie., P={(u;)) €l°): u; >0Vi eI},
1°(I) = {(ui)ier : >0 ,|u;| <c Viel}.

2 Preliminaries

At first, we define some notations that will be used
in the following.

For each i € I, let X; be a locally convex spaces
and X its dual.

Set X = [],c; Xy, so that for each 2 € X, we have
x = (x;)icr where x; € X;. We define the map
<,> X*xX —> Rby < f,x>= f(x) and

L, > HX:‘ x X — RU{+oo}by
i€l

g, x>=<yg,x >t — <g,x >

where z € X, g € [[,c; X7 and

<g,x>t= SupJe(I){Z]‘eJ < gjTj >:
<gj,x; >>0 VjeJ}

<g, x> =<—g,x>".
We define the vector space X as follows :

Xy={ge[[X; : (9.2)eDL s : Vo e [[Xi}
el el

where D% o = {(g,2) € ([T;e; X;) x X :
< g,x >< o0},

It is clear that D§<,>>

0, X5 £0.

Let K; be nonempty subset of X and let K =
[lic; Ki , Next for each i € I, let G : K — X,

10

be a mapping, now we define G; : K — X} by
G,; = P;oG, where P; : X — X is defined to be

Pz’((gj)jeJ) = gi-

We note that G(z) = (G;(2))ier and < G(z),y —
r>=3 . < Gi(r),y; —r; >< oo. In this paper
we study variational inequality problem as follow-
ing :
a) The SyVIP(G,K) consist of finding z* € K such
that

<Gi(l‘*),yi—$:>20 \V/yiEKi,Z'EI

We denote by Ssyvip(G, K) the solution set of the
SyVIP(G,K).

b) For every given v = (u)ier € P the
VIP(G, K,u) consist of finding 2* € K such that

< (uiGi(x*))iE[,y—x* >= Zuz < Gi(x"),yi—z; >>0

iel
forall y; € K; ,i €1
We denote by Sy ;p(G, K, u) the solution set of the
VIP(G,K,u).
¢) The dual VIP(GK,u) (abbreviated
DVIP(G,K,u)) consist of finding z* € K such that

< (usz(y))zel,y—ac* >= Z < ulGl(y)vyz_x;k >20

iel
forall y; € K; ,i el
We denote by Spyip(G, K,u) the solution set of
the DVIP(G,K,u).

Definition 2.1. for each u € [°°(I), the mapping
G : K — X is said to be u-hemicontinuous, if for
any =,y € K, the mapping ¢ : [0,1] — R by

9A) = ierui < Gilz + M@ —y)),yi — @i > s
continuous.

We note that for each A € [0,1], ¢g()\) < cc.

Definition 2.2. Let o, 8 € [°°(I), the mapping
G: K — X} is said to be

a) (a, f)-monotone, if for all z,y € K, we have

< BG(x) — aGy),z —y> >0

And strictly («, 8)-monotone, if the inequality is
strict for all x # y.
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b) (a, B)-psedumonotone, if for all z,y € K, we
have

< aG(z),y—x>>0 = <K BG(y),y—x>>0

And strictly (o, 8)-psedumonotone, if the second
inequality is strict for all x # y.

¢) (o, B)-psedumonotone-like, if for all z,y € K, we
have

<aG(z),y—z>>0 = < PBG(y),y—r>2>0

And strictly («, 8)-psedumonotone-like, if the sec-
ond inequality is strict for all x # y.

Lemma 2.3. Let o, € P and G : K — X then

a) Ssyvir(G,K) = Svip(G, K, a)
b) Spvip(G, K,a) = Spvip(G, K, )
C) SVIP(G7K7 a) = SVIP(Ga K> ﬂ)

Proof: By definition 2.2 the desired result is
obtained.

Lemma 2.4. Let a € P and the mapping
G : K — X be a-hemicontinuous, then

Spvip(G,K,a) C Syrp(G, K, a).
Proof: let z* € Spyip(G, K, a), thus

Z<aiGi(y),yi—xf>20 Vy € K.
icl

Set y = «* + A(y — 2*), therefore a-hemicontinuous

implies z* € Syp(G, K, a).

Lemma 2.5. Let «, 5 € P and the mapping
G : K — X be p-hemicontinuous, and
(o, B)-psedumonotone then

Spvip(G,K, ) = Svip(G, K, a).

The proof is parollel to the proof of lemma 2.4 and

so is omited.

corollary 2.6. Let the conditions of lemma 2.5
hold, then

Spvip(G,K,a) = Svip(G, K,a) = Ssyvip(G, K).

11

Definition : A set-valued F : E — 2F is called a
KKM-mapping if, for every finite subset

{xlyx%'"»xn} of Ea
n
Co{z1,22,....,xn} C U F(z,),
i=1

where Co denotes the convexhull.

Lemma 2.7. [Fan-4] Let E be a Hausdorff
topological vector space and F : E — 2F be a
KKM-mapping such that for any x € E, F(x) is
closed and F'(zg) contained in a compact set

D C E for some x9 € E. Then (., F(z) # 0.

3. Main results

In this section we obtain a new version of
Konnov’s results [8] for arbitrary product which is
the extention of it, because the product sets are

not countable or finite necessary.

Theorem 3.1. suppose that o, 8 € P, X locally
convex space, K C X is nonempty weakly
compact and let the mapping G : K — X be
B-hemicontinuous, and («, §)-psedumonotone
then SVIP(G,K, a) 7é (Z)

Proof : Define set-valued mapping
H,T:K — 2% by

Ty)={zxe K : Z < o;Gi(x),y; —x; > > 0}

i€l

Ty)={z €K : Y <BiGi(y),yi—wi> >0}
iel

We denote T is KKM-mapping. Let {y*, 2, ...,y"}

be any finite subset of K and z € Co{y',y?,...,y"}

then z = Y7, Ajy? , for some \; > 0,5 =

1,2, ..,n.If 2 ¢ U;_, T(y?), then

Zai <Gi(2),yl —2zi><0
iel
Therefore, 0 = >, ;a; < Gi(2),2 —2 > <0, is a
contradiction, hence T is a KKM-mapping. Since
T(y)" C K, yield lemma 2.7 ﬂyeme £ 0.
Since G is (a, 8)-psedumonotone we have T'(y) C
H(y), that is clear H(y) is weakly closed, therefore

Ny x H(y) # 0, that is

Vi=1,2,..
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Spvip(G, K, o) #0

But Lemma 2.5. implies that Sy rp(G, K, a) # 0.

Corollary 3.2. Suppose that o, 8 € P and X is
locally convex space, K C X is nonempty weakly
compact and let G : K — X} be a §— hemi-
continuous and stictly («, 8)-psedumonotone

mapping, then VIP(G, K, «) has a unige solution.

Proof : Theorem 3.1 implies that
SV[P(G, K, Cl/,) 75 0

Assume P for contradiction, that z' 2% €
Svrp(G,K,a) and 2t # 22 for any y € K, we have
Sieri < Gi(at),xz? —aj > > 0, since strictly

(o, B)-psedumonotone, implies

Z’Bi < Gi(2?),z} -2 > < 0= 2 ¢ Sy;p(G, K, B)
iel

Corollary 3.3. Suppose that a, 5 € P and X is

a locally convex space and let G : K — X be a
B-hemicontinuous and stictly

(a, B)-psedumonotone mapping and let there exist

a weakly compact subset E of K and a piont

e € EN K such that

Zai < Gi(x),ei —x; > <0

i€l

then Syrp(G, K, a) # 0.

Ve e K\ E,

Proof : From theorem 3.1 and under the above
assumption we have T'(e) C E, therefore mw is
weakly compact, hence by lemma 2.7, we have
Svip(G, K, a) # (.

Next theorem shows that our results generalized
the main results of V. Konnov [8].

Theorem 3.4. Suppose that [I| =n < co and
{X}ier be finite family of locally convex spaces.
Then

Hie[ Xz* = X;)

Proof : For each f € X* | we define
< fvx_l >=< fivxi >

12

where 7; = (0, ..., 2,0, ...), fi € X;* . Now we
define I' : X* — X;Z by F(f) = (fi)ie] .
It is easy to see that I' is homeomorphism , that

complate proof .
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Abstract: In this paper we define 2-norm derivatives in 2-normed spaces and show that these are a gen-
eralization of 2-inner product. Then we give some properties of them. Finally we investigate 2-heights in
2-normed spaces.
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1 Introduction and Preliminaries

The theory of linear 2-normed spaces has been investigated by Gahler in 1965 and has been developed
extensively in different subjects by others. A concept which is closely related to 2-normed linear spaces and
introduced by Ehert in 1969, is 2-inner product space. (see [1], [2])

Definition 1.1. Let X be a real linear space at least dimension two. Suppose || .,. || is a real-valued function
on X x X satisfying the following conditions:

(a) || z,y ||I= 0 if and only if x and y are linearly dependent vectors,

(b)
(e || ax,y |I=| || z,y ||, for all o € R and z,y € X,
@) 24y zl<llzz 1+ ly =z for all z,y,z € X.

Iz yll=lly,z | for all z,y € X,

Then || .,. || is called a 2-norm on X and (X,] .,. ||) is called a linear 2-normed space. It is easy to
show that the 2-norm || .,. || is non-negative and || z,y + ax ||=| z,y || for all z,y € X and a € R. Every
2-normed space is a locally convex topological vector space. In fact for a fixed b € X, pp(x) =|| z,b ||; x € X
is a semi-norm on X and the family P = {p; : b € X} of seminorms generates a locally convex topology on
X.

Definition 1.2. Let X be a real linear space of dimension greater than 1. Suppose that < .,.| . > is a
real-valued function defined on X x X x X satisfying the following conditions:

*Corresponding Author
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(a) <z,z|2>>0and < x,x|z>=0 if and only if x and z are linearly dependent,
b) <z,z|z>=<z2]|2>,

(o) <y,x|z>=<uwmy|z>,

(d) <ax,y|z>=a<z,y|z> for any scalar a € R,

() <z+a,y|lz>=<azylz>+<z,y|lz>

< .. ] . > is called a 2-inner product and (X,< .,. | . >) is called a 2-inner product space. If
(X,<.,.].>) ia a 2-inner product space, then we can a 2-norm on X x X by || z,y ||= /< z,x | y >.

Norm derivatives play an important role in the characterization of inner product spaces (see [3], [4]).
In this paper we generalize this notions to 2-normed spaces and give some properties of 2-norm derivatives.
we will show that these are a generalization of 2-inner product. Finally we define heights in 2-normed spaces

in terms of 2-norm derivatives.

2 2-NORM DERIVATIVES AND 2-HEIGHTS IN 2-NORMED
SPACES

Definition 2.1. Let (X, || .,. ||) be a real 2-normed linear space at least dimension two and z # 0 be a fized
element in X. The functions p;,z,p'_& : X X X — R defined by

P al,y) = lim, g 1l 4y € X
are called 2-norm derivatives relative to z.
Theorem 2.2. Functions p+ . are well-defined.
Theorem 2.3. If (X,< .,. | . >) is a real 2-inner product space, then both pg_’z and p,_7z coincide with

(<] z>).

Example 2.4. Let X = R? and || (z1,72), (y1,y2) |= 2192 — w231 for all (w1, 22), (y1,92) € R%. Then

P;,(zl,@)((iﬂl,@), (Y1,92)) = 9612%3/1 — Y221T1%2 — 22Y1%221 + fUzZ%yz

Theorem 2.5. Let (X, || .,. ||) be a real 2-normed space al least dimension two and z # 0 € X be fized.
Then

(1) P2 (0,9) = i o(2,0) =0 for all .y € X,

(2) pee,2) =l 2,2 [ (29) <0 and gl (2,2) =0 for all 2,y € X,
(3) Pi o, y) = Px, Sz ay) = apy, z,y), for allz,y € X and o > 0,
(4) py(aw,y) = py (2, ay) = apy . (x,y), for all 2,y € X and a <0,
(5) piw(x y) =a? piz(ac y), for all z,y € X and o € R,

(6) par (02 +) = 0 | 2,2 |2 +6 1 (5,), for all 2,y € X,

() | o) <] 2,2 [ 2 |, for all ey € X,

®) p

8) p_.(x, y)<p+z(x y), for all x,y € X.

Using the function p;’z as a generalization of a 2-inner product, in a 2-normed space, we consider the
following collection of 2-height functions:

14
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Definition 2.6. Let (X, || .,.||) be a real 2-normed linear space al least dimension two and z # 0 be a fixed
element in X. 2-height functions hy ;,ho ., hs, : X x X — X are defined by

ly,2lI1° =, . (z.y)
hi(2,y) =y + =z (@ — ),

2 !
hs(2,y) =y + LI (1),

L y=zy)
hs,z(2,y) =y + T (2 = y),

for all x,y such that x —y and z are linearly independent, and if x —y = az for some a € R, then
hl = hg = ]’L3 =Y.

Theorem 2.7. If (X, < .,.|.>) is a real 2-inner product space, then

hl,z(xyy) = h2,z(l’7y) = h3,z(x7y)} fOT‘ all X,y S X

Example 2.8. Let X = R? and || (z1,22), (y1,92) ||= ®1y2 — 2y1 for all (z1,22), (y1,y2) € R?. Let
z=(2,1), y=(1,-2)) and z = (0,1). Then hy .(z,y) = ho.(z,y) = h3 .(z,y) = (0, —5).

Theorem 2.9. Let (X,|| .,. ||) be a real 2-normed space at least dimension two and z # 0 € X be fived.
Then

(1) hi-(0,y) = h; (x,0), fori=1,2,3 and z,y € X ,which {z.z} and {y, z} are linearly independent sets,
(2) hiaz(z,y) = hiz(z,y), his(ax,ay) = ah; (z,y), fori=1,2,3 and x,y € X, which {x —y,z} is an
independent set.
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Abstract: Recently we define and investigate a new quantity for real tensors, the sign real spectral radius.

A various characterizations and some properties are derived. In this talk we derive some important charac-

terizations for the sign real spectral radius. In particular we give a finite and infinite characterization for

the sign real spectral radius of triangular tensor.
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1 INTRODUCTION

Tensors are increasingly ubiquitous in various areas
of applied, computational, and industrial mathe-
matics and have wide applications in data analy-
sis and mining, information science, signal/image
processing, computational biology, and so on, see
the workshop report [?] and references therein. A
tensor can be regarded as a higher-order gener-
alization of a matrix, which takes the form A =
(@iy i) s e R 1< < n
where R is a real field. Such a multi-array A is said

Ay, 11, e i

bm
to be an m-order n-dimensional square real tensor

with n™ entries a;, . ; . In this regard, a vector is
1 b

im
a first-order tensor and a matrix is a second-order
tensor. Tensors of order more than two are called
higher-order tensors. Many important ideas, no-
tions, and results have been successfully extended
from matrices to higher order tensors. Analogous
to matrices, the theory of eigenvalues and eigenvec-

tors is one of the fundamental and essential com-

*Corresponding Author
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ponents in tensor analysis. In 2005, independently,
Lim [?] and Qi [?] introduced eigenvalues for higher
order tensors. In [?] Chang et al. generalized the
Perron Frobenius theorem for nonnegative matrices
to irreducible nonnegative tensors. In [?] Friedland
et al. generalized the Perron Frobenius theorem
to weakly irreducible nonnegative tensors. Further
generalization of the Perron Frobenius theorem to
nonnegative tensors can be found in [?]. It was in
1997 S. Rump introduced and investigated a new
quantity for real matrices, the sign real spectral
radius ([?]).
ties of the Perron root of nonnegative matrices to

This quantity extends many proper-

general real matrices. In continue he present some
important characterization for the sign real spec-
tral radius of real matrices. Recently we define the
sign real spectral radius for real tensors and some
properties are derived. In this talk we derive some
important conclusion relevant to spectral theory of
real tensor. In particular we give some character-

ization for the sign real spectral radius of trian-



17

The 45" Annual Tranian
Mathematics Conference
qust 26-20 2014

August

gular tensor. In this paper vectors are written as

(z,y, .
sors are written as (A4, B, ...).

.), matrices correspond to (A, B, ...) and ten-
R and C represents

the real and complex field, respectively.

2 PRELIMINARIES

We start this section with some fundamental no-
An mth order

n-dimensional tensor A is called nonnegative if

tions and properties on tensors.

Giyiy..i,, > 0. We call an mth order n-dimensional
tensor the unit tensor, denoted by I, if its en-
ivig...iy, With
= 4,, and the others are zero. We de-

tries are 4. = 1 if and only

182 im
if i1 = ...
note the set of all real mth order n-dimensional
tensors by RI™". For a vector z = (z1,...,x,)",
let Az™! be a vector in R™ whose ith component
is defined as the following:

n

(Axm_l)i = Z

i2yeeim=1

2-1

aiizmimxﬁ (Eim .

and let zlm™ = (a7, ... am™)".
Definition 2.1. A pair (A\,z) € C x (C™\ {0}) is
called an eigenvalue and an eigenvector of A €

Rl if they satisfy

Az™ b = \glm—1, (2-2)

We denote the set of eigenvalues of A with
o (A) Furthermore, we say A is an H-eigenvalue
with the corresponding H-eigenvector = (or (), z)
is an H-eigenpair) of A if they are both real. In the
case m = 2, (2-2) reduces to the definition of eigen-
values and corresponding eigenvectors of a square
matrix. This definition was introduced by Qi [?].
The spectral radius of tensor A is defined by Yang
and Yang in [?] as follows:

Definition 2.2. The spectral radius of tensor A is

defined as
p(A) =max{ |\ : Xisaneigenvalueof A}.

They proved that the spectral radius of a
nonnegative tensor, is an eigenvalue of it.

17

Definition 2.3. [?] Let A (and B) be an order
m > 2 (and order k > 1), dimension n tensor,
respectively. The product AB is defined to be the
following tensor C' of order (m — 1) (k—1)+1 and
dimension n:

n

2

i9yeim=1

(te€n]:={1,...,n},a1,..,qm—1 € [n]

cial‘..am,1 = aiiz...imbizal"'bimam71

k—l)'

It is easy to check from the definition that
I,A= A= Al,, where I, is the identity matrix of

order n.

Theorem 2.4. [?] The tensor product defined in
above has the following properties.

(i). (A+B)C=AC+ BC.

(ii). A(B+C) = AB+ AC, where A is ann xn
matriz.

(iii). (@A) B = a(AB), for any (a € C).

(iv). A(aB) =a™ Y(AB), for any (a €C).

Theorem 2.5. [?] (The associative law of the ten-
sor product): Let A (and B, C) be an order m + 1
(and order k+1, order r+1), dimension n tensor,

respectively. Then we have
A(BC)=(AB)C.

Definition 2.6. [?] Let A be an mth order
n-dimensional tensor with m > 2 and x =
(21, ...,xn)T. Then the determinant of A, denoted
by det(A), is the resultant of the ordered system of
homogeneous equations Az™~t = 0 (i.e. the sys-
tem of homogeneous equations (Aa:m_l)i =0 for
i=1,...,n, where Az™ 1 is as defined in (2-1).

By using the properties of the resultants, it
can be shown [?] that the above definition for de-

terminant is equivalent to the following definition.

Definition 2.7. [?] Let A be an mth order n-
dimensional tensor with m > 2. Then det (A) is
the unique polynomial on the entries of A satisfy-
ing the following three conditions:

(i). det(A) = 0 if and only if the system of homoge-
neous equations Az™ =1 = 0 has a nonzero solution.
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(ii). det(I) = 1, where I is the unit tensor.
(iii).

the entries of A, when the entries a;,. ;,, (1 <

det(A) is an irreducible polynomial on

i1y ey im < m) of A are all viewed as independent

different variables.

By using the definition of determinants, we
can define the characteristic polynomial of a tensor
A as the determinant det(A] — A), where I is the
unit tensor.

It is easy to see from the definitions that, A is an
eigenvalue of A if and only if it is a root of the
characteristic polynomial of A.

Lemma 2.8. [?] Let A be an mth order n-
I be the mth order n-

dimensional unit tensor, and P and Q are two ma-

dimensional tensor,

trices of order n. Then we have:
det (PAQ) = det (PIQ) det (A).

3 THE SIGN REAL
TRAL RADIUS
REAL TENSOR

SPEC-
FOR

Recently we introduce a new quantity for real ten-
sors, This definition as follows:

Definition 3.1.

Al SAzm—1 = Aglm=1),
AER, 04 xR,
SeM,(®), |S]=1

pi (4) = max

This quantity is called the sign real spectral
We note that the index

zero in p§ referred to Rohn’s definition of the real

radius for real tensors.

spectral radius of a real matrix [?], we have also

introduced for real tensors:

Definition 3.2. Let A € R"™" the real spectral
radius is defined by

po (A) :=max {|\| : A€o (A)NR},

where po (A) =0 if A has no real eigenvalues.

18

It easily follows that
0 (A) = SA).
Py (A) = 1max po (SA)

where ¢ is the set of all diagonal real matrices such
that |S| = I where I denoting the identity ma-
trix. we proved that there is always some S € ¢
such that SA has a real eigenvalue, which means
that pj (A) is always equal to a real eigenvalue of
some S A and also this theorem shows that for every
A e R there exists S € ¢ such that SA has an
H-eigenvalue. Also it will be shown that the sign
real spectral radius is equal to the spectral radius

for nonnegative tensors.

4 CHARACTERIZATION
OF p; (A)

In [?] Rump present some characterization for real

matrices as follows:

Theorem 4.1. Let A € M, (R) and 0 < b € R.
Then the following are equivalent:

()-8 (4) < b.

(ii).For all S € ¢ there holds det (bI — SA) > 0.
(iii).For all S € o, the matriz bI — SA is a p-
matriz.

(iv).For all diagonal matrices D with |D| < I one
has det (bI — DA) > 0.

Theorem 4.2. [?] Let A be an mth order n-
dimentional of indeterminate variables such that
there exists an integer k € {1,...,n — 1} satisfying
tiis..i,, = 0 for every i € {k+1,....,n} and all in-
dices gy ...,im  such that { ia,...,im}N{1, ...k} #
(). Denote by U and V the sub-tensor of A asso-
ciated to {1,....,k} and {k+1,...,n}, respectively.
Then it hold that

det (A) = [det ()] V""" [det (V)]

Definition 4.3. A tensor C € R"™" is called a
principal sub-tensor of a tensor A = (a;, .. ,.) €
Rimnl (1 <7 < n) if there is a set J that composed

of r elements in {1,...,n} such that

k

C= (ail,‘..,im)7 fOT all ilviza azm eJ
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Now we state and prove Theorem (??) for
real tensors.

Theorem 4.4. Let A € RI™™ and 0 < b e R. If
P (A) < b then det(bI — SA) > 0 for all S € .

Definition 4.5. [?] Let A € RI™". Suppose that
Qiyin..i,, = 0 if min{ia, ..., i, } is less than iy, then
A is called an upper triangular tensor. Suppose that
Qiyig..i,, = 0 if max {ia,...,im} is greater than i,
then A is called a lower triangular tensor. If A is
either upper or lower triangular, then A is called a
triangular tensor. In particular, a diagonal tensor

is a triangular tensor.

Theorem 4.6. Let T € R"™™ and triangular, and
0<be R Ifdet(bl — ST) >0 for all S € ¢ then

determinant of all principal sub-tensor of a tensor
(bI — ST) is positive for all S € .

Theorem 4.7. Let A € RI™" and 0 < b €
R. If determinant of all principal sub-tensor of
a tensor (bI — SA) is positive for all S € ¢ then
det(bI — DA) > 0 for all diagonal matriz D such
that |D| < I.

Theorem 4.8. Let A € RI™™ and 0 < b e R. If
det(bI — DA) > 0 for all diagonal matriz D such
that |D| < I, then p§ (A) < b.

It is very nice if one could state Theorem
(?7?) for all real tensors. We mention that for the
class of triangular tensors the four theorems (?7),
(??), (?7?) and (??) are equivalent.
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1 INTRODUCTION 1.1 Remark

Let M, = {z € R¥|dist(x, M) < r} for r > 0.

In this paper, we study the multiplicity of positive
bap Y PHELY O D Then by the condition (Q), we may assume that

solutions for the following semilinear elliptic sys-
& P Y there exist two positive constants Cy and ry such

tem:
that f(z),g(z) > 0 for all z € M,, C 2.
The following theorem is our main result.
—Au = fr(2)|u|?2u+ g(z)[v[P"2v in Q,
—Av = fi(@)| v+ g(@)|ufPPu inQ, (E))
u=v=0 on 99. 1.2 theorem
Suppose that p = 2*. Then for each § < rg there
where 1 < g < 2 < p < 2* = 2L (N > 3), exist As > 0 such that for A < Ay, system (E)) has
Q C RV is a bounded domain with smooth bound- at least catps, (M) + 1 positive solutions.
ary, the parameter A\ > 0 and the weight functions Hereafter cat is the Ljusternik-Schnirelmann cate-
fa =AM+ f- (f+ = £ max{f,0}), g are continuos gory. In the following sections, we use the varia-
on Q which satisfy the following condirion: tional methods to find positive solutions of system
(Q) There exist a non-empty closed set (E\). Associted with system (E)), we consider the
M = {z € Q| g(z) = maz,cqg(z) = 1} and energy functional Jy in H = Hg(Q) x H(€),
p > N —2such that M C {z € Q| f(z) > 0} In(u,v) = 5w, 0)|[F — %(fg Alul® + Jv]9)dz) —
and ¢g(z) — g(x) = O(|x — z|?) as © — z and uni- 7 (Jo g(v[*" dz + |“|2*)d9€)
formly in z € M. where ||(u,v)||lz = ( [o(IVul* + |V’u|2)dx)% is the

*Corresponding Author
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standard norm in H. It is well known that the so-
lutions of system (F)) are the critical points of the

energy functional Jy in H.

2 Notations and preliminaries

Throughout this paper, we denote by S the best
Sobolev constant for the embedding of D*2(RN) x
D'“2(RN) = D into L*> (RN which is given by

Jpn (IVul? + |Vo|?)da
(Jrn (IVul?™ + V|2 )d)2/2"

= inf
(u,v)€D\{(0,0)}

(1)
It is well known that S is independent of Q ¢ RV
in the sense that if

o Jo(IVul? + [Vo]?)da
(u, v)EH\{ 0.0} (Jo(IVul?" + |Vo|?")dx)?/?"
then S(Q) =

S(RN) =
S(N=2)/2

R € >
function for the minimum (1).

e >0,

5(92)

S, and the function u.(z) =
0 and z € RY, is an extremal

Moreover for each

[N(N — 2)e2|(N=2)/4

"Us(x) = (62 I |X|2)(N—2)/2

2)

which is a positive solution of critical system:
—Au = |ul* 2u
—Av = v "%

with  [pn [V |?dz S [0e|? da

fRN |Vue|*de = fRN lue|? da = S5,
We define the Palais-Smale (simple by(PS))

sequences, (PS)-values,and (PS)-conditions in H for

in RV,
in RN

N
2

Sz,

Jy as follows.

2.1 Definition

(i) For 8 € R, a sequence {(un,v,)} is a (PS)g-
sequence in H for Jy if Jx{(un,vs)} = B + o(1);
and J{{(un,v,)} = o(1); strongly in H as n — occ.
(ii) J satisfies the (PS)g-condition in H if every
(PS)-sequence in H for J, contains a convergent

subsequence.
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> 0.

>0,

As the energy functional J) is not bounded below
on H, it is useful to consider the functional on the
Nehair manifold

Ny = {(u,0) € H\ {(0,0) (4 0), (u,0)) = 0}
Thus, (u,v) € Ny if and only if
u 0) 1%~ /Q Sl —[o]7)dar— /Q o(lul — || )dz = 0.

Moreover, we have the following results.

2.2 Lemma

The energy functional Jy is coercive and bounded
below on Nj.

2.3 Definition

First define

Ua(u,v) (Ja(u, ), (u, 0)) 1w, o)1 —
Jo Ix(ul® = Jv|7)da — = [v?")da = 0.
Similarly to the method used in [3] we split Ny into

three parts:

Ny = {(u,v) € Nx|(¥r(u, ), (u,v)) > 0},
N‘£={( V)Al(¥a(u, v), (u,v)) = 0},
Ny = {(u,v) € NA[(¥a(u,v), (u,v)) < 0}.

We now derive some basic properties of IV )\+ , NY
and Ny .

2.4 Lemma

Suppose that (ug,vp) is a local minimizer for Jy
Then
J{{(uo,v0)} = 0 in H. Furthermore, if (ug, vg) is a

on N, and that (ug,vo) is not in NY.

non-trivial nonnegative function in €, then (ug, vo)

is positive solution of system F.

