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Lie Group Method for Solving the Kaup-Kupershmidt

Equation
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P. Vafadar fM.Sc.

University of Bonab, pa.vafadar@gmail.com

Abstract: In this paper, based on classical Lie group method, with the help of Maple software, we study

Kaup-Kupershmidt equation, and get its infinitesimal generator, commutation table of Lie algebra, symmetry

group, optimal system and similarity reductions.

Keywords: Similarity solutions, Lie symmetry, Kaup-Kupershmidt equation, Invariant solution, Optimal

system.

1 INTRODUCTION

The (2 + 1) dimensional

Kupershmidt equation under consideration is [6]

so-called Kaup-

75
gut + Ugzzze + 15uuzzw + ?uzuzz + 45U2uz

+50 Uy — 50(0, Muyy) + 150uny, + 150u, (9, M uy) = 0
(1)

where 02 = 1. This equation is also called the CKP
equation. When u(z,y,t) = u(z,t) ,(1) becomes
the Kaup-Kupershmidt equation

75
QU + Upppar + 1DUULzr + —UgpUpy + 45u2uz =0.

2
(2)

Sophous Lie in his famous paper [4] proved that a
linear two-dimensional second-order PDE may ad-
mit at most a three-parameter invariance group.
Such invariance groups are invertible transforma-
tions of both the dependent and independent vari-

*Corresponding Author
Tspeaker

ables of the different equations. Several applica-
tions of Lie groups in the theory of differential equa-
tions were discussed in the literature [7, 1, 2, 3].
The most important ones are: reduction order of
partial differential equations and detection of lin-
earizing transformations, construction of invariant
solution, construction of soliton solution, mapping
solutions to other solutions and so on. Finding ex-
act solutions of NLPDEs is an arduous task and
only in special cases one can write down the so-
lutions explicitly. Deposit of this difficulty, Lie
group symmetry method is one of the most power-
ful methods among the present methods, to deter-
mine exact solutions of NLPDEs. There are many
papers in this field which some of the interesting
ones are [5, 8, 9].

The outline of the paper is as follows. In section2,
we present the Lie symmetry analysis of Eq.(2);
in Section3, the optimal system of subalgebras are

constructed for Kaup-Kupershmidt equation. Fi-



nally similarity reductions and exact solutions of
Eq. (2) are constructed.

2 Lie
of the Kaup-Kupershmidt

symmetry  analysis

equation

In this section, we perform Lie symmetry analy-
sis for Eq.2, and obtain its infinitesimal generator,
commutation table of Lie algebra.

According to the method of determining the in-
finitesimal generator of NPDEs, we take the in-
finitesimal generator of Eq. 2as follows:

0 0 0
V= 61(3772‘:7”)% +£2($7t7u)§ + (b(.’L',t, u)%

(3)
where & (x,t,u), &2(z, t,u) and ¢(x,t,u) are coeffi-
cient functions of the vector fields to be determined.
Using the invariance condition pr(5)V(A) = 0,
where A is Eq. 2 and pr®V is the fifth prolon-
gation of V, applying the fifth prolongation of V to
Eq. 2, and with help of Maple software, we get

1
61 = 01 + 50317,
§2 = Uy + Cit, (4)
2
¢ = —gCgu

where C1,C5 and C'5 are arbitrary constants. Hence
the Lie algebra of infinitesimal symmetries of Eq.

2 is spanned by the following vector fields:

0 0
Vl_%v ‘/2_&7

1 0 0 2 0
Vs=cagotig — 35Uy, (5)

The commutation relations of Lie algebra deter-
mined by Vi, V5, V3, are shown in Table 1.

TABLE 2.Adjoint representation of the Lie algebra of the

Kaup-Kupershmidt Equation

Vi v Vs
Vi 0 0 W
v 0 =z
Vi —1ing v, 0

Theorem 2.1. The Lie algebra of equation.(2) is

not semi-simple.

Theorem 2.2. The Lie algebra of equation.(2) is

solvable.

The one-parameter group G;, generated by the vec-
tor fields V;,i = 1,2, 3, are given by exp(&(z,t,u)),
that is, the corresponding point transformations

are:

G1: (z,t,u) = (x+e,t,u),
G2 : (.T,t,u) — (CL’,t-ﬁ-E,’LL),

Gs : (x,t,u) — (eéfac,eat,e_%au).

3 Adjoint representation

In this section we shall obtain the adjoint repre-
sentation of the symmetry Lie algebra g in order to
look for a way to find some group invariant solu-
tions for the Kaup-Kupershmidt equation. In Ta-
ble 2. we present the adjoint representation of the
symmetry Lie algebra g. The entries of the table
are given as follows: in the row ¢ and column j, the

corresponding entry is:

2
Ad(exp(eVi))Vy = Vy — e[Vi, Vi + = [Vi, [V, Vil + -+

2
(6)
Furthermore, we can compute the adjoint represen-

tations of the vector fields.

TABLE 2.Adjoint representation of the Lie algebra of the

Kaup-Kupershmidt Equation

Vi Vs Vs
Vi W v Vs — 1en;
Vo Vi Va Vs + §6V2
V3 6%6‘/1 e_%s‘/g Vs

Theorem 3.1. The optimal system of one-
dimensional subalgebras corresponds to (2) is ex-
pressed by

1. Vs,

2. aVi + Vs, a€{-1,0,1},

3. .