2.5 Lemma

For each A > 0 we have the following:
(i) For any (u,v) € N, we have [, fa(Jul? +
[v|?)dz > 0.
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(ii) For any (u,v) € NY, we have [, fa(jul? +
[v[?)dz > 0 and [, g(|ul*” + [v]*")dz > 0.

(iii) For any (u,v) € Ny, we have [, g(Jul* +
[v|?")dz > 0.

2.6 Theorem

We have the following:

(i) af <0 for all A € (0,Aq).

(ii) If A < Ay = ZA4, then o), > ¢y for some
co > 0.

In particular,
e (0, Ag)

aj\' = infupen, Ia(u,v) for all

For each (u,v) € H with [, g(|ul*” +|v[*")dz > 0.
N2

(2-9)ll(uv)|% ) 4
2" =) (fq 9(Jul*” +[v[*")dz) '

We write tpax = (

2.7 Lemma

For each (u,v) € H\{(0,0)} we have the following:
(i) If [, fa(Jul?4|v]?)dz < 0, then there is a unique
t= = t7(u,v) > tmax such that (t7(u),t~(v)) €
Ny and h(,,) is increasing on (0,¢7) and de-
creasing on (¢, 00). Moreover, Jy(t~(u),t™(v)) =
supy>oJda(t(u), t(v)).

(i) If [, fa(Jul? + [v[?)dz > 0, then there are
unique 0 < t* = ¢T(u,v) < tmax < ¢~ such that
(t+(u)at+(v)) € N;_a (ti(u)vti(v)) € N)\_v h(u,v)
is decreasing on (0, "), increasing on (¢*,¢) and

decreasing on (¢~, 00). Moreover,

It (), 17 () = | _inf  Jy(8(w), £(v)),
I (), 7 (v)) = sup Ja(E(w), ¢(v)).

2.8 Lemma

Let ¢* =
the following;:

(u,v) € N, we have

(i) There is unique t°(u,v) > 0 such that
(t°(u)u, t°(v)v) € NS and supg>oJG(t(u),t(v)) =

u,v 2" N-2
T6(t° (W, t°(0)0) = & (Grglridioms) T
(i) J > (1 = N2t (wu,t,(v)v) +

22

)\(2 q)

(1f+1E 5347,
to(v)v) +

and J, S 1 +
A=) (|| £, |14 55 ) >

N

A)YJO(tu( )

3 Concentration behavior

First, we consider the following critical system:

—Au = |ul* u
—Av = |v|* "%

(u,v) € H.

in €,

inQ, (E)

Associated with system (E\’o) We consider the en-
ergy functional J*° in H,

7 (,0) = 3l o)l = 5o f (i + 0P )da).

It is well known that inf(, ,)ecnoe(ry) S (u,v) =

inf(y vyene @)/ (u,v) = %S% for all domin
Q c RN, where N*(RN) = {(u,v) €
D — {(0,0}[{(J>) (u,v), (u,v)) = 0} and

N=(Q) = {(u,v) € H = {(0,0)}[((u, ), (u,0)) =
0} are the Nehari manifolds. Actually,
inf(, vyenoe (@) ((J>)(u,v)) is never attained on a
domain QRYN. Let n € C3°(RYN) be a radially sym-
metric function such that 0 <7 <1, |Vn| < C and

n(z) = b el < ro/2 For any z € M,
0, |z| > 7.

let wee(x) = n(xz — 2)v.(x — 2z), where v.(x)

as in (2). Then, by an argument we have

weel? = S= 4+ O(eN~2) uniformly in z € M.

Moreover, we have the following results.

3.1 Lemma

We have inf (,, ,)en, Jo(u,v)

= 1g%
~97.

any positive solation wug, vy such that Jo(ug,vg) =

1g%

~Sz2.

Furthermore, system (Ep) does not admit

3.2 Lemma

Suppose that {(u,,v,)} is a minimizing sequence
for Jy in Ng. Then

= inf(u;u)ENoo () J> (u7 U)
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() fo f = [(un, vn)[?dz = o(1);
(ii) Jo (1 = 9)[(un, vy) [**dz = o(1).
Furthermore, {(uy,v,} is a (PS)
J> in H.

For the positive numbers d, consider the filtration

y -sequence for
S

el

of the Nehari manifold Ny as follows:
No(d) = {(u,v) € No|Jo(u,v) < Ls% +d}.
Let ® : H — R" be a barycenter map defined by

2k
@(U,U) _ fgaz|(u,v)| dx

Jo l(w)[2*da

3.3 Lemma

For each positive number § < rg, there exist ds > 0
such that ®(u,v) € My for all (u,v) € No(ds).

Now, we consider the filtration of the manifold
N, follows Ny(c) = {(u,v) € Ny |Jr(u,v) < c}.
let W, = [N(N — 2)e2] =W, ;.

Then we have the following results.

3.4 Lemma

Let Ay > 0 and let ¢ = \2/2~0(N=2) Then there
exists 0 < A, < As such that for A < A,,

SUP;>( JA(tWaz) <cy= %sN/z — \2/(2=9) D uni-
formly in z € M, where ATD Dy. Furthermore,
there exists ¢ > 0 such that t;Ws,z € Nyx(cx) and
O(t; W, ) € Ms for all z € M.

3.5 Lemma

let §,ds > 0 be as in lemma 3.3. Then there ex-
ists 0 < As < A, such that for A < As we have
®(u,v) € Mjs for all (u,v) € Nyx(cy).

3.6 theorem

For each A < Ay, the functional .J, has a minimizer
(uy,vi) in N and it satisfies:

23

(i) In(ui,vf)=af = inf, e Ia(u,v);
(ii) uj{, v;\r are positive solutions of system Eg;
(iii) Jr(ul,v) = 0as A — 0.

3.7 proposition

For each A < Ay , the functional Jy satisfies Palais-
Smale condition on the sublevel
Ni(en) = {(u,v) € Ny [Jx(u,v) < cr}.

3.8 theorem

Let §,A5 > 0 be as in lemmas 3.3, 3.5. Then for
each A < Ag, Jy has at least catps, (M) critical
points on N 1 (cx) = {(u,v) € Nx(ea)|(w,v) > 0}.
Now, we begin to show the proof of theorem 1.2:
By lemma 2.3 and theorem 3.6, 3.8, system E has
at least catps, (M) 4 1 positive solutions.
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Abstract: This note is developed to introduce and investigate monotone operator and monotone bifunctions

in an ordered topological vector spaces. Local boundedness of k-monotone bifunctions at interior points of

its domain is proved. Finally ox-monotone bifunctions as a generalization of k-monotone bifunctions and

o-monotone bifunctions are considered.
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1 INTRODUCTION

During the last two decades, monotone bifunctions
were mainly used in the study of the equilibrium
problem, which consists in finding zg € C such
that F(xg,x) = 0 for all x € C. A large va-
riety of problems such as variational inequalities,
fixed point problems, Nash equilibria of cooperative
games, saddle point problems, can be seen as par-
ticular instances of equilibrium problems, and this
explains the great interest which led to several hun-
dreds of papers on the subject. On the other hand,
in recent years it became clear that the study of
monotone bifunctions is closely linked to the study
of monotone operators and may shed new light to
their theory [4, 2, 3, 6, 7]. After Blum and Oet-
tli showed in their highly influencing paper [5] that
equilibrium problems include variational inequal-
ities, fixed point problems, saddle point problems

etc, Equilibrium problems were studied in many pa-

*Corresponding Author
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pers (see [2] and references cited therein). Alizadeh
and Hadjisavvas [2] studied local boundedness of
monotone bifunctions in relation with the corre-
They

proved that local boundedness of monotone bifunc-

sponding property of monotone operators.

tions is automatic at every point of int C'

Throughout this paper, we assume that X
be a topological vector space and Y be an ordered
topological vector space. Let K C X be a non-
empty cone which induces ordering <; on X as
follows: © <p yif y —x € K, for each z,y € X. A
cone K is called pointed [9], if KN (—K) = {0x}.

Let T be a set-valued operator of X into
B(X,Y) (denoted by T : X — B(X,Y)). T is
said to be a k-monotone operator [8], if for every
21,29 € X, Ly € T(x1) and Ly € T(x3), we have

(L1 — LQ)(ZII1 — iIIQ) c K.
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Let T : X — B(X,Y). The domain of T is
domT :={z € X : T(z) # 0},
and graph of T is
grT :={(xz,L): x €domT, L eT(x)}.

The operator T is said to be mazimally k-monotone
[8], if there exists no monotone operator 77 : X —o
B(X,Y) such that gr T’ properly contains gr T i.e.,
x € X and L € T(x) we have (z,L) € grT" if and
only if

V(y,L')egrT (L—-L')(z—vy) € K.

A map ||| : X = K is called vectorial norm [9], if
for all z,y € X and A\ € R, the following conditions
are satisfied:

1. |||J:||| =0y <& x=0y,

2. el = (AL s

3. Mz + yll <& =l + lyl-

Let X be a topological vector space with vectorial
norm ||.|. The open ball of center x € X and ra-
dius r is denoted by B,.(z) and the closed unit ball
is defined by By := {z € X : |z|| < 1}. Given a
subset C of X, the interior of C' is the largest open
set which is contained in C| it is denoted by int C.
The set-valued map T is called a k-convexr operator
[9], if

AT(z) + (1= NT(y) — Tz + (1 - A)y) € K.

for every z,y € C and X € [0, 1].

2 Cone Monotone Bifunctions

2.1 k-monotone bifunction

Definition 2.1. Let X be a topological vector space
and Y be a ordered topological vector space. Sup-
pose C be subset of X and K C X be a cone.

25

The bifunction F : C x C — (Y, K) is called k-

monotone, if
0 Fla,y) + Fly,) + K,
for every x,y € C.

Definition 2.2. Let F : C x C — (Y,K) be a
bifunction. We can to the bifunction F attach
the set-valued operators A¥ : X — B(X,Y) and
FA: X — B(X,Y), which defined respectively by

{LeB(X,Y):(Vy eC) F(z,y)+ L(z —y)e K},

for each x € C, and A¥(x) = () for each x ¢ C,

and,
{LeB(X,Y):(VyeC) L(z —y) — F(y,z) e K},
for each x € C, and FA(z) = 0 for each x ¢ C.

Definition 2.3. F: C x C — (Y, K) is called a
mazimally k-monotone bifunction, if the operator

AF be k-mazimally monotone.

Proposition 2.4. Let F: C x C — (Y, K) be a
k-monotone bifunction. Then A is a k-monotone
operator. In addition, if A¥ (x) # 0, then F(x,x) =
0, for allz € C.

Proposition 2.5. Let F: C x C — (Y, K). Then
the operator A (x) is k-convex, For all x € C.

Theorem 2.6. Suppose that F : C x C — (Y, K)
be a bifunction. Then L € AF(z), if and only if
L(z) = sup{L(y) — F(z,y)}, for every x € C.

yeC

Proposition 2.7. Let F,F' : C x C — (Y, K) be
two bifunctions. Suppose r,t € K with s+t = 1.
Then

(rAT 4+ sAT ) (@) = AP (1),
for every x € C.

Remark 2.8. Let F,F' : C x C — (Y,K) be
two bifunctions. If (F — F')(C x C) C K, then
AT (z) C AF (z), for each z € C.
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Definition 2.9. Let T : X — B(X,Y). We define
a bifunction G : domT x domT — (Y, K) via

Gr(z,y) :=sup{L(y —z): L € B(X,Y)}.
Note that Gr(x,x) =0, for every x € domT.
Proposition 2.10. Suppose T : X — B(X,Y) be

a k-monotone operator. Then the bifunction G is

k-monotone.

Proposition 2.11. Let T : X — B(X,Y). If T
be mazximally k-monotone, then G is a mazimally

k-monotone bifunction and AT =T.

2.2 Local k-boundedness of bifunc-

tion

Definition 2.12. The mapping T : X — B(X,Y)
is called locally k-bounded at xy € X [9], if there
existe > 0 and m € K such that m—||L| € K, for
all ¢ € Be(xg) and L € T(x).

Definition 2.13. Suppose F: C x C — (Y, K) be
a bifunction. F is said to be locally k-bounded at
xg € X, if there exist ¢ > 0 and m € K such that

m— F(l'vy) € Kv
for all x,y € C'N Be(xo).

Proposition 2.14. Let F : C x C — (Y, K) be a
locally k-bounded bifunction at x¢g € int C. Then
AF s locally K-bounded at xg.

Corollary 2.15. Suppose T : X — B(X,Y). Let
Gr be locally k-bounded at intdomT. Then T is
locally k-bounded operator at x.

A finite sequence 1,3, ..., Ty is called a

cycle, if 41 = 1.

Definition 2.16. Let X and Y be topological vec-
tor space and ordered topological vector space, re-
spectively. Let C be a non-empty subset of X.
F:CxC — (Y,K) is said to be a cyclically k-

monotone bifunction, if
0€ F(xy,22) + F(xa,23) + - + F(xn, Zni1) + K,

for every cycle x1,x9,...,2p41 in C.
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Theorem 2.17. Suppose F : C x C — (Y, K).
Then F is a cyclically k-monotone bifunction if and
only if there exist a function g : C — K such that

9(y) —g(z) — F(z,y) € K,

forall x,y € C.

2.3 op-monotone operators and bi-
functions

Definition 2.18. Let T : X — B(X,Y). Suppose
o :domT — K be a mapping. The operator T is

said to be ox-monotone, if
(L1 = Ly)(z — y) + min{o(z) — o)}z —yll € K,

for every x,y € domT, Ly € T(z) and Ly € T(y).
T is called a maximally op-monotone operator,
if T = T', for every operator T' which is o},-
monotone with grT C grT’ and o' an extension

of o.

Definition 2.19. The operator T : X — B(X,Y)
is called k-premonotone, if T' be oi-monotone, for
any o : domT — K. T is called a maximally k-
premonotone, if T' be mazimally o,-monotone, for
any o :domT — K.

Proposition 2.20. Let T : X — B(X,Y) be a
mazximally k-premonotone operator. Then T is a

k-convex-valued operator.

Definition 2.21. Let F : C x C — (Y,K) and
o :domT — K. The bifunction F is said to be
op-monotone, if

0€ F(z,y)+ Fy,z) + oyl -yl
for each z,y € C.
The operator A" : X — B(X,Y) defined by
{LeB(X,Y):(Vy €C) F(z,y)+ L(x —y)€K},

for each # € C, and AF(z) = ) for each x ¢ C.
and A can be defined similar to definition 2.2.
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Proposition 2.22. Let F: CxC — (Y, K) be o-

monotone. Then AY is a o-monotone operator.

Definition 2.23. F': C x C — (Y, K) is called
e maximally oj-monotone bifunction, if A¥ be a

mazimally oi-monotone operator.

Proposition 2.24. Let T : X — B(X,Y) be a
ok-monotone operator. Then The bifunction G is

o -monotone.
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1 Introduction and prelimi-

naries

Let (X, d) be a metric space. A mapping f: X —
X, is said to be contraction if there exists k € (0, 1)
such that for all z,y € X,

d(fz, fy) < kd(z,y). (1)

If the metric space (X, d) is complete then the map-
ping satisfying (1) has a unique fixed point.

Study of generalization of the above contraction
mapping has been a very active field of research

*Corresponding Author
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during recent years. Weakly contractive mappings
have been dealt with in a number of papers [1]-[5].
Rhoades [1] assumed a weakly contractive mapping
f: X — X which satisfies the condition

d(fz, fy) < d(z,y) — p(d(z,y)), (2)

where z,y € X and ¢ : [0,00) — [0, 00) is a contin-
uous and nondecreasing function such that ¢(t) = 0
if and only if £ = 0. Rhoades obtained the following
extension.

Theorem 1.1. Let T : X — X be a weakly con-
tractive mapping, where (X, d) is a complete metric
space, then T has a unique fixed point.
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Introducing a new generalization of contrac-
tion principle, Dutta and Choudhury [6] proved the

following theorem.

Theorem 1.2. Let (X,d) be a complete metric
space and let T : X — X be a self-mapping sat-
isfying the inequality

Yd(fz, fy) < Pd(z,y)) — e(d(z,y)), (3)

where x,y € X and ¢, p : [0,00) = [0,00) are both
continuous and monotone nondecreasing functions
with ¥(t) = ¢(t) = 0 if and only if t =0. Then T

has a unique fized point.

Recently S. Moradi et.al in [7] introduce
@ s- weakly contractive and extend previous results
given by Rhoades [1] and by Zhang and Song [2],
as followed.

Definition 1.3. [7]. Two mappings S, T : E — E
are called generalized ¢ p-weakly contractive if there
exist two maps ¢ : [0,00) = [0,00) and f: E — X
o(t) >0 fort € (0,+00) and ¢(0) = 0 such that

d(S:E’Ty) < Mf(xry) _W(Mf(xvy)% (4)

for all x,y € X, where

My(w,y) = max {d(fz, fy), d(f, S),
a(fy. Ty) 1/2( d(fr, Ty)+d(fy.52)) }. (5)

Definition 1.4. Let f and g be self-maps on a set
X. Ifw= fx = gx, for some xin X, then x is called
coincidence point of f and g, where w is called a

point of coincidence of f and g.

Definition 1.5. [11]. Let f and g be two self-
maps defined on a set X. Then f and g are said
to be weakly compatible if they commute at every

coincidence point.

Theorem 1.6. [7]. Let (X,d) be a complete met-

ric space, and let E be a nonempty closed subset
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of X. Let T,S : E — E be two generalized yj-
weakly contractive mappings, where ¢ is a lower
semicontinuous (1.s.c.) function with ¢(0) =0 and
o(t) >0 for allt >0 and f : E — X wverifying the
conditions:

(A) f and T and f and S are weakly compatible.
(B) T(E) C f(E) and S(E) C f(E).

Assume that f(E) is a closed subset of X. Then

f,T and S have a unique common fized point.

2 Main Results

We start our work with the following theorem,
which can be regarded as an extension of Theorem
1.6 and Theorem 3.1 of [9].

Theorem 2.1. Let (X,d) be a complete metric
space, and let E be a nonempty closed subset of X.
Let S,T:E — FE and 1,J : E — X be a mappings
that satisfying T(E) C I(E) and S(E) C J(E) and
for every x,y € X,

Y(d(Sz, Ty)) < p(Mr,(2,y)) — P(M1,4(,9)),

(6)

where

(1) ¥ : [0,00) = [0,00) is a continuous and nonde-

creasing function such that ¥(t) = 0 if and only if

t=0.

(#1) ¢ : [0,00) = [0,00) is a lower semi—continuous

function such that ¢(t) = 0 if and only if t = 0,

and

Miy(2,y) = max {d(Iz, Jy),d(Iz, S),

d(Jy, Ty),l/,?(d(]x, Ty)+d(Jy,Sx)) } (7)

If one of SE,TE,IE or JE is a closed subset of X,
then {S,I} and {T,J} have a unique point of co-
incidence in X. Moreover, if {S,I1} and {T,J} are
weakly compatible, then S, T, I and J have a unique

common fixed point in X.
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Example 2.2. Let X = be endowed with the
Euclidean metric and let E = {0,%,1,2}. Let
7.5 : E - F and f : E — X be defined by
T0 = T1 = T2 = 0,75 = 2, Sz = 0 and
f0=f2=0,f3=1,f1=2. Obviously

d(SO,T%) =2, My(z=0,y= %) = g
So for every ¢ verifying the conditions of Theorem
1.6 the inequality (4) does not hold. Now if I,J :
E — X defined by I = f and JO = J1 = J2 =
0, J% = 3, then for functions 1, : [0,00) = [0, 00)
defined by (t) =t and (t) = £, we have

Y(d(Sz, Ty)) < Y(Mr,s(2,y)) — o(M,s(z,y)).
(8)
So all conditions of Theorem 2.1 hold. Hence
T,5,1 and J have a unique common fixed point
(x =0) by Theorem 2.1.
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Abstract: For vectors x and y € R" , it is said to that x is g-tridiagonal majorized by y (written as <4 y

), if there exist a tridiagonal g-doubly stochastic matrix D such that x = Dy. Furtheremore if y <y =,

denoted by = ~4 y. In this paper we charactrize all strong linear preserves of ~g; on R™.

Keywords: Doubly stochastic matrix, g-tridiagonal majorization, linear preserver.

1 INTRODUCTION

In the recent years, the concept of majorization has
been attended specially. Assume that R™ (respec-
tively R,,) is the vector space of all real n x 1 (re-
spectively 1 x n) vectors. Let ~ be a relation on
R™. A linear operator T': R™ — R is said to be a

linear preserver of ~ if for all z,y € R"

z~y=>Tr~Ty.

If T is a linear preserver of ~ and T'x ~ Ty implies
that © ~ y, then T is called a strong linear preserver
of ~. An n X n nonnegative matrix D is called dou-
bly stochastic if all its row and column sums equal
one. For z,y € R", it is said that x is vector ma-
jorized by y (written as & < y) if there exists a
doubly stochastic matrix D such that x = Dy. In
[1] , Ando characterized all linear preservers of <

on R".

*Corresponding Author

31

Consider the affine function A : R*~! — M,, with

1—pm p1 0
pr L—pn—pe po
A, =
Hn—1
0 Hn—1 1- Hn—1

Every element of Qf, := I'm(A) is called a tridiag-
onal g-doubly stochastic matrix.

Definition 1.1. Let x,y € R*. We say that x is g-
tridiagonally magjorized by y (written as x <g¢ y) if
there exists a tridiagonal g-doubly stochastic matrix
D € Q! such that x = Dy.

Theorem 1.2. Let x and y be two distinct vec-
tors in R™. Assume that i1 < ig < -+ < i} and
{inyig, iy = {7 1< <n—1, y; = yjn}.
Then © <4 y if and only if E;’:il_ﬁ_l T =
> i s1Yjs for every 1 (1 <1 < k+ 1) where

ig+1 =n and ig = 0.

In [2], the authors found the structure of
strong linear preservers of <4 on R" as follows:



32

The 45" Annual Tranian
Mathematics Conference

Theorem 1.3. Let T : R — R"™ be a linear oper-
ator. Then T strongly preserves <gq¢ if and only if
there exist o, 8 € R such that a(a + nB) # 0 and
one of the following holds:

(1) Tex = ax + pJz, Vo € R™.

(#9) Tx = aPx + BJz, Vo € R",

where P is the backward identity matriz.

Definition 1.4. Let x = (z1,...,2,)" € R". We
denote the number of same consecutive components
of x by E;. In other words

Ey=card{j:1<j<n-—1and xj = Xjp1}.

It is clear that £, = n—1 if and only if x € Span{e}
and €, = 0 if and only if the consecutive compo-
nents of x are distinct.

Theorem 1.5. Lety € R". Then H, := {x € R":

x <gt Y} is an affine set with dimension n—(&,+1).

2 Relation ~, on R"

In this section, we review some properties of ~;
on R" .

Definition 2.1. Let x,y € R™. Define
T gty =T <gt Y <gt T.

The following theorem gives an equvalent

condition for ~¢; on R™.

Theorem 2.2. Let x and y be two distinct vec-
tors in R™. Assume that 11 < i3 < -+ < 1
and {i1,i0,...,ix} ={j: 1 <j<n-1,y; =
Yj41 or x; = xjp1}r. Then & <4 y if and
only if Y30, 1 mp = D 41Ys, for every
I (1<1<k+1) whereiryr =n and ig = 0.

32

Definition 2.3. Let © € R™. The orbit of x on

relation ~ g that is shown by ®, is
O, ={yeR":x~g vy}

It is clear that ®, C H,.

Example 2.4. Consider x = (0,0,2,2)t € R*. We
have

o, = {y€R4:y~gtx} (1)
{(Ovt’Q_t72)t :tER\{l}} (2)

It is clear that z = (0,—1,3,2)" and w =

(0,3,—1,2)" are two component of ®, . But
1

Yy = §(z+w) is not on O . So @, is not affine set.

Definition 2.5. Let x € R" .
define

For each y € H,,

J J
Ay = card{j : y; = yj41,2; # ijJrl,ZfEk # Zyj}.

k=1 k=1

1t is clear that if A, =0, then y € ®,.

Lemma 2.6. Assume that x € R™ \ span{e} and
y € Hy \ ®, , then there exist vectors z,2' € H,

1
such that A, < Ay, Ay <Ay and y = §(z +2').

Theorem 2.7. Let x € R". Then af f(®,) = H,.

3 Strongly linear preserver of

Let T : R® — R"™ be an linear operator. If T
strongly preserves ~g, Then T is invertible and
for all x € R™, we have T®, = &7, .

Theorem 3.1. LetT : R* — R" be a linear opera-
tor. If T' strongly preserves ~y;, then the following
statments are true.
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ugust

(i) Te € span{e}.
(i1) tr(Te;) =tr(Te;),V1 <i,j <n.

(i9t) [T] is a multiple of a g-doubly stochastic ma-
triz.

Theorem 3.2. The linear operator T : R® — R"

, strongly preservers ~g; if and only if there ewist
a, B € R such that a(a+npB) #0 and [T] is one of
the following matrices

(i) [T] = al + BJ.
(i) [T] = ol + BJ.

Where P is the backward identity matriz.
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Abstract: Let D; and D3 be two Euclidean distance matrices (EDMs) with corresponding positive semidef-
inite matrices By and Bj respectively. Suppose that A(A) = ((A(A)):), is the vector of eigenvalues of a
matrix A such that (A(A)); > ... > (A(A))n. In this paper, the relation between the eigenvalues of EDMs
and those of the corresponding positive semidefinite matrices respect to <, and <, on R? will be investi-
gated.
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1 INTRODUCTION diag(B) is the vector consisting of the diagonal

elements of B. For general refrence on this topic

An n x n nonnegative and symmetric matrix see, e.g., [1].

= (dgj) with zero diagonal elements is called Majorization is one of the vital topics in mathe-
a predistance matrix. A predistance matrix D is matics and statistics. It plays a basic role in matrix
called Euclidean or a Euclidean distance matrix theory. One can see some type of majorization in
(EDM) if there exist a positive integer r and a set [2]-[14]. In this paper, the relation between the
of n points {p1,...,p,} such that py,...,p, € R eigenvalues of EDMs and those of the correspond-
and d?j = |lpi — p;|I? (3,5 = 1,...,n), where ||| ing positive semidefinite matrices respect to <,
denotes the usual Euclidean norm. The smallest and <, on R? will be investigated.
value of r that satisfies the above condition is called
the embedding dimension. As is well known, a pre- A matrix R with nonnegative entries is called
distance matrix D is Euclidean if and only if the row stochastic if the sum of entries of each row of
matrix B = %IPDP with P = I, — %eet, where R is equal to one.
I, is the n x n identity matrix, and e is the vector
of all ones, is positive semidefinite matrix. Let A, A matrix is said to be doubly substochastic
be the set of n x n EDMs, and €2,(e) be the set if it has nonnegative components and each row and
of n x n positive semidefinite matrices B such that each column sum is at most 1.

Be = 0. Then the linear mapping 7 : A,, = Q,(e)
-1
defined by 7(D) = 7PDP is invertible, and its out the paper.

inverse mapping, say & : ,(e) — A, is given by The set of all n x 1 real column vectors is denoted
k(B) = bet + eb® — 2B with b = diag(B), where

*Corresponding Author
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by R".

The collection of all n x n symmetric row stochastic
matrices with all its main diagonal entries equal is
denoted by R;.

Drs: the collection of all n x n predistance doubly
substochastic matrices.

The summation of all components of a vector x is
denoted by tr(z).

The set {1,...,k} C N is denoted by Nj.

The set {d°1", Nia; [me N, X\; >0, >0 A =1,
a; € Ai € N,,,}, where A C R" (R,,), is denoted by
Co(A).

1.1 Sr-majorization and P-

majorization on R?

We introduce the relation <, and <, on R" and
we state some properties of sr-majorization and p-

majorization on R2.

Definition 1.1. A matriz R with nonnegative en-
tries is called row stochastic if the sum of entries

of each row of R is equal to one.

Definition 1.2. A matriz is said to be doubly sub-
stochastic if it has nonnegative components and

each row and each column sum is at most 1.

Definition 1.3. An n x n nonnegative and sym-
metric matric P with zero diagonal elements is

called a predistance matriz.

Definition 1.4. For x,y € R", it is said that  is
sr-majorized by y, and write as x <. y, if there
exists R € R} such that x = Ry.

Definition 1.5. For z,y € R" , we say x is p-
magjorized by y and we write x <, y, if there exists
P ¢ DP? such that x = Py.

The following lemmas give an equivalent
condition for sr-majorization and p-majorization
on RZ.

Lemma 1.6. Letz = (xl,wz)t, Y= (ylay2)t € R%.
Then x <5 vy if and only if x; € Co{yr,y2}
(i € Na) and tr(z) = tr(y).

35

Proof. First, suppose that x <. y. Then there
exists & € R3" such that + = Ry. We see that
R= [‘; Z}, for some a, b > 0 such that a +b = 1.
It is seen that z; € Co{y1,y2} (¢ € N2) and
tr(z) = tr(y).

Next, assume that z; € Co{y,y2} (i € Na)
and tr(z) = tr(y). So x1 = ay1 + (1 — @)y and
9 = By1 + (1 — B)ya, for some 0 < v, B < 1. Since
tr(xz) = tr(y), we deduce (1 —a — B)(y1 —y2) = 0.
If y1 # yo; Then o+ B8 =1, and put R = [g fj
It is clear that R € R5" and z = Ry. Therefore,
T <sr y. If y1 = yo; Put R = I and see x = Ry.
Hence x <, y. |

Lemma 1.7. Letxz = (xl,wz)t, Y= (91;3/2)t € R%.
Then x <, y if and only if x1 € Co{0,y2}, z2 €
Co{0,y1}, and z1y1 = x2y>.

Proof. If © <, y, then there exists P € D5’ such
that = Py. We observe that P =|% ¢,
some 0 < a < 1. So x1 € Co{0,y2}, z2 €

Co{0,y1}, and z1y1 = z2yo.

for

Next, assume that z; € Co{0,y2}, z2 €
Co{0,y1}, and x1y1 = x2y2. Then there exist «,
(0 < a,B < 1) such that 1 = ays and z2 = By;.
If y1y2 # 0, as z1y1 = xay2, then a = . Put
P= [2 g] If y; = 0, then set P = [2 ‘;], and if

yo = 0, then put P = | |. We see in each case
p € DY and 2 = Py. So z <, y.

2 Main Results

Till the end of this section, the relation between
the eigenvalues of EDMs and those of the corre-
sponding positive semidefinite matrices respect to

< and <, on R? will be specify.

Theorem 2.1. Let B,B € Os(e), and let D =
k(B) and D = k(B). Then

MB) <o A(B) = D) <4 MD), but
A(D) =sr A(D) A(B) =<4 A(B);

(a)
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(b)  A(B) <p A(B) & A(D) <, A(D).

Proof. Since B,E € Qy(e), there exist o,f >
0 such that B = (_"‘a ’;‘), B= (_ﬁﬁ ’;), and
{0,2a} and {0,208} are the set of eigenvalues of
B and E, respectively. By the definition of k,
D= (;L 45*) and D = (40[3 45). So {—4a,4a}
and {—40,46} are the set of eigenvalues of D and
5, respectively.

(a) : Suppose that A(B) < A(B). Then, by
lemma 1.6, & = S, that is, A\(B) = )\(E) So,
since A(D) <4 M(D) if and only if o < 8, we can
conclude that A(D) <4 A(D) if A(B) <y A(é).

For the next part, B =
and A\(B) = (_11 _11).

consider

| ol
Ll
l\)\b—‘l\)‘ |
o

o M

Hence D = ( ) and

A(D) = (g ) We see A(D) <o A(D), but
A(B) Asr \(B). B

(b) : By Lemma 1.7, A(B) <, A(B) if and only if
a = 0 if and only if A(D) <4 M(D). O
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Abstract: The notion of a-i-contractive mappings is introduced. We introduce a generalization of its

mapping and show that many existing results in the literature can be deduced from our results.
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1 INTRODUCTION

Fixed point theory is a fascinating subject, with an
enormous number of applications in various fields
of mathematics. Banach establish the existence of
a unique fixed point for a contraction map in a com-
plete metric spaces in 1922. This celebrated princi-
ple has been generalized by many authors, Chu and
Diaz, Sehgal, Holmes, Reich, Hardy and Rogers,
Wong and others in various ways ([?, 7, 7, 27, 7, 7]).
Generalizations of this principle have been obtained
in several directions ([?]). Another generalization
of the contraction principle was suggested by Al-
ber and Guerre-Delabriere in Hilbert Spaces ([?]).
Rhoades have shown that their is still valid in com-
plete metric spaces ([?]). Also, existence of fixed
points in partially ordered sets has been considered,
and first results were obtain by Ran and Reurings
and then by Nieto and Lopez ([?, ?]). In 2012,
Samet and et al introduced the concept of a-1)-
contractive type mappings ([?]). In this paper we
obtain yet another generalization of this principle.

*Corresponding Author
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2 Preliminaries

In this paper we consider (X,d) complete met-
ric spaces. Denote with ¥ the family of non-
decreasing functions ¢ : [0,4+00) — [0,400) such
that >_°7 " (t) < oo for all ¢ > 0. It is known

that ¢(t) < t for all ¢ > 0.

Definition 2.1. [?] Let (X,d) be a metric space,
a: X x X —=[0,400) a mapping and T a selfmap
on X. We say that T is a-admissible whenever
a(z,y) > 1 implies a(Tx, Ty) > 1 for all z,y € X.

Example 2.2. Let X = [0,+00) and d(z,y) =
|x—y|. Define the selfmap T on X anda: X xX —
[0,4+00) by Tx = z, a(z,y) = e*~Y whenever
x >y and a(z,y) = 0 whenever x < y for all
z,y € X. Then T is a-admissible.

Definition 2.3. [?] Let (X, d) be a complete metric
space, T a selfmap on X, € ¥ and v : X x X —
[0,400) a mapping. We say that the selfmap T is

a a-Yp-contraction whenever

a(z,y)d(z,y) < ¢(d(z,y)),

forall x,y € X.
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3 Maim Results

Definition 3.1. Let (X,d) be a complete metric
space, T a selfmap on X, ¢ € ¥ and

a,f: X x X —=[0,400)

Blx,y) > 1 for all
z,y € X. We say that the selfmap T is a «o-f-
1-contractive whenever

are map such that a(x,y) —

alz,y)d(Tz,Ty) < PBlx,y) W

+(d(z,y))
forallz,y € X.

Theorem 3.2. Let (X,d) be a complete metric
space. Suppose that T : X — X is a a-f--
contractive mapping and satisfies the following con-
ditions:

(i) T is a-admissible;

(ii) there exists xg € X such that a(xg, Tzg) > 1;
(iii) T is continuous.

Then T has a fized point.

Proof. Let xg € X such that a(zg,Txg) > 1. De-
fine the sequence {z,} in X by z,11 = Tz, for
all n > 0.
U = Tn, is a fixed point of T. So, we can as-

If 2,, = @p,1+1 for some ng, then

sume that x, # z,41 for all n. Since T is a-
admissible, we have a(zg,z1) = a(zg, Tzg) > 1,
so a(Txo,Tz1) = a(x1,z2) > 1. By induction,
Xy, Tpy1) > 1 for all n € N. Now,

d($n+17 xn) = d(TJ}n, Txn—l)
a(Tn, xn_1)d(Txy, Trp_1)

IN

IN

B(xn;xn—l)

d(.’l?n, Txn)d(wn—la Txn—l)

d(xn, xn—l)

+ w(d(xmfﬂn—l))-

Therefore,

[a(xnv xn—l) - ﬂ(xm xn—l)]d(Txna Txn—l)
< P(d(zp, Tn-1))-

Thus,

d(Tn+1,2n)
d’(d(xnv xnfl))
[Oé(:l)n, xn—l) - B(xna xn—l)]

< ¢Y(d(@n, Tr-1))

<

for all n > 1. By induction, we get

d(Tpt1,70) < Y™ (d(z0,21))

for all n > 1. Now by using the triangular inequal-
ity for k > 1, we have

d(xru xn—i—k)
S d(xn; dn—i—l) + -+ d(xn+k—1’xn+k)

n+k 1

Z Y™ (d(wo, 1))

Thus,
xn7$n+k E ¢7t 350,1'1 07

as n — oo. This implies that {x,} is a Cauchy
sequence in (X,d). Since (X, d) is complete, there
exists u € X such that lim,,_, o, d(z,,u) = 0. Since
T is continuous, we obtain

lim d(xp41,Tu) = lim (Tx,, Tu) =0

n—oo n—oo

and the uniqueness of the limit, we get u is a fixed
point of T', that is, Tu = u. O

Example 3.3. Let X = R with the usual metric
and let a map T : X — X be defined by

0 r<—1
— z+1 1
16x—5 1
2 >3

Now we define o : X x X — [0,00) by

. 1
a(x’y):{ 3wy €03]

0 otherwise,
z,y €0,
ﬁ(w,y)={ 0. 3]

otherwise.

O lw
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Clearly T is «-B-y-contractive mappings with
Y(t) =% forallt > 0. In fact, for all z,y € X, we
have

d(x, Tx)d(y, Ty)

(@ y)d(Te,Ty) < Blay)=—gr=5

+ ().

Moreover, there exists g € X such that

a(xg, Txo) > 1. In fact, for xzo = %, we have

1 1 11
a(§aT(§)) = 0(57 Z) =3
and
1 1 11 3

BTN =85 7) =35
however, a(x,y) — B(z,y) = % for z,y € |0, %]
Obviously, T is continuous. Let x,y € X such that
alz,y) > 1. This implies that x,y € |0, %] and by
the definition of T, o and 3, we have

_z+1 1

6 € [07 5])

Ty = 2 € [0,3] and o(Tx, Ty) = 3. Then T is

a-admissible. Now, all the hypotheses of Theorem

Tx

?? are satisfied. Consequently, T has a fixed point.
In this example % and % are two fixed point of T.

To assure the uniqueness of the fixed point,
we state the following theorem.

Theorem 3.4. Let (X,d) be a complete metric
space and T : X — X be an a-B--contractive
mapping satisfies the following conditions:

(i) T is a-admissible;

(ii) there exists kg € X such that a(xg, Txg) > 1;
(iii) T 1is continuous;

() for all z,y € X, there exists z € X such that
a(z,z) > 1 and ay,z) > 1.

Then T has a unique fized point.

Proof. Following the proof of the Theorem 7?7, we
know that {z,} is a Cauchy sequence in the com-
plete metric space (X, d). Then there exists z* € X
such that x,, — z* as n — +o0o0. Suppose that z* ,
y* are two fixed point of T. From (iv), there exists
z € X such that a(z*,z) > 1 and a(y*,z) > 1.

39

Since T is a-admissible, we get a(z*,7"2) > 1 and
a(y*, T"z) > 1, for all n € N.

d(z*, T"2)d(Tx*, T(T" *2))
<a(z*, T '2)d(Tz*, T(T" '2))
d(z*, Ta*)d(T" 1z, T(T" 12))
d(x*, T 1z)
+(d(z*, T 12)).

< B(z*, T" 'z)

This implies that d(z*,T"z) < Y™ (d(z*, z)).
for all n € N. Then letting n — 400, we have
T" — z*. Similarly, we get T" — y* as n — 4o0.
Therefore, the uniqueness of the limit gives us
x* = y*. This finish the proof. O

Taking the Theorem ??, a(z,y) = 1 and
B(z,y) =0 for all z,y € X, we obtain immediately

the following fixed point theorem.

Corollary 3.5. ([?]) Let (X,d) be a complete met-
ric space and T : X — X be a given mapping.
Suppose there exists 1 € U such that d(Tz,Ty) <
Y(d(x,y)), for all z,y € X. Then T has a unique
fixed point.

Corollary 3.6. ([?]) Let (X,d) be a complete met-
ric space and T : X — X be a given mapping.
Suppose P(t) = kt for constant k € (0,1) such that
d(Tx,Ty) < kd(z,y), for allz,y € X. Then T has
a unique fized point.
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On The Canonical Solution Of Sturm-Liouville
Problem With Turning Point Of Order 4m+1 ( in Sy )

S. Z. Ebadi”, Students form the School of Mathematics,

Mazandaran University, zahra.ebadi@stu.umz.ac.ir
Sh. Akbarpoor
M. Sc. student”,
”Ph. D. student”.

Abstract: We study the infinite product representation of solutions of second order differential equations

of Sturm-Liouville type on a finite interval having one turning point is of order 4m+1. Such representations

are useful in the associated studies of inverse spectral problems for such equations.

One of our main goals is to use the entire function of the roots, which is the weight function; solutions the

Sturm-Liouville get to show the infinite product.

Keywords: Turning point, Sturm-Liouville, Infinite products, Eigenvalues.

1 INTRODUCTION

Differential equation with turning points have var-
ious applications in mathematics, elasticity, optics,
geophysics and other branches of natural sciences
(see[2,3]).The importance of asymptotic analysis in
obtaining information on the solution of a Sturm-
Liouville equation with multiple turning points was
realized by Olver [1], Hedeng [3], and Eberhard,
Freiling and schneider in [4].

2 NOTATIONS

Let us consider the real second - order differential

equation

—y +q(z) = A*(2)y,
*Graduate student Ebsdi

47

with the initial conditions U(0,\) =1, U (0,\) =
0, where A\ = p? is a real parameter, ¢*(x) has one
zero in (0, 1) ,the so called turning point, and g(t)
is bounded and intergrable on I = [0, 1].

3 ASYMPOTIC FORM OF
THE SOLUTIONS

Since U(z, A) satisfies the conditions
UWO,A) =1, U(0,\) =0

where ¢2(z) = (z —21)*"™" has one zero z; in
(0,1), called turning point, and ¢eN . In the ter-
minology of [1], 1 is of Type IV.

We denote 1 := ﬁ, 1] := l—l-O(,l))7 as p— 0.
Now let U(x,\) be the solution of (1). In order to
represent the solution U(x, \) as an infinite product
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we use a suitable fundamental system of solutions
(FSS) for Equation (1) as constructed in [2]. In

([2], Theorem 3.2) it was shown that in the sector
7r
)

there exists a FSS of (1) {Zi(z,p), Z2(z,p)} such
that

={plargp €0,

()| 2 &P dn 19Ot )

0<r<x
Za(wp) = § glote)[Fesesp{er PO 1)
e—’ip fjl |¢(t)‘dt+’b% [1]},
rn<zr<l
(2)
[3()] "2 e 101,
Zo(.p) 0<z<x
2\, p) = -
2|¢(x)| 2smf2/i
ewffl |¢>(t)\dt+l%[1]’ o <x<l
(3)

Also, form [2, Theorem 3.2] for = x1, we have

Zr(on ) = Yo esemu i ] (4)
Zawrsp) = Y rsee L 2 )
Where (z1) = limg_q, ¢~ 2 {f dt}2 "

It follows that the wronskian of FSS satisfies (as
p—00)

W(p) = W(Zi(z,p), Z2(x,p)) = —2p[1]  (6)

Applying the FSS {Zi(x, p), Za(z,p)} for ze[0,1]
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we have

U(IE,)\) = {Zl(o»p)ZQ(xap)_Zl(x’p)ZQ(Ovp)}

1
W(A)
Then from (2,3,6) it follows that

@O ¢ op 5 6(0)dt 7]
7 o
e—eﬁfo [ (t) t[l]} 0S1‘<1‘1

lo(z _Qg)l {N (p)e ie [3, |¢\dt[1]+
)e —ip [, |¢|dt[ 1}

pi2(p 1<z <1

where

]. ™ 1 _m
—CSC_MEPIO Ly

(8)

1
Pia(p) = —icsc7epf Gl (g)

Nia(p )—QSm 5 Koo=p [51 16 dt+i%

Inserting (7,8,9) we find

Jm‘i;i(p”l'_—%e—”ox 1Pt By (x, p),

0<zr<m:;
Ula,p) = { @8 mn
4p
pf lp(t)|dt— prr lp(t)|dt+iF TE(z, p)
r<z<l
(10)
where
v(z)
Ey(w,p) = [1] + > e’ [byn ()],
n=1
and a9 = a1 = —l,og = —a_1 = i:ﬁkv(m)(x) 7é

0,0 <6 < Brilz) < Be(x) < oo < Bro(z) <
2maz{R4+ (1), R_(1)}, where the integer-valued
functionsv and by, are constant in every inter-
val[0,21 — €] and [z1 + €,1] for esufficienty small
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and

Refa) = [ Va0,

R_(z) = /0 " Jmao @Mt (1)
Moreover

|6(0)] 2 v/2mp3 12 ()
—4pl'(1 — p)

U(xlap) = {

Sec%e—pﬁfl I+ _ esemper I 190148 (1] (12)

4 DISTRIBUTION OF THE
EIGENVALUES

For fixed z,0 < x < 1, the Dirichlet problem as-
sociated with (1), on [0, z] has an infinite number

of negative eigenvalues, say, {\,(z)} 2

ne1- We see

that the asymptotic distribution of each function
An(z) is of the form

" o(d),

_An(x) = foz |¢(t)dt + n

0<z<ux(13)

Similarly, for z € (x1,1)

we have {un1(2)}oy, {rni(z)}, -,

nm+ 1

) = g O
nt+ & 1
rni(x) = —m + O(ﬁ) (14)
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5 Main Results

Since the solution U(z, p) of Sturm-Liouville equa-
tion defined by a fixed set of initial conditions is
an entire function of p for each fixed = € [0, 1], it
follows from the classical Hadamard’s factorization
theorem that such solution is expressible as an in-

finte product.

For0 <z < a2

A A=A
_z%
C) = O(fﬂ)Hn21 )\n(x),
2 nm
TR
_2 1
Ay TG

Similarly, for (z1,1]
Let j, be the sequence of positive zeros of j4(z)
in [1]

A A
= Co(x),>1 (A= T’n1£$))R% () T (un1 () . N R2 (z)
In i
with
Jn 2

CQ (:E) = C(x)HnZl

RE (2)un1 () B2 ()7 (2)

Thorem 5.1. Let U(xz,\) be the solution of

(1) satisfying the initial conditions U(0,\) =
0, g—g =1. Then for 0 < z < 1,
_1 A= An(z
U(w.3) = R (@) o(x)o(0)] 1,1z, 22

mazx{0, —¢?(t) }dt,

the sequence A, (x), m > 1, represents the sequence

where 2, = 775, R-(x) = Iy

of negative eigenvalues on the Dirichlet problem as-
sociated with (1) on [0, x].
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Theorem 5.2. Forx <z <1,

Ule,A) = %CSC%RJF%(“?)R—%(x)|¢(w)¢>(0)|_%

> (- leiﬁ))RQ_ (z) s (ur(x) :;)Ri(x)
Jk b

where

Ry(z) = /O " fman{o, 2 0)dt,
R_(z) = /0 " fmas {0, —g 0,

the sequence {uix(x)} represents the sequence of
positive eignvalues and {ri;(x)} the sequence of
negative eignvalues of the Dirichlet problem asso-
ciated with (1) on [0, x].
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Abstract: It is well known that an operator T has closed range, if and only if its Moore-Penrose inverse
(T)" exists. In this paper we show that product of adjointable operator in Hilbert .A-modules, have closed
range with special condition. Hence some cases have relation between Moore-Penrose inverse of operator
with product of operators.

Keywords: Hilbert C*-module, Moore-Penrose inverse, closed range, dense range.

1 Introduction and prelimi- uct, instead of being complex-valued, take its val-
naries ues in a C*-algebra. Thr01.1ghout. the paper ..A is
a C*-algebra (not necessarily unital). A (right)
pre-Hilbert module over a C*-algebra A is a com-
Investigation of the closedness of the range of oper- plex linear space X, which is an algebraic right A-
module and A(za) = (A\x)a = z(Aa) equipped with

an A-valued inner product (.,.) : X x X — A sat-

ators and the structure of Moore-Penrose inverses

are important in operator theory. Xu and Sheng
isfying,

(i) {(x,x) >0, and (z,z) =0iff z =0,
Moore-Penrose inverse if and only if the operator (i) {2,y +A2) = (2, y) + Mz, 2),

has closed range. (iii) {z, ya) = {z,y)a,

(iv) (y,2) = (z,y)"

for each z,y,2 € X, A € C, a € A. A pre-Hilbert
A-module X is called a Hilbert A-module if it is
complete with respect to the norm ||z|| = ||{x, z)|| 3

in [?] showed that a bounded adjointable operator
between two Hilbert A-modules admits a bounded

In this paper we show that product of
adjointable operator in Hilbert A-modules, have
closed range with special condition. Hence some

cases have relation between Moore-Penrose inverse
Left Hilbert A-modules are defined in a similar way.

of operator with product of operators.
P WL P P For example every C*-algebra A is a Hilbert A-

Hilbert C*-modules are essentially objects module with respect to inner product (z,y) = z*y,

like Hilbert spaces, except that the inner prod-

*Corresponding Author
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and every inner product space is a left Hilbert C-

module.

Suppose that X and ) are Hilbert A-
modules. Then, £(X,)) is the set of all maps
T : X — Y for which there is a map T* : Y — X
such that (Tx,y) = (z, T*y) foreach z € X, y € ).
It is known that any element T of £(X,)) must be
a bounded linear operator, which is also A-linear in
the sense that T'(za) = (Tx)a for x € X and a € A
[?, Page 8]. We use the notations £(X') in place of
L(X,X), and ker(-) and ran(-) for the kernel and
the range of operators, respectively.

Suppose that X is a Hilbert A-module and
Y is a closed submodule of X. We say that ) is
orthogonally complemented if X =) & Y+, where
Vti={yeX: (z,y) =0 for allz € Y} denotes
the orthogonal complement of ) in X'. The reader
is referred to [?, 7, ?, ?] and the references cited
therein for more details.

Recall that a closed submodule in a Hilbert
module is not necessarily orthogonally comple-
mented, however Lance proved that certain sub-

modules are orthogonally complemented as follows.

Theorem 1.1. (see [?, Theorem 3.2]) Let X, Y
be Hilbert A-modules and T' € L(X,)) has closed
range. Then

e ker(T) is orthogonally complemented in X,
with complement ran(T*).

e ran(T) is orthogonally complemented in ),

with complement ker(7™).

e The map T* € L(Y, X) has closed range.

If T € L(X,Y), then an operator S €
L(Y, X) is called an inner inverse of T if TST =T.
The operator T € L(Y,X) is called a generalized
inverse of T if

TT*T =T and T*TT* =T*. (1)

Note that if T" has an inner inverse S, then the
operator STS is a generalized inverse of T'.
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It is known that a bounded adjointable op-
erator T' has a generalized inverse if and only if
ran(T) is closed.

Let T € £(X,)). The Moore-Penrose in-

verse Tt of T (if it exists) is an element X €
L(Y, X) which satisfies

1. TXT =T,
2. XTX = X,

3. (TX)* =TX,
4. (XT)* = XT.

If 6 C {1,2,3,4}, and X satisfies the equations (7)
for all i € 0, then X is an O-inverse of T. The
set of all f-inverses of T is denoted by T{6}. In
particular, T7{1,2,3,4} = T*.

Motivated by these conditions 7T is unique
and TTT and T T are orthogonal projections. (Re-
call that an orthogonal projection is a selfadjoint
idempotent operator, that its range is closed.)
Clearly, T' is Moore-Penrose invertible if and only
if T is Moore-Penrose invertible, and in this case
(T*)F = (T")" .

Theorem 1.2. (see [?, Theorem 2.2]) Let X, Y
be Hilbert A-modules and T' € £(X,)). Then the
Moore-Penrose inverse Tt of T' exists if and only if

T has closed range.

By TT property, we have
ran(T) = ran(T TT)
ker(T) = ker(T7T)

ran(TT) = ran(TTT)
ker(TT) = ker(T'TT)
and by Theorem 77, we know that

X = ker(T) @ ran(T") = ker(TTT) @ ran(T'T)
Y = ker(T) @ ran(T) = ker(T TT) @ ran(T TT).
Since every C*-algebra is a Hilbert C*-module over

itself, our results are also remarkable in the case of

bounded adjointable operators on C*-algebras.

Let X be a Hilbert A-module and P,Q €
L(X) be orthogonal projections and ran(P) = K.
Since X = ran(P) @ ran(P)t = K @ K+, we
have the following representation of the projections
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P,Q € L£(X) with respect to the decomposition of

space:
p P 0 _ I O )
0 O 0 0
|« K
Kt K+
A B K K
— N 3
@ B* D K+ K+ )

with A € £(K) and D € L(K*) being self adjoint

and non-negative.

2 The Moore-Penrose inverse
of the matrix form of oper-

ators

We begin our section with the following useful facts
about the product of module maps with closed
range and obtained results.

Throughout this section P and @) are used
for orthogonal projections. An operator U €
L(X,Y) is said to be unitary if U*U = 1y and
UU* = 1y. If there exists a unitary element of
L(X,Y) then we say that X and ) are unitar-
ily equivalent Hilbert .A-modules, and we write
X =~ ). Moreover, obviously if U is unitary, then
U =Ut

Theorem 2.1. Suppose X, Y, Z and W are
Hilbert A-modules and V € L(X,Y), U € L(Z,W)
are unitary operators, then for any T € L(Y,Z)
with closed range, we have (UTV )T = V*TTU*,

Lemma 2.2. Let X be a Hilbert A-module, Q €
L(X) be represented as in (??7). Then the follow-
ing holds:

1. A= A%+ BB*, or, equivalently, A(1 — A) =
BB*

7
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2. B= AB+BD, or, equivalently, B*(1—A) =
DB*

3. D = D?+ B*B, or, equivalently, D(1— D) =
B*B.
Theorem 2.3. Let orthogonal projections P,Q €
L(X) be represented as in (?7) and (?7) and PQ
has closed range, then the following holds:

AAT 0 K
1. (PQ)T =
FQ) B Al o] S
ol and ran(PQ) =ran(A),

2. ran(B) C ran(A) C ran(B*).

3. A2+ ABB*A' = A and B*A?>+ B*BB*A' =
B*.

4. BB* commutes with A and BB* commutes
with Af

5. A+ BB*A = AA" and B*AAT + DB*A" =
B*Af.

3 complemented and closed

range property

In this section, with complemented and closed
range property and by product operators implies

that some results.

Suppose M and N are submodule of a
Hilbert C*-module X, then (M + N)Lt = M+ N
N, In particular, if M + A is orthogonally com-
plemented in X then

MEANDE =M+ N =M+ N.

Also, (M NN)L =ML + NL

If T € £(X) has closed range, then ran(T) =
ran(T*) if and only if 717 = TTT. By this facts
we have the following theorem.
Theorem 3.1. Suppose T, S € L(X) have closed
ranges such that T, S commute respectively with T,
St and ran(TS) = ran(T) Nran(S) and ker(T'S) =
ker(T) + ker(S). Then (T'S)!(TS) = (T'S)(TS)'.
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Theorem 3.2. Let X, be Hilbert A-modules and
TeLX,Y) and S € LY, X) and T, S and TS
have closed ranges, and T'T commutes with SS*.

then (T'S)T(TS) = StS.

The following theorem state condition of op-
erator T, that if the composition of two operators

T and S has closed range, then S has closed range.

Theorem 3.3. Suppose X, YV, Z are Hilbert A-
modules, S € L(X,Y), T : Y — Z is an isometric
A-linear map with complemented range and T'S has

closed range. Then S has closed range.

Corollary 3.4. Suppose X, YV, Z are Hilbert A-
modules, S € L(X,Y), T :Y — Z is an isometric
A-linear map with complemented range and T'S has
closed range. TS(TS)" = TSSTT?

Theorem 3.5. Suppose X, YV, Z are Hilbert A-
modules, S € L(X,Y) , T € LIV, Z) and (TS)*
has dense range and T is an isometric with com-

plemented range then S* has a dense range.

Theorem 3.6. Let X, Y be a Hilbert A-module
and T € L(X,Y) be closed range and ran(dT) C
ran(T) and ran((6T)*) C ran(T*) and || TT6T ||<
1. Then Tt = (T + 6T)! eaists

(T+oT) = (+71T76T) 71t
and

= or I T |

AL ol < H—

Theorem 3.7. Suppose X, Y, Z are Hilbert A-
modules, S € L(X,)) has closed range and there
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is an element T € L(Y, Z) such that T and T* have
dense range. Then there exists isometry A-linear
map V 1Y — Z such that V.S has closed range.
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Abstract: In this paper we present some new fixed point results for contractions on metric spaces endowed

with a graph. Our main result generalizes some old ones on partially ordered metric spaces.