4 Similarity reductions and

exact solutions

In the preceding section, we obtained the vector
fields of Eq(2). Now we deal with the similarity
reductions and exact explicit solutions for the two
equations based on the symmetry analysis.

A solution of a PDE in two independent variables
can be constructed by two invariants of the group.
One of these two invariants becomes the new inde-
pendent variable ¢ = {(x,t) the so-called similarity
variable, and the other invariant plays the role of a
dependent variable S(¢) given by a general relation
in the form H = H(x,t,S(¢)) with the dependence
of H on = and ¢ and the arbitrary function S(¢)
known explicitly. Therefore, every PDE of order n
can be converted into an ODE of the same order
in the sense of a similarity reduction. In order to
reduce PDEs (2) to a system of partial differential
equations with only two independent variables, we
construct similarity variables and similarity forms
of field variables. Using a straightforward analysis,
the characteristic equations used to find similarity

variables are:

dr dt B du

— =—=—=de. (7)
& & ¢

Integration of first order differential equations cor-
responding to pairs of equations involving only in-
dependent variables of (7) leads to similarity vari-

ables.We distinguish three cases:

1. For the generator V3, we have the following

similarity variables

(=— S(¢) = ua? (8)

From now, we suppress the argument ¢, that
means S(¢) = S, a prime denotes d/df and
brackets are used for derivations of higher or-
der.

The similarity function S satisfies the given

nODE, which is, in particular, a complete re-

duction of Eq. (2),

18053 + 1875¢%S" + 9052 (18 + 5¢S")
+35’(—6 + 36480¢ + 3125¢3S")
+305(48 + 805¢S" 4 725¢25" +125¢353))
+250¢2(16565” + 5¢(2765®) + 70¢5™
+5¢25®))) =0 (9)

by numerical solution we obtain Fig.1.

Figure 1: Solution curves of the nODE (9) generated by
different initial values,

S(1)=1,58(1)=2,8"(1) =3,5®(1) =4, (1) =5

. For the linear combination V' = aVj + V5, we

have:
(=x—at, S =u (10)
The similarity function S satisfies the given
nODE, which is, in particular, a complete re-
duction of Eq. (2),
75
—905' +455%5" + -5'S" + 1585® 4+ 5®) =
(11)

. For the generator V7, we have the following

similarity
C=t,  S(Q)=u (12)
We reduce equation2 to the following ODE:
95" = 0. (13)

therefore, S({) = ¢, where c is arbitrary con-

stant.
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Abstract: In this paper, the Adomian decomposition method (ADM) is applied to obtain the approximate

solution of fuzzy convection-diffusion equation (FCDE). The analytical-approximate solution of this equation

by Adomian decomposition method (ADM) is offered.
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1 Introduction

The Adomian decomposition method is a powerful
method to solve the linear or nonlinear differential
or integral equations [3, 19].

Convection diffusion equation (CDE) is a combi-
nation of the diffusion and convection equations,
and describes physical phenomena where particles,
energy, or other physical quantities are transferred
inside a physical system due to two processes. This
equation is solved by many methods such as finite
difference method and Alternating Group Iterative
Method [14, 22].

In recent years, some numerical and analytical
methods were proposed in order to solve fuzzy dif-
ferential equations such as [1, 2, 4, 5, 6, 7, 10, 15,
16]. In this work, we consider the following fuzzy
case of convection-diffusion equation and apply the
ADM to solve it.

9%
- 781'27

ou ou
+oa—

ot ox
*Corresponding Author

0<z<lIt>0,

(1)
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with the initial condition,

u(z,0) = f(b),

0<z <,

(2)

where 7i(z,t) is unknown fuzzy function, f(z) is
known fuzzy function, and «,~ are known crisp
constants.

In section 2, we remind some fuzzy concepts briefly,
then in section 3, we apply the ADM for FCDE,
in section 4, we solve two examples and offer the

analytical- approximate of them by ADM.

2 Preliminaries

In this section, we recall some basic definitions of
fuzzy sets theory mentioned in [8, 11, 12, 13, 17,
18, 20].

Definition 2.1. A fuzzy parametric number u is
a pair (u(r),u(r)) , 0 < r < 1, which satisfy the
following requirements :

1. u(r) is a bounded left continuous non-

decreasing function over [0, 1].
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2. @(r) is a bound left continuous non-

increasing function over [0, 1].
3. u(r) <a(r), 0<r<1.

Remark 2.1. Note that by the above definition a
fuzzy function is i-differentiable or ii-differentiable
of order n if f®) for s = 1,...,n is i-differentiable
or ii-differentiable. It is possible that the different
orders have different kind i or ii differentiability.

For a given fuzzy function f ,we have two possibil-
ities according to the definition 2.5 to obtain the
derivative of f at t: D1(f(t)), Da(f(t)).

Then for each of these two derivatives, we have
again two possibilities:

Dy(Dy(f(t)) = D31 (f(t)), D2(Di(f(8)) = D3, (f(2)

and

Dy(Da(f(t)) = D3 5(f(t)) , D2(D2(f(t)) = D3 5(f(2).