1 INTRODUCTION

The well known Banach’s fixed point theorem as-
serts that: If (X, d) is a complete metric space and
f: X — X is a mapping such that

d(f(x), f(y)) < Md(z,y)

for all x,y € X and some A € [0,1), then f has a
unique fixed point in X. Bhaskar and Lakshmikan-
tham [1] extended Banach’s fixed point theorem to
the class of maps f: X x X — X by introducing
the notion of coupled fixed point. Here we recall

some definitions to be used in the sequel.

Definition 1.1. [I, Definition 1.1] A mapping
F: XxX — X is said to have the mixed monotone
property if F(x,y) is monotone non—decreasing in
x and is monotone non—increasing in y, that is for

*Corresponding Author and Speaker
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any z,y € X,

r1 <9 = F(21,y) < Fxo,y) for w20 € X,
1 < yo = F(z,y2) < F(z,y1) for yi1,y2 € X.

Definition 1.2. [1, Definition 1.2] An element
(x,y) € X x X s said to be coupled fixed point
of the mapping F : X x X — X if F(x,y) =z and
F(y,il?) =Y.

Definition 1.3. [2, Definition 2.3] An element

(z,y) € X x X is called a coupled coincidence point
of the mappings F : X x X - X andg: X — X

if F(z,y) = g(z) and F(y,z) = g(y).

It is clear that Definition 1.3 reduce to Def-
inition 1.2, when g be the identity mapping.

In the other hand a very interesting ap-
proach in the theory of fixed points is combine it
with another branches in mathematics such as ge-

ometry, algebraic topology and differential equa-
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tions.

In 2005 Echenique [3] initiated combining fixed
point theory and graph theory within giving a short
constructive proof for the Tarski’s fixed point the-
orem. Since then some mathematicians provided
some results in this area (see, for instance, [4]-[8]).
For given space X, let A denotes the diagonal of
X x X. Consider a directed graph G such that
the set V(G) of its vertices coincides with X and
the set E(G) of its edges contains all loops, i.e.,
E(G) D A. We assume G has no parallel edges, so
we can identify G with the pair (V(G), E(G)). By
G~! we denote the conversion of a graph G, i.e.,
the graph obtained from G by reversing the direc-
tion of edges. Thus we have E(G™!) = {(z,vy) :
(y,x) € G}. The letter G denotes the undirected
graph obtained from G by ignoring the direction
of edges. Actually, it will be more convenient for
us to treat 5 as a directed graph for which the set
of its edges is symmetric. Under this convention,
E((N;) = E(G)U E(G™!) (see Figs 1 and 2).

c
X " A B
G H

Figure 1: G is an undirected graph with paralleled edges and

H is a directed graph with a loop in vertex B.

Figure 2: G~ is conversion of G and a‘ is undirected graph

obtained from G.

A subgraph G; of a graph G is a graph whose ver-
tex set is a subset of V(G) and whose edge set is
a subset of E(G) restricted to this subset. A sub-
graph H of a graph G is said to be induced , if it
has exactly the edges that appear in G over V(H)
(see Fig 3).
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Figure 3: H; is an induced subgraph but H> is a non-induced

subgraph of the graph H.

2 MAIN RESULTS

In this section we present a fixed point theorem on
metric spaces endowed with a graph. As a directed
consequence we obtain the main result of Bahaskar
and Lakshmikantham. Also we give some examples

to illustrate our results.

2.1 A coupled fixed point theorem

Let (X,d) be a complete metric space, G be a
graph on X and let ¢ : [0,+00) — [0,+00) be a
function that satisfies the following properties:

(i) limy 0+ @(t) = 0;

(i) p(a+0) < p(a) + @(b) ;

(iii) ¢ is non-decreasing function;
(

iv) Z(p"(t) < o0, for all ¢ € [0,+00) where
i=0

oY = ¢ and " = (" 1) for all natural number
n.

Let T' = {¢ : p satisfies with properties (i) to (iv)}.
Theorem 2.1. LetF: XxX - X andg: X — X

be two given maps such that:

1. g 15 continuous.

2. One of the following assumptions holds:

(a) F is continuous, or

(b) X has the following property:

(b1) If for a sequence {x,} with (xn,xny1) € E(G),
we have d(z,,x) — 0 then (x,,z) € E(G), for all
n,

(bo) If for a sequence {yn} with (Yyni1,yn) € E(G),
we have d(yn,y) — 0 then (y,yn) € E(G), for all
n.

3. There exists a function ¢ € I' with
d(F(z,y), F(u,v)) < p(d(z,u) +d(y,v))
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for all (z,u), (v,y) € E(G).

Assume {€;}i>0 be a sequence in (0, +00) satisfying
+oo

Z €; < 00. Also suppose {F;}i>o be a sequence of

maps with F,: X x X = X and F = Fy, such that
4. Fi(X % X) C g(X).

5. g commutes with F;, for all i > 0.

6. d(Fi(z,y), F(z,y)) < ¢ for each z,y € X and
1> 0.

7. (Fi(z,y), Fiy1(u,0)), (Fi(v,u), Fia(y,2)) €
E(Q) foralli >0, (z,u),(v,y) € E(G).

If  there 0, Yo € X such that

(920, F(970, gy0)) . (F(gy0,920),9%0) € E(G),
then F and g have a coupled coincidence point.

exist

Corollary 2.2. [1, Theorems 2.1, 2.2] Let (X, =
,d) be a partially ordered complete metric space and
let FF: X x X — X be a mapping having the mized
monotone property on X. Assume that there exists
k €10,1) with

d(F(z,y), F(u,v)) <

|

(d(z,u) +d(y,v)) (1)

for each x < u, y = v. Also suppose either

(a) F is continuous, or

(b) X has the following property:

(1) If a non-decreasing sequence {x,} — x then
T, 2, for all n,

(i1) If a non-increasing sequence {y,} — y then
Yn = Y, for all n.

If there exist xo,y0 € X, such that xo =< F(xq, o)
and yo = F(yo,x0), then F has a coupled fized
point.

Proof. Define the graph G by E(G) = {(z,y) €
XxX:z=<y o yrx} Letg=1idy,
kt
o(t) = b and let {¢; };>0 be a sequence in (0, +00)
+oo
satisfying Z €; < 0o. Define F; = F for all ¢ > 0,

=0
we can consider (1) as follows:

d(F (z,y), F(u,v)) < ¢(d(z,u) +d(y,v))

It is easy to check that all of the assumptions of
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Theorem 2.1 are satisfied thus F has a coupled fixed
point. O

Example 2.3. (1) Let (X = (0,+00),d) be a met-
ric space where d(z,y) = |r—y| and G be a graph on
XwEG)={(a,b) e XxX:2<y or y>uz}
Let F: X x X = X by F(z,y) = In(1 + 2 +y),
then

d(F(z,y), F(u,v)) = [In(1 + 2 +y) — In(1 + u +v)|

(w—U)+(y—v)|
l+u+v

<In(1+ [z —ul+ |y —v|)

= |In(1+

Letting ¢(t) = In(1 +t), we get
d(F(z,y), F(u,v)) < ¢(d(z,u) +d(y,v))

for all (z,u), (v,y) € E(G). Also let {¢;}i>0 be a
+o00o
sequence in (0, 400) satisfying Z €; < 0o. Define

F;,=F foralli>0 and g = id;(_.o Therefore all of
the assumptions of Theorem 2.1 are satisfied con-
sequently, F' has a coupled fized point.

(2) Let (X = [—1,1],d) be a metric space, where
d(z,y) = |z —y|. Let G be a graph on X by
EG) = {(a,b) € X x X : a < b}. Assume
F:X xX — X be defined by F(x,y) = @,
then F is continuous, F' has mized monotone prop-
erty and

d(F(x,y), F(u,v)) < - (d(z,u) +d(y,v))

(231 )

for all (xz,u),(v,y) € E(G). Letting p(t) = %,
g =1idx and F; = F for alli >0, Theorem 2.1 im-
plies that F' has a coupled fized point (0,0) € X x X .
Now let H be a graph onY = X x X by E(H) =
{((x,y),(u,v)) eYxY :zx <uy > v} Sup-
pose Hy be a subgraph of H by V(Hy) = {A :
(-1,0), B:(3,3), C:(0,1), D:(3,0)}. Let
F(Hy) be a subgraph of G which is the effect of F
on Hy. Then V(F(Hy)) = {-%,0,—2,1}. Note
that F(Hy) is not an induced subgraph of G (see
Fig 4).



58

The 45" Annual Tranian
Mathematics Conference

F
D C, /\ Is 215
2 A B z 21;5 0 i
Hj F(Hy)

Figure 4: F(H;) is the image of H; under the function F.

2.2 An iterative scheme to deter-
mine the limit of the sequence

In the following we state a theorem to determine
the limit of some sequences. This theorem can be
applied to find the coupled fixed point.

Theorem 2.4. Let (X,d) be a metric space, G

be a graph on X. Assume {€;}2, is a sequence
+oo

in (0,400) satisfying Zei < 0. Suppose that
i=0
F: X xX — X be a mapping, such that

d(x,u) —2+—d(y, v) @)
for all (z,u), (v,y) € E(G). Also suppose {F;}5°,
be a sequence of maps with F; : X x X — X and
F = F, such that:

1. d(Fi(z,y), F(z,y)) < €, for all (z,y) € X.

2. (Fi(z,y), Fi(y,x)) € E(G) for all i > 0 and
(z,y) € E(G).

3. (Fi(z,y), F(u,v)) € E(G), (F(v,u),Fi(y,z)) €
E(G), for all (z,u), (v,y) € E(G).

If for each (x0,y0) € E(G), there exist (a,b) € X x
X such that two sequences {x;y1 = F(z:,:) 12,
and {yi+1 = F(yi, ;) 32, satisfy

d(F(z,y), F(u,v)) <

111’1'1 d(xwyz) = (a,b)v
i—00

then for each (to,z0) € E(G), two sequences
{tiss = Fi(ti,2)}720 and {zip1 = Fi(zi, 1)}
satisfy

hm d(ti,zi) = (a, b)

11— 00

58

References

[1] T. G. Bhaskar, V. Lakshmikantham, ”Fixed
point theorems in partially ordered metric spaces
and applications,” IEEE Trans. Nonlinear Anal,
vol. 65, no. 7, pp. 1379-1393, Oct. 2006.

[2] V. Lakshmikantham, L. Ciri¢,” Coupled fixed
point theorems for nonlinear contractions in par-
tially ordered metric spaces,” IEEE Trans. Non-
linear Anal, vol. 71, no. 12, pp. 4341-4349, Jun.
2009.

[3] F. Echenique, ”A short and constructive proof
of Tarskis fixed point theorem,” IEEE Trans. Int
J Game Theory, vol. 33, no. 2, pp. 215-218, Jun.
2005.

[4] J. Jachymski, ”The contraction principle for
mappings on a metric space with a graph,” IEEE
Trans. Proc. Amer. Math. Soc, vol. 136, no. 4,
pp-1359-1373, Dec .2008.

[5] I. Beg, AR, Butt, S. Radojevic, " The contrac-
tion principle for set valued mappings on a met-
ric space with a graph,” IEEE Trans. Comput.
Math. Appl, vol. 60, pp. 1214-1219, Sep. 2010.

[6] SMA. Aleomraninejad, Sh. Rezapour, N.
Shahzad, ”Some fixed point results on a met-
ric space with a graph,” IEEE Trans. Topology
Appl, vol. 159, no. 3, pp. 659-663, Feb. 2012.

[7] C. Chifu, G. Petrusel, ”Generalized contrac-
tions in metric spaces endowed with a graph,”
IEEE Trans. Fixed Point Theory Appl, vol. 161,
Sep. 2012.

[8] SMA. Aleomraninejad, Sh. Rezapour, N.
Shahzad, ”Fixed point results on subgraphs of
directed graphs,” IEEE Trans. Math Sci, vol. 95,
Aug. 2013.



59

The 45" Annual Tranian
Mathemahcs Conference

Existence of solution for a class of p(x)-Laplacian

equation

F. Fattahi, *,

Mazandaran University, F.Fattahi@stu.umz.ac.ir

M. Alimohammady

Ph. D. student™,”*, Academic member

Abstract: In this document, we establish the existence of at least one solution to a boundary problem

involving the p(x)-Laplacian operator.

theorem.

Our technical approach is based on a version of mountain pass

Keywords: p(x)-Laplacian equation, mountain pass theorem, variational methods.

1 INTRODUCTION

Many authors consider the existence of multiple
nontrivial solutions for some fourth order prob-
lems (cf. [?7]).
ferential equations and variational problems with

In recent years, the study of dif-

p(z)—growth conditions has been an interesting
topic, which arises from nonlinear electrorheolog-
ical fluids and elastic mechanics. It is the purpose
of this paper to investigate the following nonlinear,
nonsmooth, boundary value problem involving the
p(z)-Laplacian operator

Ap(:z;) = a(x)|u|P(iE)—2u —I—g(x,u) inQ

(1)
V[P =250 = Af(z,u)

on 02
where ) is a bounded domain in RN with smooth
boundary N, N > 1and A € [0,00). Appy =

V - (|Vu[P®)~=2Vy) is the p(z)-Laplacian operator
of fourth order, with p € C,(Q) = {p € C(Q) :
p(z) > 1} ,a € L*>®(Q) such that infieqa(z) =
a” >0, sup,cqa(z) =at > 0.

*Corresponding Author
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We define F(z,u) = ['f
Iy 9(x, s)ds.

In this paper, we denote the Sobolev space by
X = (W2r@ (@) W™ (Q), ||-||). For this intro-
ductory part, we refer the readers to (cf. [?], [?],

G(z,u) =

[?], ) and references there in.
Let p’ be the function obtained by conjugating the
exponent p pointwise, that is (z) + (w) =1 for

all z € Q, then p’ belongs to Cy(Q).
Problem 1.1. (c¢f. [2]) LPO)(Q) is a separable, re-

flexive, Banach space and L) (Q) is its dual space.

Problem 1.2. (¢f. [?]) (i) For any u € Lp(’”)(Q)
and v € LP'®)(Q), the following Hélder type in-

equality is valid
1 1
|u z)|dx < (p— + —)IIUIIp(@IIvIIp ()

(i1) pr,q € 0(Q) and 1 < p < q in Q, then the
embedding L") — LP() is continuous.

Let p* denote the critical variable exponent
related to p, defined for all 2 € Q by the pointwise
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relation Let a : 92 — R be a measurable. Define the
" weighted variable exponent Lebesgue space by
2, p(x) <N, o
() = 2 = {u: 00 — R is measurable an
p*(z) (2) Loy (09) = {u:09 — R i ble and
+00 p(z) = N,
| Ja@ur@do < o<},
a0
is the critical exponent related to p. with the norm
_ =i : Y p(@)
Lemma 1.3. (¢f. [?],[?]) Fo:p,q € Cy(Q) such [lp@).a(e)) = inf{r > 0; /aQ |a(ac)||7_| do <1},
that q(z) < py(z) for all x € Q, there is a contin- where do is the measure on the boundary. Then
uous embedding L? Ei;(aQ) is a Banach space. In particular, when
p(w) —
(@) < 100, o & 100, £20)(09) = 1700,
Lemma 1.6. (cf. 2]) Let p(x) =
If we replace < with <, the embedding is compact. Joa la(z)|[uP@ do for u € ngg(aﬂ) we have
. = 1, - +
Remark 1.4. (i) W2*@(@ n W@, 1) Wlowae) 2 1= [l aw) < p00) < 0l a0

is a separable and reflexive Banach space. By the

+ —
<1= |ul? < < |ul? .
abowe proposition there is a continuous and com- o) e < |u|(p(m)’“(z)) < plu) < |u|(”(z)’“(z))

pact embedding of W2PE)(Q) N Wol’p(z)(ﬂ) into For A C Q denote by inf,cap(z) =
L1 where q(x) < p5(z) for all x € Q. P, supgea p(z) = pt. Define
(#4) Define the natumllnolm;lnun = [Vl r@) (@) + (%11;&?)@) (@) < N,
a(z)||ul| o) (o) or equivalently pa(x) _ (p(x))a — (3)
+00 p(z) = N,
Jul =it >0+ [ [SEPE+a(e)] §Pde] < 1,
a A A
o _r@ -1,

is a norm on W2P(®)(Q) N Wol’p(z)(Q). According P@) () = r(z) po(2),
to (cf. [7]), the norm || - |2 p(x) is equivalent to the where z € 90, r € C(8Q, R) and r(z) > 1.
norm |V - |y in the space X. Consequently, the
norms || - ||l2.p@x), | - || and |V - |y are equivalent.

2 TECHNICAL WORK
Problem 1.5. Set ®(u) = [,[[VulP® + PREPARATION

a(x)|u(z)|P@dx]. For u,u, € X we have

We make the following assumptions on the function

(i) llull < (= >)1 & ®(w) < (= >)1, fa
B . - (HO) f : 092 x R — R satisfies the carathéodory
(@) flull < 1= [ullP < @(u) < |lull” condition and there exists a constant C' > 0 such
_ that:
(i)l > 1= ull”” < ®(u) < Jul]”, a(a)-1
[f(,8)] < C(1+ 3] )
() |lun| = 0 < (uy,) — 0, for all (z,s) € 00 x R, where a(x) € C(9Q), a(x) >
1 and a(x) < p?(x) for all z € 9.
(V) [Jun|l = 00 & @(un) — oo. (H1) There exist R > 0, > p* such that for all

The proof of this proposition is similar to the proof |s| = B and x € 09

in (cf. [?]). 0 < pF(x,s) < f(z,s)s.

60
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(H2) f(z,s) = o(|s|P" 1) as s — 0 and uniformly
for z € 0N.

(H3) g : 2 x R — R satisfies the carathéodory con-
dition and there exists a constant v > p™ such that
for all |s] > 0 and z € Q

0 < vG(x,s) < g(x,s)s.

(H4)There exists g(x) € C(Q) with 1 < pT < ¢~ <
q(z) < p*(z)

uniformly for x € Q.

(H5)There exist b > 0 and k£ > 0 with 1 < pt < x*
such that G(z,t) > bJt|*".

To indicate the existence of solution of (??) we con-
sider a functional Z(u) = ¢(u) + AF(u) associated
to (??) which is defined by Z(u) : X — R such that

o) = [ (o5 IVl +a@)ul 4+ Gle. ) do

Flu)=— F(z,u(zx))do.
o0

Let us recall that a weak solution of (?7) is any
u € X such that

/ VP2V (v)dx + / o(2) U@ 2u(v)dz+ (4)
Q Q

/ g(z,u)vdr =X | f(z,u)vdo.
Q o9

We recall now the Definition of the Mountain Pass
Theorem.

Definition 2.1. (Palais-Smale sequences). Let X
be a Banach space and T : X — R. We call a
sequence u, € X a Palais-Smale sequence (PS-
sequence) on X if I(uy,) is bounded and T'(uy,) —
0 as n — oo.

Theorem 2.2. (¢f. [?]) Assume that the func-
tional T : X — (—o0, +00] satisfies (PS), Z(0) =0,
and

(i) there exist constants r1 > 0 and Cy > 0, such
that Z(u) > Cy for all ||ul| = r;

61

(ii) there exists e € X, with |le|| > r1 and Z(e) < 0.
Then the number

c=inf sup Z(f(t)),
jof sup (f(t))

is a critical value of T with ¢ > Cy, where
I'= {f € C([Ovl]aX) : f(O) :Oaf(]-) = 6}.

For the proof of theorem 2.5. we will use the
Mountain Pass Theorem. We start with the follow-

ing lemmas.

Lemma 2.3. If (H0), (H1), (H3), hold, then for
any A € (0,400), the functional T satisfies the
Palais Smale condition (PS).

Lemma 2.4. There exist v1,Cy > 0 such that
Z(u) > Cy for allw € X such that ||ul| = r1.

Theorem 2.5. If (HO) — (H5) hold and o~ > p™,
then for any A € (0,+00), the problem (??) has at
least a nontrivial weak solution.

Acknowledgement: The author are grate-
ful to the referees for the careful reading and helpful
comments.
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Abstract: In this paper, by using the Mountain Pass Lemma, we study the existence of nontrivial solutions

for a nonlocal elliptic Kirchhoff type equation together with nonlinear boundary conditions.

Keywords: Kirchhoff type problems, Mountain-Pass lemma, Nonlinear boundary conditions.

1 Introduction and prelimi-

naries

Consider the boundary value problem of Kirchhoff
type

—(a+b [, |Vu]Pde)Au = f(z,u), z €,

du

5= g(x,u), x € 09,

(1)
where 2 is a bounded domain with smooth bound-
ary in RY for N = 1,2,3, a,b > 0, are real num-

bers, and f, g are Carathéodory functions.

Problem (1) is posed in the framework of the
Sobolev space X = H!(f2) with the standard norm

||u||2:/ Vuldz.
Q

Moreover, a function v € X is said to be a weak

66

solution of problem (1) if

| ra)vde = ~(asblul®)( | vate.uydo-

o0

for all v € H. It is well known that weak solutions
of problem (1) correspond to critical points of the
functional I : X — R

a

b
1) = SlulP+ 1l | Flo,u)da-
Q

5 G(x,u)dz,

(2)

oN

where
F(z,u) = /u flz, t)dt, G(z,u) = /ug(ac,t)dt.
0 0

The base of our work is finding critical points
by using the mountain pass lemma which we de-
scribe below.

Definition 1.1. Let X be a Banach space and
I € CYX,R). We say that I satisfies the (PS)
condition if any sequence {u,} C X that {I(u,)}
be bounded and {I'(uy)} — o0 as n — 00, pos-
sesses a convergent subsequence.

VuVuds],
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Lemma Mountain pass 1.2. [1]. Let X be a
real Banach space and I € C(X,R!) satisfying
(PS) condition. Suppose

(L1) there are constants a,r > 0 such that for

any u € X that ||ul| = r, we have

I(u) > a > 0;
(L2) there is e € X such that I(e) < 0;

Then I possesses a critical value as

C = inf I(g(t
Inf, max (9(2)),

where

I'={g € C([0,1], X) : 9(0)

Definition 1.3. We say that operator J : X —
X* is satisfying in condition (), if u, — u in
X and limsup,,_, {(J(un),Tn —
Uy, — uin X.

z) < 0, implies

2 Existence theorem

We set
a b

T(u) = &P+ 2 fullt, (u) = / F(z,u)dr, U(u
2 1 o

where

Fla) = [ fai, G = [ oo

Note that Y’ X — X* such that
(Y(u),v) = (a+ blull?®) [, VuVudz, is satisfy-

ing in conditions (), and is a homeomorphism.

We now consider the following assumptions

to state our main result:

(H1) there exists ¢; > 0, such that |f(z,t)] <
ctP; 2 < p < 2%,

(H2) there exists ¢ > 0, such that |g(z,t)
ot 2 < g < 2%,

(H3) lim}y— 00 % = 0, uniformly for any .

(H4) lim}y| o —7;3~ = 0, uniformly for any .

(H5) there exists Q' C Q such that |Q'| > 0,
there exists tg > 0 such that for any z € Q'
we have F(z,t9) > 0.

Now we give our main result.

Theorem 2.1. Let (H1) — (H5) hold. Then
the problem (1) has at least one nontrivial solution
in X.

To prove Theorem 2.1, we require the fol-
lowing three lemmas:

Lemma 2.2. Under the conditions G; — G5, the
functional defined I in (5) is satisfying in (PJS)
condition.
Lemma 2.3. there exists » > 0 such that for
every u € X, with ||u|| = r we have I(u) > 0.

2.4.

Lemma There exists e € X such that

I(e) <O.
/ G(z,u)dz
o0

we conclude that I(tou) < 0. Therefore by choos-
ing e = tou the lemma is proved.

) =

Now, we complete the proof of Theorem 2.1: By
Lemmas 2.2-2.4, the conditions of Mountain Pass
Lemma are satisfied. Therefore, I has a nontrivial
critical point as

= inf I(g(t
C Inf max (9(2)),

that

I'={g € C([0,1], X); g(0)

Oa g(]') = tou}-

Then the problem (1) has a nontrivial solution and

also lemma 2.3 implies that C' is positive.
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Abstract: We study the existence of positive solutions to the nonlinear problems with Dirichlet boundary

conditions. We use the method of sub and supersolutions to establish our results.

Keywords: Positive solutions, Infinite Semipositone, Sub-supersolutions.

1 Introduction

In this paper, we consider the existence of positive

solution for the nonlinear problem

{ —Au = Aa(@)[f(u) — L],

u =0,

T €,

1
x € 08, (1)

where A is a positive parameter, €2 is a bounded do-
main with smooth boundary, @ € (0,1). Here f is
C'! nondecreasing functions such that f : (0,00) —

(0,00); f(s) > 0 for s > 0 and a(z) is C*
sing-changing function such that satisfies the fol-

lowing assume :

there exist positive constant ag, a1 such that
a(x) > —ag, on Qs and a(z) > a; on Q — Qs where
Qs := {x € Q|d(z,00) < 6} .

Our approach is based on the method of sub-
super solutions ( see [1,2]).

To precisely state our existence result we

consider the eigenvalue problem

{ ~A¢ =X,

x €,

x € 0N. 2)

¢ =0,
Let ¢ be the eigenfunction corresponding to the
first eigenvalue A\ of (2) such that ¢(x) > 0 in Q2
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and ||¢||cc = 1. Let m, p,6 > 0 be such that

n<o<l1, x € Q—Qy,

2 11—« 9 __
—(— > Qs.
(LI 2 m, v

3)
(4)

We will also consider the unique solution e €
Wy2(€2) of the boundary value problem

—Ae=1,
e=0,

to discuss our existence result, it is known that
e>OinQandg—Z<00n8§2.

T € €,
x € 09,

2 Existence result

In this section, we shall establish our existence
result via the method of sub-supersolution. A func-
tion v is said to be a subsolution of 1, if it is in
C?(92) N C(Q) such that

{ — Ay < Aa(@)[f(¥) - 7],
v =0,

and z is said supersolution of (1), if it is in C?(Q)N

C(€2) such that

€,
x € 0L,
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T €,

z=0. x € 09,

{ —Az 2 Aa(@)[f() - &),
Then the following result holds :

Lemma 2.1. (See [1]) If there exist a sub-
solution ¥ and supersolution z such that ¢ < z in
2 then (1) has a solution u such that ¢ <u < z.
We make the following assumptions :

(H1) f : (0,00) — (0,00) is C! nondecreasing
function such that f(s) > 0 for s > 0.

=0.

(H2) lim,_, o, £

S

(H3) Suppose that there exists € > 0 such that :

)\1f(€) 2¢ N(ll
m(l+a) ~

where N = f(3pe) — (ﬁ)o‘

b
€*’ 2ag

We are now ready to give our existence re-

sult.

Theorem 2.2. Let (H1)— (H3) hold. Then
there exists a positive solution of (1) for every
A € [A(€), A*(€)], where

€a+1 )\1

< min{— —} Fgue) > ()%,

6)\1

me
A= ——— and )\, = max
2a0 f(€) {

2%ap(14+a)’ (14 a)Nay
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Remark 2.3. Note that (H3) implies A, < A\*.

Proof of the Theorem 2.2. For prove of
this theorem, we define ¢ = %egbl%a and z := ce is
sub and supersolution of (1) respectively, where ¢

is large enough .

Example 2.4. Let A > 0 and f(z) = eAiE
Then, f(s) > 0 for s > 0 and f is nondecreasing
and

_Ax
lim m = lim e

T—o00 I r—oo I

=0.

We can choose € > 0 such that f satisfy (H3).

References

[1] S. Cui, Existence and nonexistence of positive
solution for singular semilinear elliptic boudary
value problems, Nonlinear Anal, (2000) 149-176.
(1982),441-467.

[2] P. Drabek, J. Hernandez, Existence and

uniqueness of positive solutions for some quasi-

linear elliptic problems, Nonlinear. Analysis, 44
} -(2001), 189-204.



71

The 45" Annual Tranian
Mathematics Conference
0

August 26-29

Extragradient Method for Two Nonexpansive

Mappings and Variational Inequality

M. Tahghighi®, M. Sc. student of Department of Mathematics,
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S. Jahedi, Academic member of Department of Mathematics,
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Abstract: In this paper by using an extragradient method we find a common element of the set of fixed

points of two nonexpansive mappings and the set of solutions of some variational inequalies in a Hilbert

space. Our result include the result of [5] as special case.

Keywords: Variational inequality, Nonexpansive mapping, Fixed point, Extragradient method.

1 INTRODUCTION

Variational inequality theory provides us with
a tool for formulating a variety of equilibrium prob-
lems, qualitatively analyzing the problems in terms
of existence and uniqueness of solutions, stability
and sensitivity analysis, and providing us with al-
gorithms with accompanying convergence analysis

for computational purposes.

It contains, as special cases, such well-known
problems in mathematical programming as: sys-
tems of nonlinear equations, optimization prob-
lems, complementarity problems, and is also re-
lated to fixed point problems.

Variational inequality theory was first intro-
duced in 1996 by Hartman and Stampacchia [1]
as a tool for the study of partial differential equa-
tions. It has been shown that a wide class of prob-
lems arising in several branches of pure and applied
sciences can be studied in the unified and general

framework of variational inequalities.

*Corresponding Author
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Let H be a real Hilbert space with inner
product (.,.) and norm ||.||. Let C' be a nonempty
closed convex subset of H and A : C — H be a
nonlinear operator. By definition, the variational
inequality problem VI(C, A) is to find u € C such
that

(Au,v —u) >0, YveC.

We denote the set of solutions of the variational
inequality by S. Recall that

(a)

A mapping A : C' — H is called monotone if

(Au — Av,u —v) >0, Vu,veC,

(0)
if

A mapping T : C — C' is called nonexpansive

|Tu —Tv|| < ||lu—v|, VYuveC.

Denoted by F(T) the set of fixed points of T'.

Let P be the metric projection of H onto C.
Clearly Pc is a nonexpansive mapping. It can be
shown that for every point = € H, there exists a

unique nearest point in C, denoted by Pgox, such
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that

[ = Pox|| < [lz —yll, vyeC.

Also we have
(x — Pox, Pcx —y) > 0,
and
Iz —yl* > ||z — Pez|® + |ly — Poz||?,

forallz € H,y € C.
In the context of the variational inequality prob-
lem, this implies that

ueS & u=Po(u—NAu) VA>0.

In order to finding the common elements of
the set of solutions of some class of variational in-
equalities and the set of fixed points of nonexpan-
sive mappings, many authors [2,3,5] have proved
the strong and weak convergence of some extra-
gradient iterative methods of the variational in-
equality for a monotone, k-Lipschitz continuous
mapping or pseudomonotone, k-Lipschitz continu-
ous and (w, s)-sequentially continuous mapping in

a real Hilbert space.

In this paper, inspired and motivated by the
idea of [5], we suggest and analyze an iterative
scheme for finding a common element of the set
of fixed points of two nonexpansive mappings and
the set of solutions of a variational inequality prob-
lem for a monotone, Lipschitz continuous mapping

which generalizes Theorem 3.1 of [5].

2 MAIN RESULT

In order to prove the main result, we shall use

the following lemmas in the sequel.

lemma 2.1 [5]. Let {s,} be a sequence of non-

negative numbers satisfying the conditions:

Sp+1 < (1 - an)sn +anfn, Vn >0
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where {a,,} and {8,} are sequences of real num-
bers such that
(i) {an} < [0,1]
(#3) limsup,,_, o Bn < 0.
Then lim,, oo 8, = 0.

and D7 oy, = 00,

lemma 2.2 [5]. Demiclosedness Principle.
Assume that T is a nonexpansive self-mapping
of a nonempty closed convex subset C' of a real
Hilbert space H. If F(T) # 0, then I — T is demi-
closed; that is, whenever {z,} is a sequence in C
weakly converging to some x € C' and the sequence
{(I-T)x,} strongly converges to some y, it follows
that (I — T)x = y.

lemma 2.3 [6]. A nonexpansive operator
T : C — H with a fixed point is quasi-

nonexpansive.

Recall that an operator T" : C — H having a
fixed point is quasi-nonexpansive if

[Tz — || < [l — 2[;

for all z € C and z € F(T), and T is C-strictly
quasi-nonexpansive, with C' # @ and C C F(T), if

T is quasi-nonexpansive and
[Tz — 2| < [lo = z]|;

forall z ¢ F(T) and z € C.

lemma 2.4 [6]. Let the operators T; : C' — C,
i € I, with ";c; F(T;) # 0, be C-strictly quasi-
nonexpansive, where C' C (,c; F(T;),C # 0. If

T=T\Tp1..Ti

then F(T') = ;e F(T3).
The following is our main result.

Theorem 2.5. Let C be a nonempty closed con-
vex subset of a real Hilbert space H and A : C' — H
be a monotone, k-Lipschitz continuous mapping.

Assume that T}, Ts are nonexpansive self-mappings
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of C such that F(T1) N F(Tz) S # 0.
Let {x,}, {yn} be the sequences generated by

xo=x € C,
Yn = PC(xn - )\nAxn)a
Tnt1 = @nZo+(1—an) AT Po(zn — A Ayn),n > 0

where {\,} and {a,} satisfy the conditions:
(a){ .k} C (0,1 — ) for some 6 € (0,1);
(b){an} C (0,1),577 jan =00, lim, oo o, = 0.

Then the sequences {z,}, {y,} converge strongly
to the same point Pp(1,)n r(1,) N s(Zo) provided

lim, oo ||Zn — Znt1] = 0.

In several steps we prove that {z,}, {yn}
converge strongly to the same point

u" = Pr(ry) 0 F(12) N 5(0)-

First of all we show that the sequence {z,} is
bounded and

(21) i — wl? < llz — ul;

where w,, = Po(x, — A Ayy). It will be shown that
{wy} is also bounded. By combining (2.1) and the
fact that

lz +yll* < llll* + 2{y, = + y);

for all z,y in a real Hilbert space H, we deduce
that || zp41 —u*[|? < (1—an)||2n —u*]|? + 200, (20 —
w1 — ).

Also we prove that

(2.2)
Using (2.2) and Lemma 2.1 imply that

limy, oo [|[T1T2%n — 4| = 0.

|zn —u*]] =0 as n— oo.

Since x, — y, — 0, we have y,, — u*. So we obtain
the desired results. To prove the above steps we

use Lemmas 2.1 — 2.4.

By putting 71 = S and T3 = I in Theorem
2.5, the Theorem 3.1 of [5] will be obtained.
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Now if Ty = T, To = I, in Theorem 2.5, and
define

Tn+l1 = anxn+(1_an)T1T2PC(xn_)‘nAyn)7 n >0,

so obviousely Theorem 3.1 of [3] will also be ob-
tained.

Theorem 2.6 ([3]). Let C be a nonempty closed
convex subset of a real Hilbert space H.

Let A: C — H be a monotone, k-Lipschitz contin-
uous mapping and T : C — C be a nonexpansive
mapping such that F(T) (S # 0.

Let {x,}, {yn} be the sequences generated by

Top =X € C,
Yn = Po(zn — M\Azy,),
Tnt1 = @nZpn + (1 — an)TPo(xh — A Ayn),Vn >0

where {\,} C [a,b] for some a,b € (0,1/k) and
{an} C [e,d] for some ¢,d € (0,1). Then the se-
quences {z,},{yn} converge weakly to the same
point z € F(T) (S where

zZ = nl_l)r& PF(T)ﬂSmn'
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Abstract: Let M, ,,, be the set of all n x m real matrices. An n x n real matrix A is called generalized

circulant doubly stochastic if it is an affine combination of circulant permutation matrices. For x,y € R™, x

is said to be g-circulant majorized by y (written as & <4 y), if there exists a generalized circulant doubly

stochastic matrix D such that x = Dy. In this note, the concept of g-circulant majorization is investigated.

and some properties of this relation are obtained.

Keywords: g-circulant majorization, generalized circulant doubly stochastic matrix, linear preserver.

1 INTRODUCTION

A matrix C of the form

Co Cp—1 .- C1
C1 Co ce Co
C =
Cph—2 Cp-3 Cn—1
Cn—1 Cp—2 ... Co

is called a circulant matrix, where each its col-
umn is a cyclic shift of the its previouse column.
The structure can also be characterized by not-
ing that the (k,j) entry of C, Cy;, is given by
Ck.j = C(k—j)modn, Which identifies C' as a special
type of Teoplitz matrix. The eigenvalues v, and

the eigenvectors y(®) of C' are the solutions of
Cy =y
or, equivalently, of the n difference equations

Eznz_olcn—m-kkyk + Ez;;@ck—myk = 'l/)ym;

*Corresponding Author
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for m = 0,1,...,n — 1. Changing the summation

dummy variable results in

S T ek Ym S ek (nm) = VY
(1)
for m = 0,1,...,n — 1. One can solve difference
equations as one solves differential equations by
guessing an (hopefully) intuitive solution and then
proving that it works. Since the equation is lin-

ear with constant coefficients a reasonable guess is

yk:Pk

invariant differential equations). Substitution into

(analogous to y(t) = €°7 in linear time

1) and cancellation of p™ yields
p
Silo Mept +p R, enpt =

n

Thus if we choose p~™ = 1, i.e., p is one of the n

distinct complex n!” roots of unity, then we have

an eigenvalue
_ yn—1 k
Y= Ek=ockp )
with corresponding eigenvector

=1 _
y=n72(1,p,p°, ...p" )"
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2 g-circulant majorization

In this section we introduce the concept of gener-
alized circulant matrices and then we give a kind
of majorization with respect to the class of these

matrices. Let

00 0 1
10 0 0
p=|0 1 0 0
0 0 10

It is easy to see that the set of all circulant Permu-
tation matrices is {Py, PZ,..., P/, I}.

Definition 2.1. A real matrizx D € M,, is called
generalized circulant doubly stochastic if it is an
affine combination of circulant permutation matri-

ces. In other words ther exist A\1,..., A, € R such
that S"_ 1 \; =1 and D = £7_ \; P{.

Example:

is a 3 X 3 generalized circulant matrix.

Definition 2.2. Let z,y € R™. We say that x is
g circulant magjorized by y, written as v <gc Y, if
there exists a generalized circulant doubly stochastic
matriz D such that x = Dy.In fact for x,y € R",
T <gc y if there exist scalars Aq,..., A, € R such
that 7_\; =1 and x = X7_ \; P]y.

The geometric interpretation of generalized
circulant majorization on R? and R? are as follow-

ing:
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Figure 1: {z € R? : 2 < 4. y}

Figure 2: {z € R® : 2 < 4. y}

For z,y € R™, it is said that z is g majorized by v,
written x <, y if there exist a generalized doubly
stochastic matrix D such that x = Dy. For more
information see [2]. In [2], the authors proved that

for two distinct vectors x,y € R™,

x =gy <=y ¢ span{e},tr(z) = tr(y),

where e = (1,...,1)" € R™. In this paper we show

that the concepts <4 and <. are the same on R".

Theorem 2.3. Let x and y be two distinct vectors
in R™. Then x <4 y if and only if y ¢ span{e}
and tr(x) = tr(y).

Proof. Let © <4 y. Since z # y, y ¢ span{e}.
In other hand there exists a generalized circulant
doubly stochastic matrix D such that x = Dy.
Therefore tr(x) = tr(Dy) = tr(y).
let z,y € R",y ¢ span{e} and tr(z) = tr(y). It
is easy to see that aff ({z € R™ : ¢ <4 y})= aff
({z € R" : & <, y}). Therefore there exist a gen-
eralized circulant doubly stochastic matrix D, such
that = Dy, and hence x <. y. O

Conversely,
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Let R be a relation on R™. A linear operator
T :R™ — R” is said to be a linear preserver of R
if for all x,y € R™

TRy = TxRTYy.

If T is a linear preserver of R and TxRTy implies
that xRy, then T is called a strong linear preserver
of R.

A matrix D € M, is called a generalized doubly
stochastic if De = Dfe = e. The letter J used for

the n X n matrix with all entries equal to 1.

The linear preservers of g-circulant ma-

jorization are as follows:

Theorem 2.4. Let T: R® — R"™ be a linear op-
erator. Then T preserves g-circulant majorization
if and only if one of the following holds:

(a) T(z) = tr(x)a, for some a € R™.

(b) T(x)=aDx + BJz, for some o, B € R and
invertible generalized doubly stochastic matriz D.

77
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On the stability of a Cubic functional equation in
quasi-$-Banach spaces associated with a Pexiderized

Cauchy-Jensen type functional equation

Abstract: In this article, we used a fixed-point method to prove the stability of the following cubic functional
equation
3f(x+3y) +3f(z —3y) =15f(z +y) + 15f(z —y) + 80 (y)

associated to the pexiderized cauchy-jensen type functional equation

rf(EEY) 1 sg(T2Y)

)+ sg = 2h(x)

for r,s € R\ {0} on quasi-8-Banach Spaces, where f, g, and h are mappings from a quasi-8-Banach Space
X to X.

1 Introduction and Prelimi- B-normed spaces and some preliminary results. We

. fix a real number 8 with 0 < § < 1 and let K de-
naries . .

note either R or C. Let X be a linear space over

K. A quasi-S-norm || . || is a real-valued function

on X satisfying the following properties:

() ||z ||>0forall z € X and || z ||= 0 if and only

ifx=0.

(2) || Az [|=] A |P]| @ [|[for all A € K and all 2 € X.

(3) There is a constant k > 1 such that ||z +y [|<

E(lz ||+ 1y for all z,y € X.

The stability problem of functional equa-
tions originated from a question of Ulam [1] in 1940,
concerning the stability of group homomorphisms:
Let (G1,-) be a group and (Ga, *) be a metric group
with the metric d(-,). Given € > 0, does there ex-
ist 6 > 0, such that if a mapping h : G; — Gs
satisfies the inequality d(h(z - y), h(z) * h(y)) < 6
for all z,y € Gp, then there exists a homomor-
phism H : G; — G2 with d(h(z), H(x)) < € for all

The pair (X, || . ||) is called a quasi-S-normed
space if || . || is a quasi-B-norm on X. The small-
est possible k is called the modulus of concavity of

I - I]- A quasi-8-Banach space is a complete quasi-

r € G1?

The concept of stability for functional equations f-normed space.

arises when we replace the functional equation by Suppose that X is a quasi-S-Banach space,
an inequality which acts as a perturbation of the 0 <L <1,A>0 are given numbers, and 1,y :
equation. X — [0,00) have the properties 11 (x) < AL(§) ,

We consider some basic concepts concerning quasi-
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Vo(x) < Lyp(Az) for all z € X. Define _ <k ooz k_ore
; | £) ~ o) 1< S, oy + ()
S:={g: X — X :4(0) =0}, and
di(g, h) = inf{c € (0,00) :[| g(z)=h(z) [[< —61/11 ),V € Bo5E 5 ks
Fer) — Flo) 1< oS, -2y 4 E ()
and
da(g,h) 1= inf{e € (0,00) | g(w)—h(x) | < 7 ea(a). ¥ fofc?u“M'
g, h) :=inf{ce (0,00) :|| g(x)—h(z) |< —cpa(z),Vz € X}.
? K Letp > 1, 8,y>0,and f,gh : M — M
Then, (S,d1) and (S,dz) are generalized complete be mappings with f(0) = ¢g(0) = 0 such that
metric spaces and the mappings J1,Jo : S — S . )
given by (Jig)(z) = 1g(Az) and (Jog)(x) := | Du(f,g,0)(@,y) (1< B2 P+ [y P)+y [T 2] v ]2
Ag(%) are strictly contractive mapping with the d
Lipschitz constant L. a
Throughout this article, M denotes a quasi- | Eu(f g, h)(z,0) 1<y |z [I5] v |2,

(-Banach space. In addition, it is assumed that
for all x,4y € M and pu € T'. Then, there exists a

unique cubicn mapping F : M — M, such that

r and s are two fixed non-zero real numbers. For

convenience, we use the following abbreviations for
given mappings f,g,h: X — Y: (242" 1B+~

) I @)~ Fla) < S22 ),
Dy(F9: W) = rf () g (MY i), ’
3+

B, (f,g,h)(x,y) := 3f (x+3y)+3f (x—3y)—15g(x+y)—15g(x—y) L kg F(2) |< o 9 S kP

forall z,y € X and any p € T :={z € C:| z |= and
1}, where X and Y are linear spaces.

I 9@) ~ Fa) < 25Tk | P

2 Main results for allz € M . Let f,g,h: M — M be map-

pings with f(0) = ¢(0) = 0 for which there exist
Let f,g,h : M — M be mappings with f(0) = functions ¢ : M? — [0,00) and ¢ : M? — [0, 00)
g(0) = 0 for which there exist functions ¢ : M? — such that
[0,00) and ¢ : M? — [0, 00) such that ) 1 ) 1

. Ca oy y lzmn_>002—ncp(2”az, 2My) = lzmn_>oo2—n¢(2”m, 2"y) =0,
1My 002 (p(2—n, 2n) lzmn%oo2"¢(2n Qn) =0,
” DM(f,g,h)(x,y) ||S <,0(3:,y)

and
and

I Eu(fs9,0)(@,y) [I< o, y)

for all z,y € M and any p € T'. If there exists a
constant 0 < L < 1 such that the function

|| Eﬂ(fvg’h)(mvy) ||S ¢('T7y)7

for all 2,4y € M and any pu € T". If there exists a

constant 0 < L < 1 such that the function
r

T x x
U(z) = o(z, 0)—%—90(2 2)+go(2 2), Y(z) = p(z, 0)4‘@(2 5)4‘@(5’—5)7
has the property ¢(z) < Z¢(2z) for all x € M, has the property 1 (x) < 2L1)(5 ) respectively for all
then there exists a unique cubic mapping F : M — x € M, then there exists a unique cubic mapping
M, such that F: M — M such that
I ha) — F@) 1€ 2 v(e) | ha) — F@) 1< 52 w(a)
x 2) < 57 ¥ (@), x 2) < 557 ¥ (@),
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U gus

| f@) = F@) 1< So(5 5) + () and
and I ota)-Flo) < C=2 0 ot o
k k
o) = F@) 1< e =S+ 2y

forallz € M. Let0 < p,g<1,8,7 >0, and
fig,h : M — M be mappings with f(0) = ¢g(0) =
0 and References

< p p 5 5
| Du(f 9.0 1< B2 1P+ 1w 7 1 U510 15, () 0t lam, 4 Collection of the mathematical
| EL(fyg,h) (@) IS Bz 17+ [y |9+ || 2 2]y || problems. New York: Interscience Publ, 1940.

for all z,y € M and p € T*. Then, there exists a
unique cubic mapping F : M — M, such that

| hia) — F(a) < BFZ )8+

[2] A.Ebadian, I. Nikoufar, Th.M. Rassias and N.

Ghobadipour, Stability of generalized deriva-

Kz |7, tions on Hilbert C* -Modules associated with

2—2pP a Pexiderized Cauchy-Jensen type functional

(8—27)8 + (4~ 2)
2r(2 — 2r)

equation. Acta Mathematica Scientia 2012,

7 p-1
Pk | | 32B(3): 1226-1238.

| f(@)=F(z) |[<
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Under Fuzzy Hilbert Spaces with Felbin’s Type Fuzzy

Norm

B. Daraby, Academic member of Department of Mathematics,

University of Maragheh, bdaraby@maragheh.ac.ir

Z. Solimani”, Ph. D. student

University of Maragheh, zahrasolimani91@yahoo.com

Abstract: In the present article we establish celebrated Riesz’s lemma in the sense that norm of space is

Felbin rather than (B-S)-norm on fuzzy Hilbert spaces setups. After that, some properties of fuzzy linear

operator on fuzzy Hilbert spaces are studied.

Keywords: Riesz’s lemma, Fuzzy inner product space, Felbin-type fuzzy norm, Fuzzy dual space, Fuzzy

operator.

1 INTRODUCTION

In 2002 J. Xiao and X. Zhu [7] modified the def-
inition of fuzzy norm and considered Felbin-type
fuzzy norm in its general form. A. Hasankhani
and et al. in [3] introduced a definition of fuzzy
inner product space whose associated fuzzy norm
is of Felbin-type. Now is a question; Why the norm
can be other type? It was inspired by the work of
Bag and Samanta. In 2011 [2], the authors consid-
ered Kirk’s fixed point theorem with Felbin-norm
that before on was proved in 2009 [6] with (B-S)-
norm. In the present paper, we establish Riesz
lemma with fuzzy Felbin’s norm rather than (B-
S)-norm that Mukherjee and Bag proved it in 2011
[5]. The definition of dual space of a fuzzy normed
By

introducing the notion of fuzzy adjoint operator,

space introduced by Bag and Samanta in [1].

for fuzzy bounded operator and unbounded case we
study the properties of fuzzy normed spaces. The

remainder of this paper is organized as follows. In

*Speaker and Corresponding Author
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sections 3 and 4 we state the main results.

2 PRELIMINARIES

Definition 2.1. (/3]). A mapping n:R — [0,1] is
called a fuzzy real number (fuzzy interval), whose
a-level set is denoted by [n]o = {t : n(t) > a}, if it

satisfies two axioms:

(N1) There exists to € R such that n(to) = 1.

(No) For cach o € (0,1]; o = [r ni); where
—oo <y <nt < +oo.

The set of all fuzzy real numbers (fuzzy in-
tervals) is denoted by F. One can consider 7 € F
defined by 7(t) = 1if t =r and 7(t) =0 if t #r, R
can be embedded in F.

The arithmetic operations @, S, on F(R) x F(R)
are defined by:
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Definition 2.2. ([1], [{]).

meyt) = tzggy(min(n(w), 7))

= Sl;p(n(x) Ay(t =),

sup (min(n(z),7(y)))

t=x—y

= sgp(n(w) Ay(z —1)).

(et =

Now we remind fuzzy Felbin’s norm on a lin-

ear space as given below:
Definition 2.3. ([1]). Let X be a linear space over
R. Let || - || : X — F* be a mapping satisfying:
(i) || =0 iff = = 0,
(ii) |lrz| = Irlllz],z € X,r € R,
(iir) Va,y € X, ||z +yl| < [zl & [ly]-
(A') x#£0=|z||(t) =0, Vt<O0.

Then (X, ||-||) is called a fuzzy normed linear space
and || || is called a fuzzy norm on X.

Definition 2.4. ([3]). Let X be a vector space over
R. A fuzzy inner product on X is a mapping

(,) : X x X — F(R) such that for all vectors
z,y,z € X and r € R, we have

(IP1) (z+y,2) = (2,2) & (y,2),
(IPy) (rz,y)
(IPs) (z,y) =
(IPy) (z,x) 20,

= 7(z,y),

(y, ),

(IP5) infae(O,l] <J}, JJ); >0 ’wa 7é 0,

(IPs) (x,z) =0 if and only if x = 0.

The vector space X equipped with a fuzzy
inner product is called a fuzzy inner product space.

A fuzzy inner product on X defines a fuzzy number

[zl = v/ (z, z),

A fuzzy Hilbert space is a complete fuzzy inner

Vr € X.

product space with the fuzzy norm defined above.
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Theorem 2.5. ([1]). Let (X,|| - |), (Y] - ||) be
fuzzy normed linear spaces and T : X — Y be a

fuzzy bound linear operator. Then T is continuous.

Definition 2.6. ([1]). Let (X, - ||), (Y, - ||) be
fuzzy normed linear spaces and let T : X — Y be
a fuzzy bounded linear operator. We define |T'|| by:

T = | T (2)] T (2)]
o b) —
vex,a20 |74 sex a0 ||z]a
where
T
1Tz = sp 2
vexa£0 [|7||a
T
Il = Tl gy e (0,1),

rexaz0 zla’
then ||T|| is called the fuzzy norm of the operator
T.

Definition 2.7. ([1]). Fuzzy dual space of a fuzzy
normed linear space is denoted by X*, i.e., X* is
the set of all f : X — R that be fuzzy bounded linear

functionals over (X, || - ||).

Definition 2.8. ([1]). We define ||r||~ on R; A
function ||r||~ : R — [0,1] by

N 0, t#|rl,
I~ () =
1, t=|r|,
where || ||~ is a fuzzy norm on R and a-level sets
of IrlI~ are given by [[|r[|~]a = {Ir], |r]],0 <@ <.

3 RIESZ’S LEMMA

The following remark, will be required later on.

Remark 3.1. Let X be a vector space. For

z,y,2 € X,

(,2) ©(y, 2) = (2,2) B (~y,—2)
= (z,2) & (=2,—y)
= (z,2) ® —1(z, )
= (,2) @ —1(~y,2)

(2,2) & (y,2) = 0 if =1 = 0 and (z,2) © (y,2) =
(x —y,2) if =1 =1.
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In the sequel, for convenience, let (H, | - ||)
and (H* | -||~) denote a fuzzy Hilbert space and
a fuzzy dual Hilbert space, respectively. To prove
the main theorem we have to prove the following

lemma:

Lemma 3.2. Let H be a fuzzy Hilbert space and
feH* Then N(f)={x € H: f(xr) =0} is fuzzy
closed subspace of H.

Proof. Since f € H* so f is bounded w.r.t. || ||~
i.e., f is continuous w.r.t. || ||~ .

Choose z1,z2 € N(f) and ki,ks be two scalars
then f(kizy + kowa) = kif(z1) + kof(z2) = 0.
Therefore k1xq1 + kaxe € N(f) and hence N(f) is
a subspace of H. Now let {z,} be a sequence in
N(f) such that

|z — || — 0 as n — oo (i.e., lim, o0 ||zn —
z||” =limy—oo ||z — 2|7 = 0).

[f(@n) = f@] < IFIZT Nen — 2]~ (a5 n —
00, |xn — || — 0, f(xn) =0 Vn)

= f(z)=0

=z € N(f).

Thus N(f) is closed w.r.t. || . O

Now the time is ripe to state Riesz theorem.
Theorem 3.1. (Riesz) Let f € H*. Then for each
a € (0,1], 3y, € H, such that f(z) =
1o depends on f and ||f||;Jr = ||Yall-

(x,Yo) Where

Proof. Two cases happen.

Case 1. If f is the zero functional then we take
Yo =0 Va e (0,1].

Case IL If f # 0 then || f|| = 1 for ¢t = |f| then
Ya #0 Va € (0,1], and

N(f) ={z € H: f(xr) =0} # H. So N(f) is
a proper and fuzzy closed subspace of H. There-
fore for each o € (0,1], N(f)2 # {0} by projection
theorem. Hence for each a € (0,1] 3z, € N(f)%
with ||z4|| = 1. Put uy = f(2)za — f(2a)x, where
x € H is arbitrary. Now f(u,) = f(z)f(za) —
f(za)f(x) =0. So ue € N(f) Va € (0,
we have (uqg, zo) =0 Vo € (0,1]

1]. Hence
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=  (f(¥)2a = f(za)7,24) =0 Vo € (0,1].

= f(@){(zay24) © f(za){x,20) =0, Va € (0,1].
Hence
f(@) = f(za) (@, 20), Va € (0,1],
= [(2a) {20, )
= (f(2a)2a; 7)
(z, f(2a)2a),

where yo, = f(24)2q- Clearly y, depends on f. For
each a € (0,1],yq , is unique. For, if possible that,
for some « € (0,1]3y,, such that
f(@) = (2, 9a) = (2,5) ie.,

(,Ya) © (z,y.,) =0,Vz € X.

(X, Yo —yh) =0,V € X.

Since y, — y., € X, it follows that
Yo = YorYa — Ya) = 0 & Yo — Yy
Ya = y:y'

= 0. Hence

f(l’) = <x7yo¢>,vm € H.
|f(@)] = [z, 9a)] < lzlla lyall

= ||fIIZ" < |lyall- Moreover for some a € (0,1]

from

3 fa
1t > sup @
zeX,z#0 ||-'17||o¢

ol
> )|

Vi
| (i Vi)

2 (VYo VYa)
<yo¢ayo¢>

i.e., we have ||f||7" > |[yal (by Cauchy-Schwarz
inequality over real numbers). Together, we have

the required result. O

4 FUZZY OPERATORS

Riesz theorem that we established above, play a
key role in the theory of fuzzy bounded opera-
tors. By means of definition of fuzzy adjoint op-
erator on fuzzy Hilbert spaces, we let H, H be
fuzzy Hilbert spaces and T € B(H, H')(see [1]).
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For z € H,y € H', f,(z) :== (Txz,y). Now we have
(by Theorems 3.2, 7.3 [3])

[fy @) = [Tz, )| < NTI Nl vl

= fy € H*. By Riesz theorem there exists unique
element y* € H such that

(Tz,y) = (z,y7)
that we define it, 7™y, therefore
(Tz,y) = (x, T"y).

Definition 4.1. Let H,H' be the fuzzy Hilbert
spaces. Let T be the fuzzy bounded linear operator
from H to H'. If there exists an operator T* such
that (T'z, f) = (x,T*) for all x € H and f € H'
then the operator T™* is called fuzzy Hilbert-adjoint
of T.