In similar we consider the n-order differential of f.

For example

D 51 (f(£)) = Di(Da(D1(f(1)))).

3 The Adomian decomposi-
tion method for FCDE

In this case, we apply ADM to solve the Eq.(1). Ac-
cording to the definition 2.1 with assumption that
u is i-differentiable in terms of x, ¢, we rewrite the
Eq.(1) in the following form,

(3)

(ut’ﬂt) + a(ull"’ﬂm) = W(szaﬂmx)y

with the initial condition,

u(@,0) = (f(2), f(x)).

(4)
We consider the following cases, by attention to the
signs of a and ~:

1. If « and v > 0,

{ Uy + QU = YUy,
Ut + AUy = YUgy
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2. If a>0and v <0,

{ Uy + au, = VECDI

3. Ifa<0and vy >0,

{ Uy + Oy = Yy,
Uy + U, = Ylgy

4. If @ and v < 0,
Uy + au, = VECDI

And initial conditions,

u(z,0) = f(x), ul(z,0) = f(z).

(9)

According to the description of the ADM, we con-

sider uw = Y0 w,, and @ = Y Wy

solve the given systems of partial differential equa-
tions (5)-(8).

Then, we

Hence, we consider,

Qo:iv ﬂ():f (10)
Form > 1,
in case.l:
t ou,, _ o%u,, _
um = f(;(_aaiaz . + 782(2332 . )dTv (11)
Uy, = fo(—a ug;‘l + g;;_l)dﬂ
in case.2:
t ou,, 0Ty —
Uy = fO(—O[ Oz : +’Yazgzz 1)d7—, (12)
— t Oy — U,y
Um = Jo(—a=F + =55 )dr,
in case.3:
t Oy, — %u,, _
= fot(_aauax 1 +7326x2 ), (13)
_ u,. U
U = [y (—a—4s2 + 75552 )dr,
in case.4:
t Ol — 0% U
T IO(_Oéaumc 1 +Vazgz2 H)dr, (14)
_ t u,, _ u,,_
Um :fo(_a oz L +")/ po) l)dT.

In other case of differentiability of & in terms of x

or t, we can construct other four cases, similar to
the (11)-(14).
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4 Numerical examples

In this case, we solve two sample fuzzy convection-

diffusion equations by ADM .

Example 4.1. We consider Eq.(1) with a =
0.0001,y = 1.0001 and f(z) = ((2r% — 1)e®, (2 —
r)e*), also we suppose u(z,t) is i-differentiable in

terms of z,t, and consider Eq.(11). By applying

ADM and choosing iy = ((2r? — 1)e®, (2 — r)e?),
we have,
uy = ((2r* — 1)e%t, (2 — r)e“t),
T = (22 = De(5), (2 = e (52))
T = (212 — 1)e"(26%), (2 = r)e (ét?’)),

, that it converges to
r)e” ).

In general & = wo+u;+uz+- -
the exact solution @ = ((2r2 — 1)e**t, (2 —

Example 4.2. In this example we consider Eq.(1)
with @ = 0,7 = —1 and f(z) = ((4r — 3)e”, (2 —
r2)e®), also we suppose u(z, t) is ii-differentiable in
terms of ¢ and i-differentiable in terms of . There-
fore,

Ut = —Ugg

U, = —U (15)

By applying ADM, we construct following formu-
las,

(—y g )dr,
)dr,
e, (2—1r?)e?),

the ADM gives us the following results,
up = (4r —3)e"(—t), W= (2 —r?)e" (1),

Um = fo
2
fo 7 5: 5)
Therefore, by choosmg g = ((4r—3)

(16)

1 1
= (4r — 3)617(5152)7 Uy = (2 - T2)€I(§t2)7
1 1
uy = (4 =B (— 1), Ty = (2— 1)t (— ),
In general u = uy +u; +uy + -+, and w =
Ug + Uy + Uz + - --. That it converges to the exact

solution u = ((4r — 3)e*~t, (2 — r?)e*~t).
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5 Conclusion

In this work, we applied the Adomian decomposi-
tion method to obtain the analytical-approximate
solutions of fuzzy convection-diffusion equation,
and we compared the results with the exact solu-
tions to show the efficiency of these method.
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Abstract: Description of relationships between species in the nature by a system of differential equations

is the applied areas, especially, in mathematical ecology. Some scientists try to find out a general method

to describe the above relationships. Kolmogorov worked out to achieve an overall relationship by analyzing

of relationships between species in 1936. The present article studies the environment which is included two

coexistence species. It is assumed that there is intergroup competition to obtain the food and habitats. The

employed method is linearization. Finally, an analysis for the equilibrium points is presented.

Keywords: Equilibrium point, Kolmogorov equations, Coexistence species, Asymptotically stable.

1 INTRODUCTION

There are situations in which the interaction of two
species is mutually beneficial. One of the exam-
ples is coexistence between remora fish and shark.
In fact, in this coexistence one of species benefits
to other. And also, another species does not hurt.
Kolmogorov could describe this type of the interac-
tions by one general system of differential equations

which is given as follows:

% =af(z.y)
(1)

L = yg(a,y)

where the function x(t) and y(t) describe the pop-
ulations density of the first and the second species
respectively. Two variables functions f(z,y) and

g(x,y) represent the growth rates of the above cor-

*Corresponding Author
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responding species. By using the signs of partial
derivative, the above interaction is characterized in
three cases which are

1) prey-predator;

i1)coexistence;

iii) competition.

It is clear that if % > 0 and %ﬂ% > 0, then
the mentioned interaction of species is coexistence
[4,5,6,7]. In the above model, moreover, the follow-
ing assumptions are considered:

i) 1) The species have mutual interactions. It means
that two existing species could survive separately.
1) 1) Because of existing intergroup competition,

the species can not growth unbounded.

Now, we bring the following theorem which
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is employed to prove the main theorem in this re-
search.

Theorem 1.1. Let us consider the point (x*,y*)
as an equilibrium of the system (1). Moreover, as-
sume that all eigenvalues of the coefficient matrix
often linearization at this equilibrium have negative
real parts.

If the following inequalities are true:

detA = fo(2",y")gy (2", y") = fy (27, y")ga (2", y7) > 0

and
traceA = fr(x*,y")gy (=™, y*) <0,

then the equilibrium point (z*,y*) is asymptotically
stable [1,5].

2 MAIN RESULTS

First, consider the following initial value problem

which is a special case of Kolmogorov model:

%:x()\—ax—kby) z(0) =0
(2)
W =ylutcx—dy) y(0)=0

where the function z(¢) represents the population
of first species x at time ¢t and the function y(t)
represents the population of species y. We assumed
that all of parameters a, b, ¢, d, A, u, which are pos-
itive constants, are interpreted as follows:

1) b is the effect of species y on species x;

i) ¢ is the effect of species & on species y a is self
- limiting factor of species z;

111) d is self - limiting factor of species y.

Some similar models are analyzed in
[2,3,4,5]. The mutualism of the interaction is mod-
eled by the positive nature of the interaction terms
cx and by. In mutual interaction, the constants A
and p are positive [2]. By using the signs of partial
derivative as follow:

df
d_y_b>0

30

and

A 0
dr c>0,

one can see that the model (2) is coexistence type.

Similarly one can see if

df

ar = <0
and i

g

—:—d

y <0,

then the intergroup competition is obvious.

Theorem 2.1. For the mutualism system of Kol-
mogorov equations (2), the noun-zero equilibrium

point (x*,y*) exists and it is asymptotically stable.

Proof. The equilibrium point (z*,y*) is the inter-

section point of the following lines:
Ly:az* —by* =\

Ly : —cx™ 4+ dy* = p.

Thus
.« CAtap
" ad—be

and
.« dN+ap
T ad—be’

By using the sign of ad — bc, the two cases will be
appear:

1) If ad < be, then there is a region of the phase
plane in which solutions become unbounded. i) If
ad > bc, then the mutualism effects are smaller
than the self-limiting terms in the per capita
growth rates, and the slope of the x -isocline is
greater than the slope of the y-isocline.

Then, the Jacobian matrix of the point

(z*,y™) may be calculated as follows:
—ax® bz
A|(w*:y*) = ( c * —d * >
Y Y

detJ = z*y*(ad — bc) > 0.

Hence,

And
traceJ = —az”™ — dy* < 0.



The 45" Annual Tranian
Mathematics Conference

U gus

Thus,

A = (—az* — dy*)? — 4(ad — be)z*y*
= (az* — dy*)? + dbcx*y*

By using theorem (1), one can see the equilib-
rium (x*,y*) is asymptotically stable for system
(2). Therefor, the proof is done. d
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1 Introduction

Fuzzy differential equations appear as a natural
way to model the propagation of epistemic un-
There
are several interpretations of a fuzzy differen-

certainty in a dynamical environment.
tial equation. = The first one historically was
based on the Hukuhara derivative introduced in
Puri-Ralescu [1] and studied in several papers
(Wu-Song-Lee[2], Kaleva[3], Ding-Ma- Kandel[4],
Rodriguez-Lopez[5]). This interpretation has the
disadvantage that solutions of a fuzzy differential
equation have always an increasing length of the
support. This fact implies that the future behavior
of a fuzzy dynamical system is more and more un-
certain in time. This phenomenon does not allow
the existence of periodic solutions or asymptotic
phenomena. That is why different ideas and meth-
ods to solve fuzzy differential equations have been
developed. One of them solves differential equa-
tions using Zadeh’s extension principle (Buckley-
Feuring [6]), while another approach interprets
fuzzy differential equations through differential in-
clusions. Differential inclusions and Fuzzy Differ-
ential Inclusions are two topics that are very inter-

*Corresponding Author

32

esting but they do not constitute the subject of the
present work (see Diamond [7], Lakshmikantham-
Mohapatra [8]).
been developed based on generalized fuzzy deriva-
In the

present work we review with the interpretations

Recently new approaches have
tives discussed in the previous chapter.

based on Hukuhara differentiability, Zadeh’s exten-
sion principle and the strongly generalized differen-
tiability concepts. Differentiability in the sense of
Hukuhara is one of the first approaches to define
the concept of solution to a fuzzy differential equa-
tion and to study the existence of such solutions.
Then we attempt to drive some new result among

previous work.