Theorem 4.2. The fuzzy Hilbert-adjoint operator

T* is also fuzzy linear operator.
Proof. Proofis straightforward, and is omitted. O

Now we study the case of fuzzy unbounded
operator T'. The theory of fuzzy unbounded oper-
ators is more complicated than that of bounded
operators. That such an fuzzy operator T may
be unbounded, that is, T may not be bounded.
With using of the uniform boundedness theorem
with Felbin’s norm we can verify the main result of

this section.

Theorem 4.3. If a fuzzy linear operator T is de-
fined on all of a fuzzy Hilbert space H and satisfies:
for all x,y € H, then T is bounded.

Notice that, the notion of T can be defined
subtly different from it on fuzzy bounded operator
theory such that domain of T cannot be the whole

space H.
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Remark 4.4. Since classic form of theorems plays
the role a prototype in our discussion of this pa-
per, it is natural to ask whether other discussions
would remain true in fuzzy Hilbert spaces with Fel-
bin’s fuzzy morm. This is an interesting and useful
problem.
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Abstract: This paper discusses a method of solution of optimal control problem of fractional dynamic

system in the sense of Caputo. The method is based on interpolating scaling functions. The performance

index and the conditions are converted into some algebraic equations which can be solved for unknown

cofficients such that we minimized(maximized) performance index with contoroller.

Keywords: Fractional dynamic system. Optimal control. Interpolating scaling function. Oprational matrix

of derivative.

1 Introduction

Fractional calculus is one of the generalizations of
the classical calculus. Moreover, fractional differ-
ential equations have been proved to be valuable
tools in the modeling of phenomena. In this paper

we want to find a minimum of a functional [1]

J() = J(z,u) = k(w(tf),tf)—i-/o ' L(x(t), u(t), t)dt,

subject to constraints:
‘Dx(t) = flz,u,t),t € [0,tf],t; >0,

z(0) = xo.

Where z(t) € R™ is the state variable, u(t) € R" is

the control variable, t is time, °D; is the Caputo

*Corresponding Author
fCorresponding Author
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derivative, 0 < A < 1. Also there is much interest
in using scaling function and wavelets, we optained
this method with fractional Legendre polynomials
[2]. Some advantages of the peresented method are
that the optimality conditions do not need to be
derived and the operational matrix of fractional

derivative becomes well structured.

2 Fractional

scaling functions

interpolating

For any fixed nonnegative integer number r, let
ti,k = 0,...,7 — L,xp,k = 0,...,r — 1 denote the
roots of Legendre and fractional Legendre poly-

nomial respectively that, if {¢;} are the roots of
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Legendre polynomial of order 7 then {t;}> are the
roots of fractional Legendre polynomial of order Ar
[4]. Then by using fractional Lagrange interpolat-
ing polynomials and fractional Gaussian Legendre
quadrature weights we have interpolated the scal-

ing functions by ", ..., ¢,_1 where

1 A
—Li(2t* —1), te€]0,1
(Pk(t)—{ Wi (0 ) [ )
0. W

They are orthonormal basis on [0, 1). For any fixed
nonnegative integer number n, gofll (t),k=0,..,r—
1,1=0,...,

tion and translation

2" — 1, are obtained from *(t) by dila-

on(t) =28 0527 - 1).

We also have the following relation

1 ’
/o w(w)wﬁzwﬁy = 0y Opp »

/

kk =0,.,r—1,1,1 =0,..,2" — 1.

2.1 Function approximation

For any two fixed nonnegative integer numbers r
and n, a function f(t) defined over [0,1) is consid-
ered as follows:

r—1 [=0
Z smen = o' (1)S,
k=02"—1
where
0 —1/.0 -1 0 -1 T
S = 53015500 |Sn1s s Sn1 |- [Span 150 Sy an 1]
o(t) =
0 —1y,.0 0 1 97
[(PnOﬂ'“ﬂ(p:LO |(pn17' 790n1 I |(pn,2"717‘ 790:12” 1]

in which we can compute the cofficients s¥,.

93

2.2 The
derivative

operational matrix of

Let the Caputo derivative of f(t) be given by
r—1 =0

DW= D 8

k=02"—-1

Fort =T ()8,

where S is a vector similar as S defined before and
S =DS§S,

and D is operational matrix for fractional deriva-
tive.

3 The proposed method

For any two fixed nonnegative integers r and n, x(t)
and u(t) can be represented by:

u(t) ~ ¢ (t)A
z(t) ~ ¢T (t)B

Where A and B are 2"rxp and 2"rxq unknown
matrices, respectively. x(t) is p—vector and u(t) is
g—vector. We first approximated the performance
index with previous informations and discretized
function J. Then we approximated the fractional
dynamic system by using the operational matrix of
derivative and also the conditions of the problem.
Finally we find A, B and t; (if t5 is free) to mini-
mize performance index by using fmincon software
from MATLAB. In this method the accuracy has
been improved in comparision with those of other
methods as reported in other papers [3].
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Abstract: In this article, we study the existence of positive solutions for the quasilinear elliptic system

Using degree theoretic arguments based on the degree map for operators of type (5), under suitable
assumptions on the nonlinearities, we prove the existence of positive weak solutions.

Keywords: p(z)-Laplacian system; positive solutions; operator of type (S)+

1 INTRODUCTION ory for (S)4 operator initiated by Browder [1]. Our

main goal in this article is to extend the main result

In this paper we study the existence of positive so- of to the quasilinear case [3]. The relevant studies

lution for the nonlinear elliptic system about ()4 operators can be found in [2], [4].
—Apyu = AF(2,u,v) x€Q, Through this paper, (u,v) € R2  As to
—Ap@yv = AG(z,u,v) x€Q, (1) the nonlinearities F, G, we assume that they are
u=0v=0 x€ 0f. Caratheodory functions satisfying the following

growth conditions:

1/mN . . ~
where p(z) € C(RT) is a radial symmet (i) There exist a; > 0,¢; > 0(¢ = 1,2) such that

ric function such that sup|Vp(z)] < oo, 1 <

infp(z) < supp(z) < oo, and where —Apu = 0 < ANF(2,u,v) < ay|(u,v)|7 + ¢,
—div |Vu[P®)~2Vy  which is called the p(z)- 0 < AG(2, 1, 0) < as|(u, )| + ¢z
Laplacian, and 2 is a smooth bounded region in B B

RY for N > 1. wherel<p<q<p*:NN—zgifp<N,or
In this work, we show the existence of posi- p<g<+ooifp>N.
tive solutions for system (1). Using the degree the- (i) There existence an € >0, ¢3 > 0,1 <p <6 <

*Corresponding Author
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p* such that
NF (2,4, 0)u + AG (@, u,0)0 < (A — &)(Jul? + [of?)

+es(Jul® + [v]?)

where \; stands for the first eigenvalue of the op-
erator —A(,) in WhHPE(Q).

(iii) F(z,u,v) and G(z,u,v) also satisfies

F(x,u,v) G(z,u,v)
lim inf = +00, liminf = +00.
[(u,v)|—o0 |(u,v)[P~1 [(u,v)| =00 |( v)[p—1
1.1 theorem

Suppose that (i)—(iii) hold. Then (1) has a positive
weak solution.

2 Notations and preliminaries

2.1 Definition

Let X be a reflexive Banach space and X* its
topological dual. A mapping A : X — X* is of
type (S)4+, if for each sequence u,, in X satisfying

u, — ug in X and

lim sup(A(up), tn — ug) <0,

n—-+0o0o

we have u,, — up.

If the operator A satisfies the above condi-
tion, then it is possible to define its degree. Now
we consider triples (A,Q,z9) such that Q is a
nonempty, bounded, open set in X, A : Q@ — X*
is a demicontinuous mapping of type (S)4 and
xzo & A(09). On such triples Browder [1] defined
a degree denoted by deg(A, Q,xzq), which has the

following three basic properties:

(i) (Normality) If x¢ € then

deg(A,Q,20) = 1;

AQ)

(ii) (Domain additivity) If Qp,Qs are disjoint
open subsets of Q and xo ¢ A(Q\(Q U
Q3)) then deg(A,Q,z0) = deg(4,Q,x0) +
deg(A, Qa, x0);

99

(iii) (Homotopy invariance) If {As};e(0,1] is a ho-
motopy of type (S)4+ such that A; is bounded
for every ¢t € [0,1] and zo : [0,1] - X* is a
continuous map such that zo(t) ¢ A;(99) for
all ¢ € [0,1], then deg(A;,Q,zo(t)) is inde-
pendent of ¢ € [0, 1].

2.2 Remark

If the operator A is of type (S)+, and K is compact,
then A+ K is of type (S)4+. remark

2.3 Lemma
Assume A is of type (S)4. Suppose that for u € X
and ||ullx = 7. (Au,u) > 0 is satisfied. Then
deg(A, B-(0),0) = 1.
In this paper, we denote by Z the product

space WP (Q) x W) (Q). The space Z will
be endowed with the norm

2]l = HUHWLP(I)(Q)"_HUHWLP(I)(Q))Z = (u,v) € Z,

where |lullwir) =
Wir)(Q) and

|u|pz)—1nf{)\>0 /|

As usual, a weak solution of system (1) is any
(u,v) € Z such that

|u|p(ac) + |Vu|p(ac), (S

) po gy < 1}

/ |Vul[P@=2uVeds + / |Vo|P@ =29V dz—
Q Q

Jo AF(z,u,v)édx — [ A\G(z,u,v){dz =0
for every (¢,¢) € Z.

Next let us introduce the functionals I;, F; :
Z—=7Z*(i=1,2

) as follows:

(0. (€.0) = [ [VuP®9uveds,
Q
<I2(’LL,’U),(£,<)>:/ |V7}|p(z)_2v’UVCd$,
Q
(Fy (u,v), (€, C)) = / NF (2, u, v)Edx,

Q

<F2(U,v),(§,C)>Z/Q)\G(x,u,v)g‘dx.
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Define the operator

A=1L+1, — F — Fs.

2.4 Lemma

The mapping B = I + I is of type (5)+.

2.5 Lemma

The mapping F' = F} + F5 is compact.

2.6 Lemma

The operator A is type of (5)4.

3 Proof of main theorem

Define BE = {(u,v) € K : |(u,v)||z < R},
K = {(u,v) € K :u>0,v > 0,aex € Q}. Now,
we give the proofs of the main results. Now, we be-
gin to show the proof of theorem 1.1 : There exists
Ry > 0 such that

deg(A,BK,0)=0 VR > Ry. (2)

Let

(L(u,v), (€,0)) = /Q (k€)@ 4 (k40P @ ¢ de,

for any (£,() € Z where k is a real number,
0 <e<e€. Since Lisa completely continuous
operator, the homotopy H; : [0,1] x K — Z* de-
fined by

(Hi(u,0).(€.0) = [ (V@ -2vuve

+ |W|P<x>—2wvg) d
—(1- t))\(/Q(F(a:7u,v)§ + G(:v,u,v)()dx)

—t/ ((k + )uP® =1 + (k + )P 1) da,
Q

where the value of k will be fixed later. Clearly H,
is of type (S)+. We claim that there exists Ry > 0
such that

Hi(u,v) #0 forall t € [0,1], (u,v) € IBE R > R.

100

Using the homotopy invariance of the degree map,
which through the homotopy H; yields

deg(A, BE,0) = deg(H,, BE,0) for all R > Ry.

Now we computing deg(Hy, BE,0). Let the homo-
topy H{ :[0,1] x k — Z* be defined by

(Hi(0,0),(6:0) = [ (IVal®2Vave + Vol 2V ) do
Q

—i) /Q (m(@)e+m(z)¢)de— /Q (O |
for all (¢,¢) € Z, ¢ € [0,1] and
m(z) € LP(Q) = {u(z) € L®(Q)[u(z) > 0,Vz € Q}.
Clearly, it is a (S)4 homotopy. So we have
deg(H,, BE 0) = deg(H/, B ,0).

Similarly, we prove the claim concerning the homo-
topy Hj. By the homotopy invariance of the degree
map, we have

deg(Hl)Bg)O) = deg(H{aBgJ))

Next, we show that deg(H{, BE ,0) = 0. If
deg(H7, BK,0) # 0, there exits (u,v) € BE such
that

/ (|w|p<f>—2vwg + |W|P<m>—2vuvg)daz =\ / (m(x)€
Q Q

+m(x)C)dz + /

((k: + ) uP@ e 4+ (k + e)vp(:”)_lC) dz.
o

Clearly (u,v) # (0,0), let (¢,¢) = (u,v), then
[0V s 9P @) > (e) [ (@400,
Q

Q

[l (w,v)]17

We take k = TP > which provides a
’ L)y p(x)
contradiction. Therefore

deg(4, Bf; ,0) = deg(H}, By ,0) = 0.
So (2) holds. Then, note that

Jo |Vu[P®) de

A= JolVUI— 9T
P wewis@ @0y [, [ulP®)dz
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(@)

we have ||U||€V1,p(ac)(g) > Al”“’”ip(w)(ﬂ)' By (ii), we
get

(A, v), (u,0)) = [[(u,v) 7 — /\/Q(F(x,uvv)u

+ G(z,u,v)v)dx
!/

€
2 37 Ul + ) = ca(llul® + [[]%),

where ¢4 > 0. Since 6 > p, there exist » > 0 such
that
(A(u,v), (u,v)) >0,

€ OBE, where BX = {(u,v) €
K||[(u,v)||z < r}. In view of Lemma (2.3), there

exists sufficiently small r > 0 such that

for all (u,v)

deg(A, BX,0) =1.

According to the (2), we can take R > r such that
deg(A, BE,0) = 0.

Since the domain additivity of type (S)4, we obtain

deg(A, BE\BX 0) = —1.

101

So we are led to the existence of (u,v) € B, =
{(u,v) € Klr < |(u,v)]]z < R} such that
A(u,v) = 0. Hence, system (1) has a positive solu-

tion.
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Abstract:

In this paper we define the concept of best simultaneous approximation on probabilistic normed spaces

and study the existence and uniqueness problem of best simultaneous approximation in these spaces. Firstly,

some definitions such as set of p-best simultaneous approximation, simultaneous p-proximinal and simulta-

neous p-Chebyshev, are generalized. Then some properties related to the p-best simultaneous approximation

set is presented. We also develop the theory of p-best simultaneous approximation in quotient probabilistic

normed spaces and discuss about the relationship between the simultaneous p-proximinal elements of a given

space and its quotient space. We show that under what conditions, set of the p-best simultaneous approxima-

tion is transferred by the natural map to the quotient space, and conversely. Finally, some useful theorems

were obtained to characterization for simultaneous p-proximinality and simultaneous p-Chebyshevity of a

given space and its quotient space.

Keywords: probabilistic normed space, p-best simultaneous approximation, simultaneous p-proximinal,

simultaneous p-Chebyshev, quotient space.

1 Introduction and Prelimi-

naries

An interesting and important generalization of the
notion of metric space was introduced by Menger
[3] in 1942, under the name of statistical met-
ric space, which is now called probabilistic metric
space. The idea of Menger was to use distribu-
tion function in stead of nonnegative real numbers
as values of the metric. An important family of
probabilistic metric spaces is that of probabilistic
normed spaces (briefly, PN-spaces) that was in-

*Corresponding Author
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troduced by Sertnev [6] in 1963. It is well known
that the theory of probabilistic normed spaces is
a new frontier branch between probabilistic theory
and functional analysis and has an important back-
ground which contains the common metric space
as a special case.

Recently, many works on approximation has been
done on PN-spaces [1, 2, 5]. In this paper, we
introduce the concept of best simultaneous ap-
proximation in probabilistic normed spaces and
present some results.

Now we recall some notations and definitions used
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in this paper.

A distribution function (briefly, d.f.) is a
non-decreasing and left-continuous function F' :
R — [0,1] with limy, F(t) = 0 and
lim; , 1o F(t) = 1, and suppose DT C D consists
of all F' € D with F(0) = 0. For every a € R, ¢, is
the d.f. defined by

0 ift<a
€q(t) = )
1 ift>a.

A triangle function is a binary operation
7 : DT x Dt — D* that is commutative, asso-
ciative, non-decreasing in each variable, and which
has €g as identity. A map T' : [0,1] x [0, 1] — [0,1]
is called a t-norm if it is commutative, associa-
tive, non-decreasing in each variable and with 1
as identity. The most important triangle func-
tions are those obtained from #¢-norms. An im-
portant example of a t-norm is Min, defined by

Min(u,v) = min{u, v}.

Definition 1.1. Let X be a real vector space and T
be a continuous triangle function. A mapv : X —
D is called a probabilistic norm on X if for all
z,y € X and 0 # o € R it satisfies the following
conditions.

(N1) vy, = € if and only if, x = 0 (0 is a null vec-
tor in X ),

(N2) Vo (t) = Vm(l(i—l) for allt in RT,

(N3) Vgiy > T(Va, vy).

v is called a probabilistic norm on X (briefly P-
norm) and it is called a strong probabilistic norm

if fort >0, x — v, (t) is a continuous map on X.

Definition 1.2. Let (X,v,7) be a PN-space. A
subset A of X is said to be R-bounded if there ex-
istst > 0 and r € (0,1) such that vy_,(t) > 1 —r
for all x,y € A.
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2 p-Best Simultaneous Ap-

proximation Set

Definition 2.1. Let (X,v,7) be a PN-space, W be
a subset of X and M be a R-bounded subset in X.
Fort > 0, we define,
d(M,W,t) = inf —w(t).
(M, W, t) sup il vm w(t)
An element wyg € W is called a p-best simultaneous
approzimation to M from W if for t > 0,

d(M, W, t) = n%relg/l Vm—uw, (t)-

The set of all p-best simultaneous approximation to
M from W will be denoted by S}, (M) and we have,

Syy(M)={weWw : n%rgwl/m_w(t) =d(M,W,t)}.

Definition 2.2. Let W be a subset of (X,v, 7). It
is called a simultaneous p-proximinal subset of X if
for each R-bounded set M in X, there exists at least
one p-best simultaneous approximation from W to
M. Also it is called a simultaneous p-Chebyshev
subset of X if for each R-bounded set M in X there
exists a unique simultaneous p—best approrimation
from W to M.

Theorem 2.3. Let W be a subset of X and M be
a R—bounded subset of X. Then for t > 0 the fol-
lowing assertions are hold,

(i) d M+ z,W + z,t) = d(M,W,t), Vz € X,

(i) dANM, AW, t) = d(M, W, ﬁ), VA€ R,

(i) Sy 4o (M 4 x) = Sty (M) + z, Vo € X,

(iv) SOE(AM) = ASE, (M), YA € R.

Corollary 2.4. Let A be a mnonempty subset of
PN-space (X,v,T).

The following statements are hold.

(i) A is simultaneous p—proximinal (resp. simul-
taneous p— Chebyshev) if and only if A + y is
stmultaneous p—proximinal (resp.  simultaneous
p— Chebyshev), for each y € X.

(ii) A is simultaneous p—proziminal(resp. simul-
taneous p— Chebyshev) if and only if «A is si-

multaneous |a|p—proximinal (resp. simultaneous
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|a|p— Chebyshev), for each o € R.

Corollary 2.5. Let M be a subspace of X and N
be a R—bounded subset of X. Then fort >0,

(i) d(M,N +y,t) =d(M,W,t), Vy e M,

(ii) d(M,aN,|alt) =d(M,N,t), VO£ a € R,
(iii) Sy (N +y) = Sy (N) +y, Vy € M,

(iv) S (aN) = a8t (N), ¥ 0+#a € R.

3 Simultaneous p-Proximinality

in Quotient Spaces

In this section we give characterizations of si-
multaneous p—proximinality and simultaneous
p—Chebyshevity in quotient spaces. First we re-
mind some notations and definitions.

Definition 3.1. [/ Let (X,v,7) be an PN-space
and M is a subspace in X and Q : X — % 18 the
natural mapping Q(x) = x+ M. For anyt > 0, we
define,

Vgyn(t) = Sup vgpy(t).
yeM

Theorem 3.2. [/] Let M be a closed subspace
of PN-space (X,v,7) and U be given in the above
definition. Then

(i) 7 is an PN-space on 3-.
(1i) VQa)(t) = va(t).

(iii) If (X, v, T) is a probabilistic Banach space then

50 18 (%,ﬁ,r).

Definition 3.3. [5] Let A be a nonempty set in
PN-space (X,v,7). Forx € X and t > 0, we shall
denote PY(x) the set of all p—best approximation

to x from A, i.e.
Pi(x)={y€ A:d(A z,t) =vy_.(t)}

where

d(A,z,t) = sup vy_,(t).
yeM

If each © € X has at least (resp. exactly) one
p—best approximation in A, then A is called a

p—proziminal (resp. p— Chebyshev) set.
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Lemma 3.4. Let (X,v,7) be a PN-space and M be
a p—proziminal subspace of X. For each nonempty
R—bounded set S in X andt > 0,

d(S,M,t) = inf sup vs_n(t).
s€ES meM
Lemma 3.5. Let M be a p—proximinal subspace
of (X,v,7) and W 2 M a subspace of X. Let
K be R—bounded in X. If wy € S} (K), then
wo+ M € St%(%)

Corollary 3.6. Let M be a p—proximinal subspace
of (X,v,7) and W DO M a subspace of X. If W is
stmultaneous p—proximinal then % is a stmultane-

ous p—prozriminal subspaces of %

Corollary 3.7. Let M be a p—proximinal sub-
space of (X,v,7) and W O M a subspace of X.
If W is simultaneous p—proziminal then for each
R—bounded set K in X,

QUi (K)) € Sy (1),

Theorem 3.8. Let M be a p—proximinal subspace
of (X,v,7) and W 2O M a subspace of X. If K
is a R—bounded set in X such that wg + M €
(%)and mo € Sk, (K — wy), then wo +mg €

Theorem 3.9. Let M be a p—proximinal sub-
space of (X,v,7) and W DO M a simultane-
ous p—proziminal subspace of X. Then for each
R—bounded set K in X,

K

t _qt (B

QS (K)) = St (37).

Corollary 3.10. Let W and M be a subspaces of
(X,v,7). If M is simultaneous p—proziminal then
the following assertions are equivalent:

(i) 3 is simultaneous p—proziminal in 5.

(i) W + M is simultaneous p—proziminal in X.

Theorem 3.11. Let W and M be subspaces of
(X,v,7). If M is simultaneous p— Chebyshev then
the following assertions are equivalent:

(i) 3 is simultaneous p— Chebyshev in 3.

(i) W + M is simultaneous p— Chebyshev in X .
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(@)

Corollary 3.12. Let M be a simultaneous
p— Chebyshev subspace of (X,v,7). If W O M s
a simultaneous p— Chebyshev subspace in X, then
the following assertions are equivalent:

(i) W is simultaneous p— Chebyshev in X .

(ii) Y is simultaneous p— Chebyshev in 3; .

Acknowledgment: The authors would like to
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References

[1] A. Khorasani, M. Abrishami Moghaddam,
”Best approximation on probabilistic 2-normed
spaces,” Novi. Sad J. Math. vol. 40, pp.103-110,
2010.

109

[2] A. Khorasani, M. Abrishami Moghaddam,
”Coapproximation in probabilistic 2-normed
spaces,” Res. J. Appl. Sci., Eng. & Tech. vol.
4, pp. 531-534, 2012.

[3] K. Menger, ”Statistical metrics,” Proc. Nat.
Acad. Sci. USA. vol. 28, pp. 535537, 1942.

[4] Ravi P. Agarwal,Yeol Je Cho, Reza Saadati,
”On Random Topological Structures,” Abstr. &
Appl. Anal. doi:10.1155/2011/762361, pp. 141,
2011.

[5] M. Shams, S.M. Vaezpour, "Best approxima-
tion on probabilistic normed spaces,” Chaos, Sol.
& Frac. vol. 41, pp. 1661-1667, 2009.

[6] A.N. Sherstnev, ”Random normed spaces.
Problems of completeness,” Kazan. Gos. Univ.
Ucen. Zap. vol.122, pp. 320, 1962.



110

The 45" Annual Tranion
Mathematics Conference
Auqust 26-29 20

Py aslcs 5 JolS sladlis

sedigheh.beladi@yahoo.com « olgnul ¢ oDl 3157 olKils « by 03,8 Al i)l Jeamllf S o ads

Zebarjad@mai].yu.ac.ir ‘C_,.wl.g JLasls ‘@btf_) o‘;}f g;"'l’ CJLA 28 ) L;a.]a..,zo.);w 92 ey

g dlel 5l dls S 03y S Gl B p“)l b, ol s Caypmd e i ol 53 ted S
S osleews (i slel 5l dlis SO Ol corge 4 & S e s 1y ol e oS0 0L | e
ez pazs S| & b olie Gaed gaepors O JLise o oS0 Ol 1y il 3 Sos oo 3L
AL L G g e ol ads slael 5l dlis G gladlis )
S slews (s (oS gallis (s ) g kdS wledS

bl 0 s ol 333 e
{zy, 2y, 2y, ..} gL () L ASL s ol
o4l (complete) Lol oot oo slsl
sldlos o5 anwwaxc«faglﬁ;\ 3 g
&S AEL s Sy {2, @iy ey wy, LS alie
bl V] b n ol ol oMes g yors
et 51 allis SO B ol e el ol o ax (il
g5 dr SIS b 5o 5 il JlS it s
Saon lisladllis 5 el ¢ games (aallis )

S e A |y ik sl

o3 brd sl g & 257wl bl U

oS Oy b s G bog B8 sl B
b 1 3de 35 i & 257wl g
(zn) A2 (achieved by a sequence) (s/lis L 45
31 (abze Yoty (hellis 5 81 e o s
| Ko r i sde 4 oS A3l <3l 3925 (2,)
S ) Mz paeme ) LR e 5 AL

110

dedle

B as S coge oldel 1 oslid a4 20 3L
(s slapls oL, e W Sl Jls Ve e e
ooz 55 5 syl Oyoke (P @ A oS
G VY 03 s Ol JLisey S gl solasl
P 350 (2909° (e Y 0L 5 o
s S 15 ol sl
355 o o3l 5 i Bl e s
R s S 29585 bl
SNldlis ) @i pex fool> Olgeas n (2
oS 33l o ST ol cpl Sl s (), Y, YT YT Y

» Syl 4 s L

ol 5 (Solais (9295 S Slaptnns U155 2
L s ladlos 038 25l 5l eslinad L sls!
adsl 3L cadl el [V YL YT YT L sl
O Al AL Al 6l sliel ol g S
slael 31 glas gozes S Ol geas |y M ST aS



111

The 45" Annual Tranion
Mathematics Conference

uqust 26-29 20

5 055 1 C {V, VY, N + \} das o an
S s ke sl om = 30wy S6 sk
‘_gda.;b);afﬁﬂfg)éj); ‘Jd‘—mﬁéu“\gﬁj‘é
.M@éwc\+2£\wi§m<\+zij\f§\xi
sl o paargbm < V42N 2 cdl- 1,5
5 e Ly e sl iy

:V’*’Jb

N
m—TNiy > \+Zﬂ?i—l‘1\l+\ > o.

i=)
03 gh s Jeol am om —ayyy = o Jf\
o <m —xnyy < \+Z£V=\£Ei Wy golpl S
SSosbas das o 4z |y T C {\, Y, N} 3525
an+y JESI G el om — oy =
J = TU{N + Y} osls 13 5 gslas Ko G ba
n 25 g Jrol e

e sl ) 558 s 1y (2,) Y midd
Sooir) 2 S sy =) bid b e
JS dllis S (24) Sl 6l BB 5 p3Y b

el s n =), YL sl S Col ol S

Tpay <N +Zn:xi.
=
Topy < on = VY, .. shila [’:‘5;5" oo 0 el
wars b () s @osoipl 53 N+ 300
oY bpd Sl ol ol sallis SG Y o)
Ssba 315 3925 ne > N (’:‘5;5‘ BEJLETW-Y
ool iy >V + 5

T\ > Tpopy — ) > le
i=)
zeee e J SV, VLY, L} SV S das e ames
Djes i Sopeh Olgsod Iy Ty — ) e

O] Bl oles

111

adbcaws sliel rus S48 sozen RS 50 RIS
sl (saopazes | (2n) Ak AL Lo
Lol V"Aud& (z,) &> (achievement set)
s oS el o @ Y o mled AS(z)
Lol oMl oled oS dmr a5 5550 olaallis
o b B Rl el 2l e il
sldlos pﬂw; 48 gozes O Jlisw oS g""sd“
AL i slel Gas sazee b 5 03l G o) o
gesa 3 1y e ol Lol 3 sl

olai V] s osl o3 S 0Ly 5y slcws (548 yazes
el JolS gdllis SO algd gllis &S s
s o 0] s 3 7] S5 Y] o
L3,8 ol 1y s g3 Jisw Slag s 30 Ll
S AS o gy Ly Ballis 5l ol [Y] 2 g
Db o gl 3y gl lads geme sul Col

S gladlis S idey

&S{b}ﬁ&gé‘jglsjr‘}y.bﬁuu?w“))
e LS (s (‘:‘5@ on 1y dlis
F Ss « lS allis b el 5L il 8
OF Sl el gads (gakam SO G 1 s |y 355 0330

Gl ) e SMel 5l sldls |y (2,) -V ]
n = ghlo sz, VLo b (e oM L
2 S s may <V )Y
I Cio <m <) +Zf:\;z:i Shla oy go !

m=3 1 S sba 3,13 395 {N, Y, Lk}

0P R el e b= ) Sl o s ol
23 0L ASL I3 b < N hila o oS
N+\

o<m<\+ Y w,

=\



112

The 45" Annual Tranion
Mathematics Conference
Auqust 26-29 20

i olael 5 dlis G (24) eSS0 24 Y -
\@sNg o@QTJc»oMCWSW\
AL
Bl Iy ={ita; <o} sIp="{ita > o} (A
:(.wb

AS(zy,) = AS(x; i € Ip) + AS(x; i € In);
—sN + AS(xy,) = AS(Jzn]) (<&

SRis ol 1y b slael Sl (2,) gdllos LA anad
k> \J'h(.s‘)‘d")f‘ Ty —> © 45(.:»;&

(e 0]
el < Jaal,

n=k+\
A3 3 sleas S () o80T

03 1) A Ganad Loyl d plas (1) adlis .4 Jlw
S Or s Ml S sslows S ol
ASGY) = [o500] calabs el S5 S

48 gozes IP Ol 43 &S (Dper i N Jle
Sl Iy A sanas bl 5 pled by s Jsl slus]
Sper p S &S 21 0L Ol Sl ()b
LAS(3) = [0,00] plply el ST

Sl ot aw e

s s S (S en b b S 2l 0
slded 6¢ﬁyupaL§U%b {Ulbwd (S48 gozer JT

FERFER
S 2 Me a5 Bl dLos SO () ST VY anad
AS(z,) = R o80T il oo by e &) Kon (5
Slaas soms 50 Iy 5 Ip o250 p2 5 LS
AL () cdlos e 9 b ) VS LSLAQM.{-U‘
ety Ti = 3 Mier, Ti = 00 cbyya ;;"Jf"""
A Gand cji;:.) b Gl das e |y —o0

112

Ol 5 sl ol sl il jleslinl L ¥ e
Uiy < VA Golasl cn =V Y L lila ol pLis
S0t & 2l sed allis Ve 1 ST s
Up gy = UnFtp_yn >V Shlo s uy =V auy =)
blos ol eancpl O vl D13 0 pd e i 1
Al s JolS ¢ J (samdd @ ax S

slael 31 Jo5 08 5 Jo8 Gldlas 1) (z,) - F il
2 Bt S A e s

n—\

T4\ S \ +qu

=)\

n=\Y,..