2 Preliminaries

In this section, we present some notations, defini-
tions and preliminary that will be useful for our
main results. This materials can be found in the
literatures [1, 9, 10, 11].

Consider the space Rp of fuzzy intervals, that is
the class of elements u : R — [0, 1] satisfying that
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(1) u is normal,i.e.,there exists s € R such
thatu(sg) = 1.

(#9) w is upper semicontinuous on R.

(#i1) w is fuzzy-convex, that is, u(tx + (1 — t)y) >
min{u(z),u(y)}, Vt € [0,1] and z,y € R.

(v) cl{s € R | u(s) > 0} is compact, where ¢l
denotes the closure of a subset.

Let us denote by Rp the space of fuzzy numbers.
For 0 < r < 1, we denote u, = {z € R;u(z) > r}
and up = cl{x € R;u(x) > 0}. Then u, will be
called the r-level set of the fuzzy number u. The
1-level set is called the core of the fuzzy number,
while the 0-level set is called the support of the
fuzzy number. We represent [u]® = [uq,, Uq, ], SO
that diam([u]®) = uq, —Ua,. The functions @ and u
given by U(a) = uq, and u(a) = u,, represent the
lower and upper branches of u, respectively. For
the study of equation y/(t) = a(t)y(t) + b(t) in Rp.

2.1 Definitions and theorems

Given z,y € Rp, if there exists z € Rp with
r = y + 2z, we say that z is the H-differenceof
Let f: (a,b) = I
and to € (a,b). We say that f is strongly general-
ized (Hukuhara) differentiable at tg, if there exists
an element F’(tg) € I such that, for all h > 0 suf-
ficiently small,

randy, denoted by = © y.

(Z)El F(to) S F(to - h), F(to + h) © F(to) and
lim F(to+h)© F(to) _

h—0t

lim = F'(ty) or,

h—0t

h
F(to) © F(to — h)
h

(it)3 F(to) © F(to+ h), F(to — h) © F(ty) and

lim F(to) S F(to + h) _

h—0t —h N

F(to — h) © F(to)
—h

limy, o+ = F/(to) or,
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(Z’L’L)H F(to) S F(to + h), F(to) © F(to - h) and
(F(to) © F(to + h)

li =
hs0+ —h

. F(to) © F(to — h) y

1 =F'(t
AT (to) or:

(Z’U)E' F(to) © F(to + h),F(to) © F(to - h) and
F(to) © F(to + h)

li =
hLIng —h
. F(tg)©F(to —h) ,
| = F'(tg).
hg(r)l*' h (t0)

As stated in [9], case (i) corresponds to the H-
derivative (see [1]). A function that is strongly gen-
eralized differentiable as in cases (i) and (ii), will
be referred as (i)-differentiable or (ii)-differentiable,
respectively. For cases (iii) and (iv), it is known
(see [11]) that a function may be (iii) or (iv)-
differentiable only at a discrete set of points, con-
sisting exactly of the points where differentiability
switches between cases (i) and (ii).

In this here we consider the fuzzy initial value prob-
lem o’ = f(t,x),x(to) = x0 € Rp under Hukuhara
differentiability. The function f: R X Rp — Rp
is assumed to be continuous. The following lemma
transforms the fuzzy differential equation into in-
tegral equations. In the present the differentiabil-
ity concept is that of Hukuhara differentiability.
A fuzzy differential equation is written using the
For ty € R, the fuzzy dif-
ferential equation ' = f(t,x),x(ty) = o € Rpis

Hukuhara derivative.

continuous, is equivalent to the integral equation
z(t) = xo—i—fti f(s,z(s)), on some interval [tg, 1] C
R. Given two fuzzy numbers u,v € Rp, the
generalized Hukuhara difference (gH-difference for
short) is the fuzzy number w, if it exists such that,

uwS gHv =w< ()u=v+wor (it)v=u—w.

We say that a point z¢ € (a, b) is an l-critical point
of f if it is a critical point for the length function
len(f(z)) = ff(z) — f~(x). Let f:[a,b] > I
be gH-differentiable at z¢ € (a,b). We say that f is
(i)-gH-differentiable at x¢ if
(1) f"(wo) = [(f7)" (o), () (wo)]
and that f is (ii)-gH-differentiable at xo if (ii)
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f'(xo) = [(f ) (z0), (f ) (z0)].  Ifu € Rp is

a fuzzy number and wu, are its level-sets then,

(1) u, is a closed interval u, = [u,—, u,+] for any
rel0, 1].

(1) If 0 <ry; <rg <1, then u,, C u,,.

(#41) For any sequence 7, which converges from be-

low to r € (0,1] we have (7, uy, = u,.

(iv) For any sequence 1, which converges from

above to 0 we have cl(U,—; ur,) = u,.

Let F : [a,b] — F be differentiable and de-
note [F(¢)]* = [¢a(t),7a(t)]. Then the boundary
functions ¢, and 1, are differentiable,[F’(¢)]* =
€ (1), 7 ()] and du(t) < ().
us a procedure to solve the fuzzy differential
equation z'(t) = f(t,z(t)),z(0) = xg. Denote,
[2()]* = za(t) = [ta(t), va(®)], [2o]® = [ug, va]

This gives

and [f(¢,2(1))]* = [fa(t, ua(t), va(t)), ga(t, ua(t), va(t))]

and proceed as follows:

(i) Solve the differential system u/(t) =

fa(t,ua(t), va(t),ual(0) = uoom v'(t)
Ga(t, e (t),v0(t)), va(0) = 02 foru, and v,.

(i4) Ensure  that and  [ua(t),v(t)] and
0

[u® (t),v0 (t)]are valid level sets.

(#41) Using the Stacking Theorem, pile up the lev-
els [uq (t), va(t)] to a fuzzy solution z(t).
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Abstract: In this manuscript, we try to drive some new resuls on the existence of solutions for a class

of boundary value problem of fractional differential equations involving the Caputo fractional derivative of

order « € (1, 2] although we use some sufficient conditions which stublished by researchers.

Keywords:Boundary value problem; Fractional derivative and fractional integral; Fixed point; Integral

conditions.

1 INTRODUCTION

this article is concerned with the existence and
uniqueness of solutions for boundary value prob-
lems with fractional order differential equations
and non-linear integral conditions of the form

‘Dy(t) = f(t,y(t), teJ=(0,T)ac(l?2

(1)

T
y(0) — o/(0) = / o(s, y)ds, ()

0
T
y(T) +y'(T) = | h(s, y)ds, 3)

where D% is the Caputo fractional derivative, and
f,gand h: Jx R — R are given continuous func-
tions.

Some notations, definitions and preliminary facts
that are used throughout this article. By C(J, R),
we denote the Banach space of all continuous func-
tions from J to R with the norm | y |eo:=
sup{ly(t)| : t € J}. We let L'(J,R) denote
the Banach space of functions y J — R
that are Lebesgue integrable with norm || y ||p1=

*Corresponding Author
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fOT ly(t)|dtand let C?(J, R) be the space of differen-
tiable functions y : J — R whose second deriva-

tive 3" is continuous.

1.1 Definitions and theorems

Definition 1.1. [1, 2] The fractional (arbitrary)
order integral of the function h € L([a,b],R}) of
order a € Ry is defined by

. (-
ISh(t) = /a o)
where I is the gamma function. When a = 0, we
write Ih(t) = h(t) * po(t), where @ (t) = t;(;;
fort >0, pa(t) =0 fort <0 and @, — 6(t) as
a — 0, where § is the delta function.

W(s)ds,  (4)

Definition 1.2. [1, 2/ For a function h given
on the interval [a,b], the a-th Riemann-Liouville

fractional-order derivative of h, is defined by

—F(nl_a)(%)" / (t—s)"= L h(s)ds.
(5)

Here n = [a] + 1 and [a] denotes the integer part

(Dg+ h) (t) =

of a.
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Definition 1.3. [3] For a function h given on the
interval [a,b], the Caputo franctional-order deriva-
tive of h, is defined by
t
(Deh)O) = e [ (=9 KOs
(6)
Here n = [a] + 1.
Definition 1.4. A function y € C?(J,R) whose
a-derivative exists on J is said to be a solution
of (1.1)-(1.3) if y satisfies the equation D%y(t) =
f(t,y(t)) on J and the conditions (1.2) and (1.3).

In the following some results introduce such
that we claim that to generalize this concepts to

other case [4].

Theorem 1.5. Assume that:

(H1) There exists a constant k > 0 such that

[ f(tu) = f(ta) [Sk[u—al,

foreach t € J and all u,u € R.

(H2) There ezists a constant k* > 0 such that
| g(t,u) — g(t,@) |< k" |u—a,

foreach t € J and all u,u € R.

(H3) There exists a constant k** > 0 such that
| bt w) — h(t, ) |< b |u—17 ],

foreach t € J and all u, @ € R.

If

[T 4 T g 4 TRGH) < 1

then the BVP (1.1)-(1.83) has a unique solution on
J.

Theorem 1.6. Assume that:
(H4) The function f:J x R — R is continuous.
(H5) There ezists a constant M > 0 such that

| f(t,u) |< M, foreacht € Jandall u € R.

40

(H6) ) There exists a constant My > 0 such that
| g(t,u) |< My, foreachte€ Jandall u € R.
(H7) There ezists a constant My > 0 such that
| h(t,u) |< Ma, foreacht e Jandallu € R.

Then the BVP (1.1)-(1.3) has at least one solution
on J.
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Abstract: In this paper, we introduce the Schrédinger kernel with respect to Airy function. Also, we study

differential properties of the regularized kernel and a solution for the regularized Schrédinger equation.

Keywords: Kontorovich-Lebedev transform, Schrédinger equation, Airy function, Macdonald function,

Dirac delta function.

1 INTRODUCTION

The Kontorovich-Lebedev transform is given by the
following formula [?]

Kunlf) = / ki () f )i, (1)

where integral (??) converges with respect to the
norm in Ly(R,7sinh(77)d7), which is a weighted

space with the norm

£l 22 (R, sinh(rryar) = ( /R |f(r)P7 sinh(x7)dr)?.