&S Laas |y 55 039 JelS T 3 ol 3eds (sakax

Ol Ol8 o 2l il el L .0 Jta
s €3l (250 gd s> OV S sls
Fopy = > Y hla s Fy = Fr =\ &) 504
Fupy = )+ @by 3dn Capss Fy s 4B
S Dol g eoplpls Ll 3, YV,
55 055 JolS sl (Bl Sl ol s (galan

LS o b

sl saddlis g3 i

a,,mf@awsuo\,\;;m b&b;l»\rl:.l:.b
Sl () s S x5 o gers
Gldls ol 1) i sl gballis «
sliel gladlis O, Ll v....f e el
wlls biys 50 Ll o alis sde SO plisdes
et

S sl SS ) (1) k- s4ls LB iy g
3L SO &) st AS(ap) S ﬁ:‘; (high achiever)
VP v AN T



113

- 710N

HeR5T 1Trani
R S P ©0)
Rugust 202020 AL
[2] H. Hornich, A. Jung, Uber beliebige Teilus- 9 AS(z; 1 i € Ip) = [0,00) & s o Ol
mmen absolut konverenter Reihen, Monatsh. S (oS ppd LAS(xy i€ Iy) = (—00, °]
Math. Phys., Vol. 49, 1941, pp. 316-320. O 335 Sl a5 40
[3] R. Jones, Achievement Sets of Sequences, < ((—\)nf\%) sl OMax VY JLa

. . & ¢

Amer. Math. Monthly, Vol.118, 2011, pp. 508- il les 1 byie Gl X om
521. AS(-V) 'Y =R

[4] S. Kakeya, On the partial sums of an infinite
series, Sci. Rep. Tohoku Imperial Univ., Vol. 8 | '

3, 1914, pp. 159-163.
[1] J. L. Brown, Note on complete sequence of in-

[5] P. Ribenboim, My Numbers, My Friends, tegers, Amer. Math. Monthly, Vol. 68, 1961,
Springer-Verlag, New York, 2000, pp. 51-60. pp- 557-560.

113



114

eSquare Daugavet property

L. Nasiri*, ”Ph. D. student”,

Lorestan University, leilanasiri4d68@gmail.com
A.Sameripoor, Academic member of School of Mathematics,
Lorestan University, asameripoor@gmail.com
M. Shakoori, Academic member of School of Mathematics,

Lorestan University, mahmoodshakoori@gmail.com

Abstract: Suppose X is a real Banach space, and ¢ stands for + or —. We say that X has the € Square
Daugavet property (eSDP, for short) if, for any rank one T' € B(X),

|Id + eT?|| =1+ || T2 (SDE).

In this short paper, we shows that if every weakly compact operator on the Banach space X satisfies (SDE),
then X has the —SDP and if [y—, l.o— and co— sums has the —SDP, then X; and X5 so do. We also

mention the several spaces that has no the —SDP.

Keywords: Banach space, Radon-Nikody'm property, eSquare Daugavet property .

1 INTRODUCTION f € Li(p, X) such that

Given a real or complex Banach space X, we write T(A) = / flw)du(w), AeX.

X* for the dual space and B(X) for Banach space A

of all continuous linear functions. We say that X If (2,3, 1) is a positive measure space, Ly (1, X)
has the & Square Daugavet property (eSDP, for for 1p < oo is the Banach space of all Bochner-
short) if, for any rank one T' € B(X), integrable functions f: Q — X with

[ +eT?|| =1+ |77 (SDE). v

||f||p=(/Q [F@OIPdp@)) -

A closed convex and bounded set C' in a Banach

space X has the Radon-Nikody'm property (RN P If 11 is o—finite, then Lo, (p, X) stands for the space

in short)if it satisfies the following property: of all essentially bounded Bochner - measurable

Let (€, %) be a measurable space. and let 7 be functions f from € into X, endowed with its natu-

an X —valued measure and p a scalar probability ral norm
measure on (€2,%). Assume that 7(A)/u(A) € C

for all A € ¥ with u(A) # 0. Then there is an [fllo =inf{A>0: [f@#)] <A ae.}.

*Corresponding Author
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2 eSquare Daugavet property

and examples

Theorem 2.1. If X is a weakly sequentially com-
plete Banach space and X* has the RN P, then X
does not have the —SDP.

Theorem 2.2. Assume (€, %, 1) be a finite mea-
sure space and 1 < p < co. If X* has the RNP,
then L,(u, X*) has no the —SDP.

Theorem 2.3. If every weakly compact operator
on the Banach space X satisfies (sDE), then X
has the —SDP.

Theorem 2.4. If 7 = X; @, X, has the € Square
Daugavet property , then so do X; and Xs.
Proposition 2.1. Let X and Y be two Banach
spaces, and let T': X — Y be a onto linear isom-
etry. Then X has the —SDP if and only if Y has
the —SDP.

Example 2.1. Put Y = La(u) (p is the Counting
measure on N). Obviously, Li(u) € Lo(p) and
Li(u) = 11(N). Then Y contains a copy of I (N).
Since Y is reflexive, by [1, Theorem 1] it does not
have the —SDP.
Proposition 2.2. If each nonempty closed
bounded convex set of X is the norm closed convex
hull of its strongly exposed points, then X does
not have the —SDP.

Proposition 2.3. Let X be a Banach space and
Y be a Banach space which is a continuous linear
image of a closed subspace of X. If X™* has the
RN P, then Y* does not have the —SDP.
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Abstract: In this paper, we define the concept of dislocated probabilistic quasi Menger space ( briefly

DP,M-space) and we establish a common fixed point theorem for weakly compatible maps in DP,M-space.

Our result generalizes and extends many results in dislocated probabilistic Menger space.

Keywords: Dislocated Probabilistic Menger space, Dislocated Probabilistic quasi Menger space, Coinci-

dence and common fixed points, Weakly compatible maps, Occasionally weakly compatible mappings.

1 INTRODUCTION

An interesting and important generalization of the
notion of metric space was introduced by, Karl
Menger [5] in 1942 under the name of statistical
metric space, which is now called probabilistic met-
ric space. In 1996, Jungck [3] introduced the no-
tion of weakly compatible mappings which is more
general than compatibility and proved fixed point
theorems in absence of continuity of the involved
mappings. In recent years, many mathematicians
established a number of common fixed point theo-
rems satisfying contractive type conditions and in-
volving conditions on commutativity, completeness
and suitable containment of ranges of the map-
pings. The notions of improving commutativity of
self mappings have been extended to PM-spaces
by many authors. For example, Singh and Jain
[6] extended the notion of weak compatibility and

Chauhan et al. [2] extended the notion of occasion-

*Corresponding Author
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ally weak compatibility to PM-spaces. The fixed
point theorems for occasionally weakly compatible
mappings in different settings investigated by many

researchers (e.g. [1, 6]).

We first bring notation, definitions and

known results, which are related to our work.

Let (X, d) be a metric space and T, f : X —
X be two mappings. The set of all coincident points
of the mappingsf and T is denoted by C(T, f), that
is C(T, f) = {u: fu = Tu}. The mappings f and
Tare said to be weakly compatible if and only if
they commute at their coincidence points. Clearly
if C(T, f) = ¢, then f and T are weakly compat-
ible. Also, the mappings f and T are said to be
occasionally weakly compatible (abbreviated, owc)
if and only if fTu = T fu, for some u € C(T, f)
whenever C(T, f) # ¢.
The following lemma appears in Jungc and
Rhoades [4].
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Lemma 1.1. If a weakly compatible pair (f,T) of

self maps has a unique point of coincidence, then
the point of coincidence is a unique common fized
point of f and T.

The mapping f is said to be coincidentally
idempotent with respect to the mapping 7', if and
only if, f is idempotent at the coincidence points
of f and T. Also, the mapping f is said to be oc-
casionally coincidentally idempotent (abbreviated,
oci) with respect to the mapping T, if and only
if, ffu = fu for some v € C(T,f) whenever
C(T,f) # o

A distribution function is a function F' :
[-00,00] — [0,1], that is nondecreasing and left
continuous on R, moreover, F(—o0) = 0 and
F(o00) = 1. The set of all the distribution functions
is denoted by A, and the set of those distribution
functions such that F(0) = 0 is denoted by A™.

A triangle norm (abbreviated, t-norm) is a
binary operation * on [0, 1] which is commutative,
associative non-decreasing with a x 1 = a for all
a € [0,1].

A probabilistic metric space (abbreviated,
PM-space) is an ordered pair (X, F'), where X is
a nonempty set and F': X x X — AT (F(p,q) is
denoted by F, ) satisfies the following conditions:

(i) Fpqe(x)=1forall z >0, iff p=ygq,

(i) Fpq(z) = Fyp(),

(iii) If Fp4(z) =1 and F,,(y) = 1, then
Fp,r(x +y) =1,

for every p,q,r € X.

A Menger space is a triplet (X, F, x), where
(X, F) is PM-space and # is a t-norm such that for
all p,q,r € X and for all x,y > 0,

Fpr(x+y) > Fpq(x) * For(y).

A dislocated Probabilistic quasi Menger
Space (abbreviated, DP,M-space) is a triplet
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(X, F,*), where X is a non empty set, * is a t-
norm and F': X x X — AT (F(p,q) is denoted by

F, 4) satisfies the following conditions:
(i) Fpqet) =1landF,,(t)=1=p=gq
(i) Fpr(t+8) = Fpq(t) * Fyr(s)-

for every p,q,r € X.

A dislocated Probabilistic Menger Space
(abbreviated, DPM-space) is a D P, M-space such
that for all p,¢q € X, F,,(t) = F,,(t).
Let (X,F,*) be a DPqM-space and F} (1) =
min{F), ,(t), Fy »(t)} (p,q € X and ¢ € [0, c0]), then
it is easy to see that, (X, F*, %) is a DPM-space.

A sequence (x,,) in a DP;M-space (X, F, *)
is said to be bi-convergent to a point x € X if and
(t) =1 for all ¢ > 0, in this
case we say that limit of the sequence (z,) is z.

only if lim,, . Fﬁnm
A sequence (x,) is said to be left (right) Cauchy
sequence if and only if

nh_}n;o Fep iz, (t) =1 (nh_{r;o Fopipan(t) =1)
for all t > 0,p > 0. Also, a sequence (z,,) is said to
be bi-Cauchy if and only if lim,,_, o Fif t)=1

T, Tnip
for all t > 0,p > 0.

A DP;M-space is said to be left (or right)
complete if and only if every left (or right) Cauchy
sequence in it is bi-convergent. Also, a DP,M-
space is said to be bi-complete if and only if every
bi-Cauchy sequence in it is bi-convergent.

Let (X, F,*) be a DP;M-space (or DPM-
space) and let T : X2 — X and f : X — X be
two mappings. Then a point z € X is said to be a
coincidence point of f and T if, T(z,z) = fz, and
the set of all coincidence points of the mappings f
and T is denoted by C(T, f). Also, a point z € X
is said to be a common fixed point of f and T if,
T(z,2z) = fz = z. A pair (f,T) is said to be weakly
compatible if and only if FJ. ;. 1 o (t) = 1
(or Fopfa f2),£(T(z,2)) () = 1 for all z € C(T, f) and
t € [0,00). Also, a pair (f,T) is said to be occa-

sionally weakly compatible (owc) if and only if

3 _ _
FT(fz,fz),f(T(z,z))(t) =1 (or Fr(ss,12),5(T(,2) () = 1),
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for some z € C(T, f) and t € [0,00) whenever
C(T, 1) # ¢

In Section 2 we prove some coincidence and
common fixed point and fixed point theorems for
weakly compatible maps in DPM-space (DP,M-
space) under strict contractive conditions. For ex-
ample, we prove that if (X, F,*) is a complete
DPM-space (L-complete or R-complete DP,M-
space) and if T : X — X is mapping, such that

FTx,Ty(qt) > Fx,y(t)a

where z,y € X ,0<¢<landt€[0,00). Then T
has a fixed point.

2 Main Results

A function ¢ : [0,1] x [0,1] — [0, 1] is said to be a
®-function if it satisfies the following conditions:

(i) ¢ is an increasing function, ie, 1 < yi,
w2 < yp implies ¢(x1,22) < G(y1, Y2),
(i) ¢(t,t) >t, for all ¢ € [0, 0),

(iii) ¢ is continuous in both variables.

Now we present our main results as follows:

Theorem 2.1. Let (X,F,*) be a DPM-space
(DP,M-space), f : X — X and T : X* - X
be two mappings, such that

(a) T(X?) C f(X),

(b) FT(ay,09), T(wg,03) (@) = & (Fray, fas (), Frag, fos ()
(Friey o). 7 g0 (@8) = 6 (Fray sag (8) Frog o, (D)),
where x1, T2, T3 are arbitrary elements in X,
0<g<1,te0,00) and ¢ is -function,

(¢) f(X) is complete (R-complete or L-complete).
Then the sequence (yy) defined by
Yn = f(xn+2) = T(l"ru $n+1)7 (1)

for arbitrary elements 1,22 in X and n € N, con-

verges to a point of coincidence of f and T'.
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Taking X? = X in the above theorem, we
get the following.

Corollary 2.2. Let (X,F,x) be a DPM-space
(DP;M-space), f : X — X and T : X — X be

two mappings, such that

(i) T(X) € f(X),

(1t) Fremry(qt) > ¢ (Fia py(t)), for all z,y € X,
0<g<1landte]|0,00),

(#i3) f(X) is complete (R-complete or L-complete).

Then f and T has a coincidence point, i.e.,

C(f,T) # o

If we take f to be the identity mapping in

the above corollary, we get the following:

Corollary 2.3. Let (X, F,*) be a complete DPM -
space (L-complete or R-complete DPyM -space). If
T:X — X is mapping, such that

FTw,Ty(qt) Z Fw,y(t)7

where x,y € X , 0<qg<1andt € [0,00). Then
T has a fized point.

Theorem 2.4. Let (X,F,x) be a DPM-space
(DP,M-space). If f: X =+ X and T : X*> — X

are weakly compatible mappings, such that

(a) T(X?) C f(X),

(b)) Fr(ey z0). 7oz ,0)(a8) 2 & (Fray, ag (1), Fray, goy (1))
(Friey o), 7 g0 (@8) 2 6 (Fray gag (8), Frog o, (D)),
where x1, T2, x3 are arbitrary elemants in X,
0<g<3,tel0,00) and ¢ is ®-function,

(¢) f(X) is complete (R-complete or L-complete),
(d) limy_,o0 Fy (1) = 1.

Then the sequence (y,) defined by (1), converges to

a unique common fixed point of f and T.

Corollary 2.5. With the same hypotheses of
Corollary 2.2, if f and T are weakly compatible
mappings, 0 < q¢ < % and limy_, o0 Fp () = 1.

Then f and T have a unique common fized point.
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Corollary 2.6. With the same hypotheses of
Corollary 2.3, if 0 < ¢ < % and
limy_yo0 Fyp y(t) =1. Then T has a unique fized

point.

Note that the condition lim; o Fy 4 (t) =1
ensures the uniqueness of the point of coincidence.
However in the next result we will remove the con-
dition limy_,o Fy,(t) = 1 and also increase the

range of g.

Theorem 2.7. Let (X,F,*) be a DPM-space
(DP,M-space), f: X — X and T : X* - X

be two mappings, such that

(a) T(X?) € f(X),

(b) Fr (2 ,29),T(g.25) (@) = & (Fray,foy (1) Frag, fas (1))
(FT(wl,mz),T(a:g,acl)(qt) > ¢ (Fray.fag (1), Frag.fe, (1)),
where x1,Ts,x3 are arbitrary elemants in X,
0<g<1,te0,00) and ¢ is -function,

(c) f(X) is complete (R-complete or L-complete).
If one of the following two conditions are satisfied:

(1) f is oci with respect to T and the pair (f,T)

is weakly compatible,

(2) [ is coincidentally idempotent with respect to
T and the pair (f,T) is owec.

Then f and T has a common fixed point.

Corollary 2.8. With the same hypotheses of
Corollary 2.2, if one of the following two conditions

are satisfied:

(1) f is oci with respect to T and the pair (f,T)

is weakly compatible,

(2) f is coincidentally idempotent with respect to
T and the pair (f,T) is owe.

Then f and T has a common fixzed point.

In what follows, we present a illustrative ex-
ample which demonstrate the validity of the hy-
potheses and degree of utility of our results proved

in this paper.
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Example 2.9. Let X =[0,2] andd : X x X — X
be given by d(x,y) = |z —y| + |z| + |y| and define
Fz,y : [—O0,00] - [03 1] by

t

Fpy(t) = trdy)

for every x,y € X. Clearly, d is a complete dislo-
cated metric on X and (X, F,*) is a complete dis-
located probabilistic menger space with axb = ab for
all a,b € [0,00). LetT: X%? = X and f: X — X
be defined by T(xz,y) = (m21.2y2) and f(x) = “’2—2
Then 0 is the unique common fixed point of f and
T.
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Abstract: In this paper, we introduce comparison function thereafter using the comparison function prove

some fixed point theorems for cyclic p-contraction maps in complete probabilistic Menger space.
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1 INTRODUCTION

The theory of probabilistic metric spaces, intro-
duced in 1942 by Menger [8] , was developed by
numerous authors, as it can be realized upon con-
sulting the list of references in [2], as well as those
in [9]. Fixed point theory is one of the most ac-
tive branches of modern analysis. In 1922, S.
Banach proved the well known Banach contrac-
tion mapping principle in metric spaces. Sehgal
and Bharucha-Reid [10] generalized this concept
to probabilistic metric spaces in 1972. Proba-
bilistic metric spaces are probabilistic generaliza-
tion of metric spaces. The inherent exibility of
these spaces allows us to extend the contraction
mapping principle in more than one inequivalent
ways. Hicks [5] established another generaliza-
tion of contraction mapping principles in proba-
bilistic metric spaces. This extension is known as
C-contraction. Subsequently, fixed point theory in
probabilistic metric spaces has developed in exten-

sive way. Hadzic and Pap have given a comprehen-

*Corresponding Author
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sive survey of this development upto 2001 in [4].
Khan, Swaleh and Sessa [6] introduced a new type
of contraction in metric spaces in 1984. They had
used a control function to prove their result. This
control function is known as ‘altering distance func-
tion’. After this paper many authors have used al-
tering distance function to get fixed point results.
Recently ”altering distance functions” have been
extended in the context of Menger space by Choud-
hury and Das in [1]. This idea of control function
in Menger space has opened the possibility of prov-
ing new probabilistic fixed point results.

In recent years cyclic contraction and cyclic con-
tractive type mapping have appeared in several
works. This line of research was initiated by Kirk,
Srinivasan and Veeramani [7], where they, amongst
other results, established the following generaliza-
tion of the contraction mapping principle. In ad-
dition, it shoud be pointed out that the function
@ of cyclic p-contraction proposed by us is differ-
ent from that of cyclic p-contraction introduced in
[3]. We first bring notation, definitions and known
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results, which are related to our work.

A mapping * : [0,1] x [0,1] — [0, 1] is called
a triangular norm (abbreviated, t-norm) if the fol-
lowing conditions are satisfied:

(i) axb="b=x*a,

(ii) ax (bxc) = (axb)*c,
(iil) axb>cx*xd whenevera > cand b > d,
(iv) ax1=a,

for every a,b,c,d € [0,1].

A function F : R — [0,1] is called a distri-
bution function if

(i) F is non-decreasing,
(ii) F is left continuous,

(iii) infger F(z) =0 and sup,cp F'(z) = 1.

The set of all the distribution functions is denoted
by A, and the set of those distribution functions
such that F(0) = 0 is denoted by A™.

A Probabilistic metric space (briefy, PM-
Space) is a triple (X, F,*) where X is a nonempty
set, F' is a function from X x X into AT, * is
a continuous triangular function and the following

conditions are satisfied for all z,y € X:
(i) Fyy(t) =1for all t > 0 if and only if z = y;
(i) Foy(0) = 0;
(iil) Fry(t) = Fyo(t);

(iv) If F, ,(t) =1 and F, .(s) = 1 then F, (¢t +
s) = 1 where z,y,z € X.

A Menger space is a triplet (X, F, *), where (X, F)
is PM-space and x is a t-norm such that for all
p,q,7 € X and for all z,y > 0,

Fp,r(x +y) > Fp,q(x) * Fq,r(y)'

Let x, be a sequence in a Menger Space
(X, F, ). Then
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(i) The sequence x,, is said to be convergent to
xe Xifforallt >0, 0 <A< 1 there exist a
positive integer N such that F,,_ ,(t) >1— A
forn > N.

(#4) The sequence z,, is called a Cauchy sequence
if for all £t > 0, 0 < A < 1 there exist a pos-
itive integer N such that F (t) >1-A

for n,m > N.

nsTm

(#41) A Menger Space (X, F,*) is said to be com-
plete if each Cauchy sequence in X is conver-
gent to some point x in X.

Notice that a Menger Space is called compact if

every sequence contains a convergent subsequence.

2 Main results

Theorem 2.1. Let (X, F, ) be a compact Menger
Space. T : X — X a mapping satisfying the fol-
lowing condition:

FTz,Ty(t) > Fz,y (t) (1)

for all x #£vy. Then T has a unique fixed point.

Let X be a nonempty set, r be a positive in-
teger and f: X — X be a mapping. X = JI_, X,
is a cyclic representation of X with respect to f if

X;,t=1,2,--- ,r, are nonempty sets;

f(Xl) C X27 e 7f(X7‘—1) - X’l‘)f(XT‘) - X1~
A function ¢ : [0,1] — [0,1] is called a com-
parison function if it satisfies:

 is nondecreasing and left continuous;

o(t) >t for all t € (0,1).

Let (X, F,x) be a Menger Space, r be a
positive integer, Ay, Ag, -+, A, € Py(X), where
P.(X) denotes the collection of nonempty closed
subsets of X, Y =J;_,; 4; and f : X — Y a map-
ping. if

Ui, A; is cyclic representation of Y with respect
to f;
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there exists a comparison function ¢ : [0, 1] — [0, 1]
such that

Fra),p) () = @(Fry(t))

for any x € A;, y € A;4+1 and t > 0, where
Ar41 = Ajp, then f is called cyclic yp-contraction
in the Menger Space.

Theorem 2.2. Let (X, F,*) be a Menger Space,
r be positive integer, Ay, Ag, -+ A, € Py(X), at
least one of which is compact.

Y=U,_ A, f:Y =Y amapping. Assume that

(C1) Ui, Ai, is a cyclic representation of Y with
respect to f;

(C2) Fi(z),p)(t) > Fuy(t) for any x € A;, y €
A1 (x#y),i=1,2,--- 7.

Then f has a unique fized point z* € (,_; A;.
Theorem 2.3. Let (X, F, *) be a complete Menger
Space, r be positive integer, Ay, As,--- A, €
Py(X), Y =Ui_, Ai, ¢:10,1] = [0,1] be a com-
parison function, and f 'Y — Y be a mapping.
Assume that

(C1) Ui_, Ai., is a cyclic representation of Y with
respect to f;

(C2) f is a cyclic p-contraction.

Then f has a unique fized point x* € (\;_,; A; and
the iterative sequence {xy}n>0(zn = f(zp_1),n €

N) converges to x* for any initial point xg € Y.

Example 2.4. Let X =[0,4] be endowed with the
usual metric d(z,y) = |x — y|. Define Fy ,(t) =
4
t+ |z —yl
(X, F,x) is a PM-space with respect to t-norm

for all x,y € X and t > 0. Clearly,

axb=ab.

Let f: X — X be defined as f(x) =2 — 5. Set
A1 =10,2], Ay =[1,4]. Owing to f(A41) =[1,2] C
[1,4] = As, f(A2) =[0,3] C [0,2] = Ay, we can
obtain that A1 U As is a cyclic representation of X
with respect to f. Thus, all the conditions of Theo-
rem(2.2) are satisfied and x = % 1s the unique fized

point of f.
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Example 2.5. Let X = [0, 3] be equipped with the
ordinary metric d(z,y) = |z —y|, ©(17) = /T for
all 7 € [0,1]. Define F, ,(t) = e for all
z,y € X and t > 0. Clearly, (X, F,x) is an com-
plete Menger space with respect to t-norm axb = ab.

Let f: X — X be defined as

1, x € [0,1],
@)=
5, T S (1,3]
Set Ay = [2,3],42 = [0,3], it is obvious that

f(A1) = [0,1] C Az, f(42) = [},1] € A1 Thus,
f is a cyclic p-contraction in the Menger space
(X, F,*). Now, all the conditions of Theorem (2.3)
are satisfied and then f has a unique fixed point,
that is x = 1.
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all the elements of p(X) contains aBx. In present paper we by some examples shows that U.SD—nonfriendly
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property by several examples in banach spaces in banach spaces.
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1 INTRODUCTION

A Banach space X is said to be a US D-nonfriendly
space (i.e., uniformly strong Daugavet-nonfriendly)
if there exists an a > 0 such that every closed ab-
solutely convex subset A C X which intersects all
the elements of p(X) contains aBx.

Given an operator T' € L(X), the numerical range
of T is the subset of the scalar field

V(T)={a"(Tz) : xx,a* € Sx»,z"(x) = 1}.

*Corresponding Author
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The numerical radius is the seminorm defined on
Given an operator T' € L(X), the numerical range
of T is the subset of the scalar field

V(T)={z"(Tx) : zx,2* € Sx~,z"(z) = 1}.