Moreover, it has an inversion formula

2
T2

flz) = /000 7sinh(77) ki, () K [fldT,  (2)

where integral (??) converges with respect to the
norm in Lo(R4,xzdx), which is a weighted space
with the norm

11 (o) = ( / () Pada)

Ry

*Corresponding author
fCorresponding author
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The kernel k;,(x) is the Macdonald function

oo
kir(z) = / e~ eosht cos(7t)dt,
0
and satisfy the following differential equations

Ackir(x) = 7%k (2), (3)
d d
2
e =T° —r—x—. 4
A, =2 —x . (4)
Also, the Airy function is given by following for-
mula [?]

1 [ 2
Aite) = g [ )

e o] Z3
= —/ cos(— + xz)dz,
0 3

s

(6)

which is a solution of the differential equation

(7)

y' —ay=0.

It has the following integral representation [?]

3

/ Ai(x)e " dy = e (8)
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2 THE REGULARIZED
SCHRODINGER KERNEL

In this section, we introduced the regularized
Schrédinger kernel involving a regularization pa-

rameter.

Definition 2.1. Fort >0, (z,y) € R+ x Ry,

hi(z,y) = B /00 Ai(tker)T sinh(n7) ki (2)kir (y)dr,
o ©)

is called the reqularized Schrédinger kernel in terms

of the Airy function and the Kontorovich-Lebedev

€e+1
———,¢ >0, and B =
Ve +1

transform where k. =
35— %),

Now, we explain connection between func-

tion h{ and Schrodinger type equation.

Theorem 2.2. The function h{ is a solution of
reqularized Schrodinger equations for each fizedy €
R, and for each fized x € Ry (U = U(z,y,t),A =
03,)

(=2 A — (tk*) 710U = (320, — (2* —1))U, (10)
(—920 — ()20 = (y3, —y)U. (1)
Also, we have
lim i (2, y) = 6(z — ),
where § is the Dirac delta function.

Proof. First, we prove (??) and (?7?). By differenti-
ating twice both sides of equation (??) with respect
to t, we have

0?h

o

B o0
—/ t(ker)? Ai(ther) T sinh (1) kir () kir (y)d.
Tz Jo

It follows from the (??) that

kg
o2

tkfg / " Ai(thor)r sinh(n7) Ak ()] k() dr-
0

42

Hence, we have

0%hs  th? .
oz = - Aelehi (@) (12)
Similarly, we have
0?hs .
k= A, i ). (13)
Because of
Ag[zU]
= (xz—xixi)(mU) = (2®—2)U 322U —23U"
dr” dx '
(14)
if we put (?7) in (?7), we obtain the equation (?7).
From
d d ou  9*U
U= -y—y—)U)=yU—-y— — ——
AUL ="~y yg JU) =y U —yg = 5 =
equation (?7?) becomes
1 5., ou  9*U
@@tht =yU - Yoy~ agr

which yields (?7).
Clearly, for any ¢ from the test function space
D(R,) (consists of the C*°(R ) functions that have
compact support in R) we have

lim (h§(z,.), ¢(.)) =

t—0

It remains to prove (?7).

B o0
lim—/ Ai(tker)T sinh(m7) ki () Kir [Q]dT.
t—=0 x J,
(15)
Taking into account, relation (2.16.14.1) given in
[?] and Parseval equality for the cosine Fourier

transform, we have

B oo
2 /0 Ai(thor)r sinh(nr) ks () Kon [6ldr =

Noread / Ai(ther)r sinh(T ki (2)
T Jo

/ cos(Tu)Fe[o, sinh u]dudr,
0

where F.[¢,v] denotes the Fourier transform of
¢ € D(R,). Hence, by using of differentiation, in-
tegration by parts, convolution properties and the

Parseval equality for the Fourier transform, we have

\/zwg / Ai(tkor)rsinh(% ks (2)
0
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/ cos(Tu)Fe[¢p, sinh u]dudr
0

=V 2rB
a 2x

/ " Ai(ther) sinh(%)kh(ay)
0

/000 sin(Tu) (,% [Feé, sinh u]]dudT

— \/ 2rB
— [Felo, sinh u]]dudr.

/: 7

By virtue of (2.5.54.6) in [?], relation (??) and mak-
ing use of the Fourier inversion theorem, the prod-

/ Ai(tker smh( )k”(:c)

iTU

(16)

uct Ai(tket)sinh(%" )kir(x) can be represented as
the Fourier transform of a convolution

i > 3(tke)3 iTw
27rtk€/, c ¢

/ eiy"/ sin(z sinh(v))dvdydw
oo v
w3
oo (o)
_ ! / em/ o 3(th
2mtke J_oo oo

Ai(tker) sinh(

7)]{17(1') =

Hence, (??7) becomes to

g /000 Ai(tker)T sinh(mr) ki () Kir [pldT

—z\/_B
= 87Ttk'€ T \/;oo dy[ [¢,Slnhy]]

iws

/ = 3(th)?