Suppose X is a real Banach space, and ¢ stands
for + or —. We say that X has the € Square Dau-
gavet property (eSDP, for short) if, for any rank
one T € B(X),

| Id+eT?| =1+ ||T?| (SDE).
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Definition 1.2. A Banach space X has the Dau-
gavet property (DP in short ) (see [7]) if

[d +T|| =1+ [T (DE)

for every rank-1 operator T : X — X.

2 Examples

We  present two examples that shows
USD—nonfriendly from space into subspace are
not transmitted and vice-versa in general.

Let X = [0,1], and let
1 be the Lebesgue measure on X.  Clearly,
Lo(u) CLi(p). By [1, Corollary 2.6] Lo(u) is
the USD—nonfriendly. Suppose Li(u) be the
USD—nonfriendly, then, by [4] Li(p) have the
S D—nonfriendly, so has no the Daugavet property.
On the other hand, by [5] L1 () has the DP. This
is a contradiction.

Example 2.2. Let X = N, and let pu be the
Conuting measure on X. Obviously, Li(u) C
Lo(p).  According to [1, Corollary 2.6]Lo(p)
is the USD—nonfriendly. Now we claime that
Li(u) is not USD—nonfriendly. Let Li(u) be the
USD—nonfriendly, then, by [1] it has not the DP.
But by [4] Li(u) has the DP. This is a contradic-
tion.

Example 2.1.

Example 2.3. Put Y = L;(u) (p is the Counting
measure on N). Clearly, Li(n) = I3(N). By [7,
Example 1.1.14] n(Y) = 1. But by [4, Proposition
2.6] Y is not the USD—nonfriendly.

Example 2.4. Put X = L,(n) for 1 < p < c0. By
[4, Corollary 2.6.] X is USD— nonfriendly, but by
7] n(X) < 1.

This two examples show that the USD—nonfriendly
and n(X) = lare not equivalent in general.

Proposition 2.1. Let K be a compact Hausdorff
Banach space and X be a arbitrary Banach space.
If X is a separable USD—nonfriendly space, then
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on C(K,X) the strong Daugavet operators and

C'—narrow are equivalent.

Proof

For proof see ([4, Proposition4.3]).

An example indicates that a Banach space with
the USD—nonfriendly property, does not have the
—SDP in general.

Example 2.5. Set X = L,(u) for 1 < p < co. By
[4, Corollary 2.6.] X is USD— nonfriendly. Since
X is reflexive , by [1, Theorem 1] it does not have
the —SDP.

Example 2.6. Put X = Lo (1, L2(p)") (p is the
Lebesgue measure on [0, 1]). Clearly, p is o— finite
and an nonatomic measure, therefore by [6, Theo-
rem 2.5] X has the DP. Obviously, La(p)" = La(u)
and Lo () is reflexive. Then, by [8, Corollary 5.12]
Lo(p) has the RN P and hence by [2, Corollary 9]
X has the RNP. So, by [1, theorem 1] it does not
have the —SDP.

With presentation two example indicate that the
Daugavet property and USD—nonfriendly prop-

erty are not equivalent in general.

Example 2.7. Put X = L,(p) for 1 < p < co. By
[4, Corollary 2.6.] X is USD— nonfriendly. Since
X is reflexive, by [7, Corollary 2.5.] X fails to have
the Daugavet property.

Example 2.8.5etX=L;(x (g is atomic measure
on R). by [7] X has the Daugavet property, but by
[4] X is not USD— nonfriendly.

The following example illustrates that Banach
spaces that are USD—
nonfriendly does not have the —SDP essentially.

Example 2.9. Put X = L,(u) (1 < p <
o0).  According to [1, Corollary 2.6] X is
USD—nonfriendly . But it is well known that
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X 1is infinite dimension.
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Abstract: In this paper, we study asymptotic T'j mappping that is one new class of nonlinear mapping in
Hilbert spaces. This one class of nonlinear mapping contain some important class of nonlinear mappings,
like nonexpansive mapping and nonspreading mappings. We prove ergodic theorem, demiciosed priniples,
and weak convergence theorem for this nonlinear mapping.
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1 INTRODUCTION

set F(T) of fixed point of a quasi-nonexpansive

mapping T is a closed and convex set.
Let H be a real Hilbert space and C be a

nonempty closesd convex subset of H. A map-

In this paper, we study asymptotic T'j mapp-

ping that is one new class of nonlinear mapping in
ping T : C — C is said to be nonexpansive

if [Tz — Tyl < |lz — y|| for all z,y € C, and
a mapping T C — (C is said to be quasi-
nonexpansive if F(T)={z € C: Tz =2z} # 0 and
|[Tx—Ty| < ||lz—y| forallz € C,y € F(T), see [5].

Hilbert spaces. This one class of nonlinear map-
ping contain some important class of nonlinear
mappings, like nonexpansive mapping and non-
spreading mappings. We prove ergodic theorem,
demiciosed priniples, and weak convergence theo-

rem for this nonlinear mapping.

Definition 1.1. Let C be a nonempty closed con-
vex subset of a Hilbert space H. we say T : C' — C
is an asymptotic Tj mapping if there exists two
function oo : C — [0,2] and 5 : C — [0,k], k < 2,
such that

2 PRELIMINARIES

(a): 2|Tz—Ty|* < a(@)llz -yl + B(2)| Tz —y|?
(b): az)+ B(x) <2 forallxz € C.

It is clear that if T : C' — C is an asymp-
totic T'j mapping with F(T) # 0, then T is quasi-

nonexpansive mapping. It is well known that the

*Corresponding Author
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Throughout this paper, let N be the set of positive
integers and let R be the set of real number. let
H be a real Hilbert space with inner product (.,.)
and norm ||.||, respectively. We denote the strong
convergence and the weak convergence of {z,} to

x € H by z,, = = and x,, — x , respectively. In a
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Hilbert space, it is known that

IAz+1=2)yl* = Al[*+1-)[ly[*

for each z,y € H and XA € [0, 1], see [5].

Let £*° be the Banach space of bounded se-
quences with supremum norm. Let p be an element
of (¢>°)*, (the dual space of £>°). Then, we denote
by p(f) the value of p at f = (21,29, x3,...) € £>°.
Sometimes, we denote by p,(x,) the value u(f).
A linear functional g on ¢°° is called a mean if
u(e) = ||yl = 1, where e = (1,1,1,...). A mean
w is called a Banach limit on £*° if p, (1) =
tin(z,). We know that there exists a Banach limit
on ¢>*. If p is a Banach limit on ¢*°, then for
f=(x1,29,23,...) € L,

liminf z,, < p,(z,) < limsup x,.
n—00 n— 00

In particular, if f = (z1,22,23,...) € £~ and
Zn, — a € R, then we have u(f) = pn(z,) = a.
See [4] for the proof of existence of a Banach limit

and its other elementary properties.

For the proofs main results of this paper we

need the following lemmas.

Lemma 2.1. [}] Let C' be a nonempty closed con-
vex subset of a Hilbert space H. Let P be the or-
thogonal projection of H onto C. Then for each
x € H, we know that (x — pz,px — y) > 0.

Lemma 2.2. [6] Let D be a nonempty closed con-
vex subset of a real Hilbert space H. Let p be the or-
thogonal projection of H onto D, and let {xp}nen
in H. If |zne1 — u|| < ||n — ul| for all w € D
and n € N. Then, {px,} converges strongly to an
element of D.

3 Main results

In this section, we study demiclosed principle the-
orem and ergodic theorem for asymptotic T'j map-

ping in Hilbert spaces.

132

A=A [lz—y]

Theorem 3.1. Let C be a nonempty closed con-
vex subset of a Hilbert space H. Let o, be the
same as in Definition 1.1. Then, T : C' — C' is an
asymptotic T'j mapping if and only if
a(@)|z -yl  (a ( ) + B())

Tx—Ty|]? < + Ty
72Ty < SRS o

2, 2a(x)(z —Ty) + Bz )(va - Ty), Ty —y)
ylI* + 3= Ala)

for all x,y € C.

Theorem 3.2. Let C' be a nonempty closed convex

subset of a real Hilbert space H, and let T : C' — C

be an asymptotic Tj mapping. Let {x,} be a se-

quence in C with lim ||z, — Tx,| =0 and x, —
n—roo

w e C. Then Tw = w.

Theorem 3.3. Let C' be a nonempty closed convex
subset of a real Hilbert space H, and let T : C — C
Let {x,} be a se-
quence in C with hm sup||z, — T"x,|| = 0 and
T, —~w e C. ThenTw—w

be asymptotic Tj mapping.

Theorem 3.3 generalizes Theorem 3.2, since
the class of asymptotic Tj mapping contains the
class of nonexpansive mappings.

we prove ergodic theorem for asymptotic T'j
mappings.

Theorem 3.4. Let C' be a nonempty closed convex
subset of a real Hilbert space H, and let T : C' — C
be an asymptotic Tj mapping. Suppose o and [ be

the same as in Definition 1.1 such that gExi =r>
0 for all x € C. Then, the following con;@'tion are
equivalent.

(a): F(T) # 0

(b): for any x € C, Spx = %

weakly to an element in C.

In fact, if F(T) # 0, Then S,z — nh_}n;O PT"x for
each x € C, where P is the orthogonal projection
of H onto F(T).

n—1 mk
w—o 1"T converges

Theorem 3.5. Let E be a Banach space and C
be a nonempty subset of E and let T : C — C be
an asymptptic Tj mapping. Suppose that {T"x} is
bounded for some x € C' Then

| T = Ty||? < ol T2 — y%.
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Now we prove weak convergence theorem for
asymptotic T'j mapping in Hilbert space, which is
completely new, to the best of our khowledge.

Theorem 3.6. Let C' be a nonempty closed convex
subset of a real Hilbert space H and T : C' — C be
asymptotic Tj mapping. Let F(T) # 0 and {a,} be
sequence in (0,1). Suppose {x,} be defined by x1 €
C' chosen arbitrary and xp41 := aptp+(1—apn)Txy,
and suppose that linniigf an(l1 —an,) > 0. Then,

xy, — w for some w € F(T).
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Abstract: In the paper we establish the general solution of the function equation f(2z +y) + f(2z —y) =
2f(x +y) + 2f(z — y) + 2[f (2z) — 2f ()] and investigate the Hyers-Ulam-Rassias stability of this equation
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1 INTRODUCTION

It seems that the stability problem of functional
equations introduced by S.M. Ulam by a question
in 1940. In 1941, D.H. Hyers gave the first affirma-
tive answer to the Ulam’s question. In 1978, T.M.
Rassias generalized the Hyers’s answer. It gave rise
to the stability theory for functional equations. For
the History and various aspects of this theory we
refer the reader to [3].

In this paper, we deal with the next func-
tional equation deriving from additive and cubic

and functions:

fRr+y)+f2x—y) = 2f(z+y) +2f(z—y)
+2[f(2z) — 2f(x)]. (1)

It is easy to see that the function f(x) = ax® + cx
is a solution of the functional equation (1).

The main purpose of this paper is to estab-
lish the general solution of Eq.(1) and investigate
the Hyers-Ulam-Rassias stability for Eq.(1).

*Corresponding Author
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We recall some basic facts concerning 2-
Banach spaces and will quote some result proved
by the authors in [1, 2], which will be applied later
on.

Definition 1.1. Let X be a linear space over R
with dim X > 1 and let || .,. : X x X — R be a

function satisfying the following properties:

(@) || z,y ||= 0 if and only if x and y are linearly
dependent,

®) ey l=ly=l,

(©) llaz,yl=lell 2yl

@) lzy+zl=lzyl+ ez
for all x,y,z € X and o« € R. Then the func-
tion || .,. || is called a 2-norm on X and the pair

(X, |l - ) is called a linear 2-normed spaces.

Definition 1.2. A linear 2-normed space in which
every Cauchy sequence is a convergent sequence is

called a 2-Banach space.
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Lemma 1.3. Let (X, ] .,. ) be a linear 2-normed
space. If v € X and || z,y ||=0 for ally € X, then
z=0.

Lemma 1.4. For a convergent sequence {x,} in a

linear 2-normed space X,
lim ||z, y [[=] lm 2.,y |
n—oo n—oo
forally € X.
Lemma 1.5. If a mapping f : X — Y with

f(0) = 0 satisfies (2), then the mapping g : X —
Y defined by g(x) = f(2x) — 8f(x) is additive.

2 Main results

Throughout this paper, let X be a normed linear
space and Y a 2-Banach space. In this section, we
investigate the generalized Hyers-Ulam stability of
a mixed additive and cubic functional equation in
2-Banach spaces.

Theorem 2.1. Let 0 € [0,00), p,q,7 € (0,00) and
p+qg<landlet f: X — Y with £(0)=0 be a
mapping satisfying

| Df(z,y), 2| = | f(2x+y)+ f(2z —y)
—2f(x+y)—2f(z—y)
—2f(2x) +4f(z), z |
ollzPlyl®l=1" (2

IA

for all x,y,z € X. Then there is a unique cubic
mapping C : X — Y such that

I @) = O 1< 22 g o oy ) 3)
forallz,y € X.
Proof. Letting x = 0 in (2), we get
I f(y)+ f(=y),z [0 (4)

for all y,z € X. Replacing y by « and 2z in (2),
respectively, we get the following inequalities
I f(B32) = 4f(2x) +5f(x), 2 [< O |« [[P*] 2|,
(5)

135

| f(4x) — 2f(3x) — 2f(22) — 2f(—x)
+4f(x), = |
< 299 || @ P 2 " (6)
for all z,z € X. It follows from (4)-(6) that

| f(4z) —10f(22) +16f(x), 2 ||
< (24290 [ @ |PTY 2 | (7)
for all z,z € X. Let ¢ : X — Y be a mapping

defined by g(x) := f(2z) — 8f(z) for all z € X.
Therefore (7) means

I 9(22) —29(2), 2 [|< (2+ 290 || = [|P*9]| | (8)
for all z,z € X. Replacing z by 2"z in (8) and
dividing both sides of (8) by 2”1, we get

1 n+1 1 n
| oo = Sog(2"), 2 |

< (14207 H2@ta=Dng || o P 2 |7 (9)

for all z,z € X and non-negative integers n. For
all integers [, m with 0 <1 < m, we get

| jr0(2'2) — 5g(2m0), 2 | (10)

m—1

< 3 (1420 gk hng | g pa)| |
=l

1
for all z,z € X. Thus the sequence {2—ng(2"x)}
is a Cauchy sequence in Y. Since Y is a 2-Banach

space, the sequence {--g(2"z)} converges. So one
can define the mapping A: X — Y by

n—oo

1
A(z) := lim 2—9(2l x) (11)
for all x € X. Letting m = 0 and passing the limit
I — oo in (10) and applying lemma (1.4), we get
| f(22) = 8f(z) — A(z),y ||

1420 )
< Tt e Ply (12)

for all z,y € X. Now, we show that A is an additive
mapping. It follows from (9) and (11) that

I A(22) — 2A(), 2 ||

= 2 lim | ) —
n—oo

2 9(2"2), 2 ||
24290 || z [P 2 ||” lim 2n(PFTab) =g
n—oo

on a1 d(

IN
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for all x,z € X. So
A(2z) = 2A(x) (13)

for all x € X. On the other hand it follows from

(2) and (11) that
n— oo 2
_ : = n+1 n+1
= lim o {] DfE e 2y
—8Df(2"x,2"y), z ||}
< lim 2Pra—bn[grta 4 g)

n—oo

01l 1Py 10 2 11"

for all z,y,z € X.
fies (2). So by lemma (1.5), the mapping z —
A(2z) — 8A(x) is additive. Therefore (13) implies
that the mapping A is additive. So by (10), we get

Hence the mapping A satis-

14291

yls =tz PH]y 17 (14)

I 9(z) — A=),

for all z,y € X. So one can define the mapping
C:X —Yhby
C(z) :=

Alz) +9f () — f(22)

for all x € X. Then we have f(x)
g(x) — A(x) and

- Cla) =

142¢°1

C(z),y [I< Wﬂ | = ||p+q|| y "

| f(z) -
for all z,y € X. Clearly, for all z,y € X, we get
DC(z,y) =0.

To prove the uniqueness of C', let T': X —
Y be another cubic mapping satisfying (14). Then

we have
1 n n
| Clz) =T(z),y|l = 5, IC2")-T(2"2),y|
-1
14 2¢ o(p+a-1)n
- 1 —=9ptg—1

20 | = [Py II”

which tends to zero as n — oo for all z,y € X. By
lemma (1.3), we can conclude that C(x) = T'(z) for
all z € X. O
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Theorem 2.2. Let 6 € [0,00), p,q,r € (0,00) and
p+qg>1andlet f: X — Y be a mapping satis-
fying

I Df(z,y), 2 |

| 2z +y)+ f(2z—y)
—2f(z+y)—2f(z—y)
—2f(22) +4f(z), 2 |
Ol 2Py = II"

IN

for all x,y,z € X. Then there is a unique cubic
mapping C : X — Y such that

1—p
| F@) ~ C)y IS Ty

bl Py
forall x,y € X.

Proof. By the same argument as in the proof of
theorem (2.1), we get

I 9(2) — 29(2), 2 <2+ 20 || 2 P77 = |" (15)

for all z, 2z € X. Replacing x by ;ﬁ and multiply
both sides of (15) by 2™, then we have

| 29(o0) = 2" (), 2|
(2 4 29)2n(1—p=a) ,
< 0l P 2

for all z,z € X and all non-negative integer n. For
all integer [ and m with 0 <[ < m, we get

X X
2lg(—)—2myg
| 29(50) 2" g(5): 2 |
2429 i(1-p—q) + r
< 3oy | g ) £ |

i=l
9ll=p—=q) _ gm(l—p—q) 9 4 94a
] 2pt+q I

z |[PT) 2 |

1 —20-p—9q)
for all z,z € X. So we get
ly

for all z,z € X. Thus the sequence {Qng(%)} is
a Cauchy sequence in Y. Since Y is a 2-Banach
space, the sequence {Q"g(%)} converges. So one
can define the mapping A: X —Y by A(z) =

lim,, o0 27 g( —) for all x € X. That is,

_ x
Jim [ 2%9(57) — Alz), y |

for all z,y € X. The further part of the proof is

similar to the proof of theorem (2.1). O
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Abstract: By complex matrices which have the Perron-Frobenius (resp. complex Perron-Frobenius) prop-

erty, we have two collections of complex matrices. In this paper we obtain some necessary conditions on a

matrix A in these collections such that matrices e and A~ to be in theses two collections i.e. have the

Perron-Frobenius (resp. complex Perron-Frobenius) property.
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1 INTRODUCTION

A matrix A € R™*™ which has a nonnegative right
eigenvector whose corresponding eigenvalue is the
spectral radius of A. This property is known as
Perron-Frobenius property and the corresponding
eigenvector is called the Perron-Frobenius eigenvec-
tor of A. If in addition to this property, the eigen-
vector is (entrywise) positive and p(A) is simple
and strictly dominant, then we say that A has the
strong Perron-Frobenius property. For those two
properties we refer the reader to [3].

In 1907, Perron [2] proved that, if A is an
n X n entrywise positive matrix, then p(A) > 0 is
an eigenvalue of A and it has an entrywise pos-
itive eigenvector with respect to p(A). Later in
1912, Frobenius [1] extend this result to irreducible
n X n matrices with all nonnegative entries, and the

associated eigenvectorz is now called the Perron-

*Speaker
fCorresponding Author
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Frobenius eigenvector. Recently, in 2012, Noutsos
and Varga [4] stated two extensions of this property
to complex matrices.

As in [4], there are two types (Type I and
Type II) of extensions of the Perron-Frobenius
property to complex matrices. By A\;, ¢ = 1,...n,
we mean n eigenvalues of an n X n complex matrix.

For extension of Type I, we have

Definition 1.1. We say that A1 is a dominant
eigenvalue of A € C™*™ if it is a largest in modu-
lus eigenvalue, i.e., |A\1| > |N\;|, i =1,...,n so that

[Ar] = p(A).

Definition 1.2. A matriz A € C™*" has the
Perron-Frobenius property if it has an eigenvalue
A1 = p(A) > 0, and an associated nonzero column
eigenvector x, which has all nonnegative compo-
nents. This vector is called right Perron-Frobenius

eigenvector of A.
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Definition 1.3. A matrivx A € C™ ™ has the
strong Perron-Frobenius property if it has a sim-
ple eigenvalue A1, with |\1| > |\i|, for all remain-
ing eigenvalues \;, i = 2,...,n, of A, so that
M = p(A) > 0, and to M1, there corresponds a
column eigenvector x, which has all positive com-
ponents. this vector is called a strong right Perron-
Frobenius eigenvector.

For extension of Type II, we have the follow-

ing two definitions from [4],

Definition 1.4. A matrix A € C™*™ has the com-
plex Perron-Frobenius property if it has a domi-
nant eigenvalue Ay, which is positive and its associ-
ated (nonzero) eigenvector x can be chosen so that
zy], then Rex; > 0
forall j =1,....n. The vector x is called the com-

Rex >0, i.e., ifx =[x 2o ...

plex right Perron-Frobenius eigenvector.

Definition 1.5. A matriz A € C™ " has the
strong complex Perron-Frobenius property if it has
a dominant eigenvalue A\ which is positive, simple,
with Ay > |\il, ¢ = 2,...,n, and for the associated
eigenvector x, there holds: Rex > 0, i.e., Rex; > 0
forall j =1,...,n. This vector z is called a strong

complex right Perron-Frobenius eigenvector.

For examples on these two definitions and
more information about this subject, we refer the
reader to [3], [4] and [5].

2 Main results

We consider two collections of complex matri-
ces which have the Perron-Frobenius or complex
Perron-Frobenius property. Following we obtain
some necessary conditions on a matrix A € C™*"
such that matrices e and A~! be in theses col-
lections i.e. have the Perron-Frobenius or complex
Perron-Frobenius property.

Lemma 2.1. If A € C™*" has the Perron-
Frobenius  property(or the complex Perron-
Frobenius property ) then, p(e?) = er) and
E)\(A) C Ex(e?) for all X € o(A).
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Proof. We know that o(e?) = {e* : X\ € o(4)}
hence

ple?) = max{|e*| : A € 0(A)} = max{ef* : X € 5(4)},

Let A € o(A) since ReA < |ReA| < |A] <
p(A), efier < P4 A has the Perron-Frobenius
property hence e?) € o(e?) which implies

that p(e?) = P4, For the second statement,
let (\,x) be an eigenpair of A, so (e?)r =
v hAre = 522 L(N)"e = e*z. Therefore
Ex(A) C Ex(e?). O

Theorem 2.2. If A € C™*" has the Perron-
Frobenius property then, e has the Perron-
Frobenius property. Moreover, if A has the complex
Perron-Frobenius property then, e has the complex
Perron-Frobenius property.

Theorem 2.3. Let A€ C™*" and |1 — \| < 1 for
all A € o(A) then the following are true,

(i) If I — A has the Perron-Frobenius property
then A~! has the Perron-Frobenius property.

(i) If I — A has the strong Perron-Frobenius
property then A™' has the strong Perron-
Frobenius property.

Lemma 2.4. If A € C"*™ has the Perron-
Frobenius (resp. strong Perron-Frobenius) property
then, aA* has the Perron-Frobenius (resp. strong
Perron-Frobenius) property for all o > 0 and for
all positive integer k.

Theorem 2.5. If A € C™ "™ has the Perron-
Frobenius (resp. strong Perron-Frobenius) property
then, there exists o > 0 such that (I — aA)~!
has the Perron-Frobenius (resp. strong Perron-

Frobenius) property.
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1 INTRODUCTION

Fixed point theory is an important and actual topic
of nonlinear analysis.

During the last four decades fixed point theorem
has undergone various generalizations either by re-
laxing the condition on contractivity or withdraw-
ing the requirement of completeness or sometimes
even both ,but a very interesting generalization was
obtained by changing the structure of the space
According to this argument, Matthews [5] intro-
duced The notion of partial metric space After
that,fixed point results in partial metric spaces and
metric-like space have been studied by many au-
thors [2,3,4,5],Recently. Alghamdi[1] introduced b-
metric-like space and gave some fixed point results
in such space In this paper,we some common fixed
point theorems for two self-mappings in b-metric-

like space.

*Corresponding Author
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2 B-METRIC-LIKE SPACE

In the following definitions we assume that X is

nonempty set.

Definition 2.1. A mapping P : X x X — R is said
to be a partial metric on X if for any z,y,z € X
,the following conditions hold;

(P1) z =y if and only if p(z, ) = p(y.y) = p(z,y).
(P2) P(z,z) < P(x,y).

(Ps) P(x,y) = Py, ).

(Py) P(z,2) < P(z,y) + Py, 2) = P(y,y).

The pair (X, P) is called a partial metric space.

Definition 2.2. A mapping o : X x X — R is said
to be a metric-like on X if for any x,y,z € X ,the
following conditions hold;

(01) o(z,2) =0= 2 =y.

(02) o(2,y) = o(y, ).

(05) (2, 2) < o, ) + oy, 2).

the pair (X, o) is called a metric-like space.

Definition 2.3. A b-metric on X is a function
D: X x X — [0,00) such that for z,y,z € X and
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an constant K > 1 the following conditions hold:
(D1) D(z,y) =0z =y,

(D2) D(z,y) = D(y, z),

(D3) D(z,y) < K[D(m, z) + D(z,y)].

The pair (X, D) is called a b- metric-space.

Definition 2.4. A b-metric-like on X is a function
D: X x X — [0,00) such that for x,y,z € X and
an constant K > 1 the following conditions hold:
(D1) D(z,y) =0= 2z =y,

(D2) D(x,y) = D(y, ),

(D3) D(x,y) < K[D(z,2) + D(z,y)].

The pair (X, D) is called a b- metric-like space.

Example 2.5. let X = [0,00) ,Define the function
D: X% —[0,00) by D(z,y) = (z+y)? ,then (X, D)
is a b-metric-like space with constant K = 2.

Definition 2.6. Let (X,D) be a b-metric-like
space and let {x,} be a points of X and x € X.
{zn} is said to be convergent to x and denote it by
Tp =z, if im, oo D(x,2,) = D(z,2).

Lemma 2.7. let y, be a sequence in a b-metric-
like space (X, D, K) such that;

D(Yn, Yn+1) < AD(Yn—1,Yn). for some A
and 0 < X < K7!' and each n € N, then

hmn,m—)oo D(ym7 yn) =0

Definition 2.8. let (X, D, K) be a b-metric-like
space Define,
DS : X? —[0,00] by

Ds(x7y) = |2D($,y) —D(.’L‘,l‘) _D(y’y)|'

3 COMMON FIXED POINT
RESULTS ON A B-
METRIC-LIKE SPACE

Theorem 3.1. let (X,D,K) be a complete b-
metric-like space. Assume that S,T : X — X are
mappings such that;

D(T,Sy) > |R+ Lmin{D* (2, Tx), D*(y, Sy),

D*(x, Sy), D*(y, Tx)}| D(x.y).
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for all z,y € X, where R > K, L > 0 then T and

S have a common fized point.

Corollary 3.2. let (X,D,K) be a complete b-
metric-like space. Assume that S, T : X — X are
mappings , such that; D(Tx,Sy) > RD(x,y) for
alle,y € X, where R > K, then T and S have a

common fixed point.

let UE denote the class of those functions
B : (0,00) — (L?,00),which satisfy the condition
B(t,) = (L)t = t, — 0, where L > 0

Theorem 3.3. let (X,D,K) be a complete b-
metric-like space, Assume thatS,T : X — X are
mappings , such that ;

D(Tz,Sy) > B(D(x,y))D(w,y) for all z,y €
X, where B € \Ilg,then T and S have a common
fixed point.

Corollary 3.4. let (X, P) be a complete partial
metric space , Assume thatS,T : X — X are map-
pings , such that ; P(Txz,Sy) > B(P(z,y))P(x,y)
for all z,y € X,where B € WY then T and S have

a common fized point.

Corollary 3.5. let (X, 0) be a complete metric-like
space, Assume that S, T : X — X are mappings ,
such that ; o(Tx,Sy) > B(o(x,y))o(x,y) for all
xz,y € X,where B € \11}3, then Tand S have a com-

mon fixed point.

Corollary 3.6. let (X,d,K) be a complete b-
metric space, Assume that S,T : X — X are map-
pings , such that ; D(Tx,Sy) > B[d(m,y)} d(z,y)
forallx,y € X, where B € \I/IB{, then T and S have

a common fized point.
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