2B

= Srths /_oo Felp, sinhy]

oo —wd
P

iV2r/3B [
TR /_ F.l4,

sin(z sinh(y — w))dwdy

) cos(z sinh(y—w)) cosh(y—w)dwdy
sinh y]

/ e cos(z sinh(yV/3tkcu)) cosh(y

— 00

\/_tk u)dudy.
(17)

The last integral in view of asymptotic proper-

ties at infinity of Fourier transform of test function
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)? sin(z sinh(u—w))dwdu.

and Lebesgue dominated convergence theorem, be-

comes to
6 _ iV/3B

/OO Felo, sinh y] /00 e’
iv3 O e I
— mB\/;/_Ooe du[\/;/_oo cos(xz ) Fe[p, AJdA]

= (),

cos(z sinh y) cosh ydudy

which, completes the proof of theorem. OJ

Theorem 2.3. The Kontorovich-Lebedev trans-
form (?7?) with respect to x of the kernel hi(x,y)

8

[e%) B 2
Kielhf) = [ birlo)hi(g)do = 22 AiCther)i o),
0
(18)
and with respect to vy, is
he o0 d Br? kir
Kl = [ ki i) 22 = 22 ooy ),
Yy 0 Y 2
(19)

Proof. By virtue of (?7), we have

flx) = B /000 7sinh(77)k;r (2) Ai(ther) ki (y)dr

T

= hi(w,y),

which yields (??), similarly

B [~ dr  h§
f:c:—/ 7sinh(nr Ai(tkem)kir(y)— = L.
(@) = — ; (w7)kir (€) Ai(theT ) Kir (y) v

Hence, the proof of theorem is completed. O
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Abstract: In this article we study p-Laplacian impulsive differential equations with Lipschitz nonlinearity

order of p — 1 and Dirichlet boundary conditions depending on two real parameter A and p. The study of

the problem is based on critical point theorem.

Keywords: impulsive differential equations;Critical point.

1 INTRODUCTION

In this article we consider the nonlinear Dirichlet

boundary-value problem

—(a(®)dp(u' (1)) + b(t)dp(u(t)) = Ag(t, u(t))

u(t)), tel0,T), t £t

)

= uli(u(t;)), j=1,2,....,n
(1)

where 1 < p < 400, ¢,(s) = |s|P72s, X €]0, 4],
p €]0,40f, ¢ : [0,T] xR — R, h : R —
R is a Lipschitz continues function of order
p — 1 with Lipschizian constant L > 0 and
h(0) = 0, a,b € L*=([0,T]) satisfy the condi-
tions essinficjora(t) > 0, essinfiepo ) b(t) > 0,
0=ty <ti1 <ta < -+ <tp <tpyr1 =T, and

*Corresponding Author
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I; : R — R are continuous for every j =1,2,...,n.
In [?] the problem (??) has been studied with p = 2
and h = 0.

In recent years, a great deal of works have been
done in the study of the existence of solutions for
impulsive differential equations, by which a number
of chemotherapy, population dynamics, ecology, in-
dustrial robotics.

First, we here recall for the reader’s conve-

nience [?, Theorem 2.6] which is our main tool.

theorem 1.1 ([?, Theorem 2.6]). Let X be a re-
flexive real Banach space; ® : X — R be a se-
quentially weakly lower semicontinuous, coercive
and continuously Gateauzx differentiable functional
whose Gateaux derivative admits a continuous in-
verse on X*, ¥ : X — R be a sequentially weakly
upper semicontinuous, continuously Gateaux dif-
ferentiable functional whose Géteauzr derivative is
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Assume that there exist 7 > 0 and T € X, with
r < ®(x) such that

(1) supg(zy<, ¥(z) <r¥(z)/®(Z),
(ii) for each X in

A } o(z) r [
W(j> , SUP®(z)<r W(l‘) ’
the functional ® — AV is coercive.

Then, for each A € A, the functional ® — AV has

at least three distinct critical points in X .

It has been shown, for instance, in [?] that
the set of all eigenvalues of the following problem

(' (O~ ()" + Alu(t)[P2u(t) =0, te
u(0) = u(t) =0,

[0, 7]

(2)

is given by the sequence of positive numbers

Al:(p_l)(mr?p)pa fO’I' i:1727"'7
where 7, = pszir’fl.

We recall the well-known characterization of A as

the best constant in the Poincare inequality

T T
ult Pdtgi o (4)[Pdt,Yu € WEP(0,T).
|u(t)| 0
0 A1 Jo
(3)

Here and in the sequel, we will denote the Sobolev
space WO1 (0,T) equipped with the norm

, . :
|WH=(A dmwuwwr+A MﬂW@Wﬁ)

Proposition 1.2. Let u € W, "*(0,T), then

||U||Lp([0 7)) < Mo|[ul/? (4)

where My := max{ ess znfa(t)’ ess znfb t)} and

TP=1\ »
o = (222 ®)

where ag := minge(o 77 a(t).
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Definition 1.3. A function u € W,"*(0,T) is said

to be a weak solution of (?7?) if u satisfies

T T

for any v € W, *(0,T).
Definition 1.4. We say that a function
ue{ueWyP0,T): ¢p(u'(t)) €

Whe(0,T)\ {t1,...,tn}}

is a classical solution of problem (?7?) if u satisfies
the equation in the (?7) a.e. on (0,7)\{¢1,...,tn},
the limits u’(t;r),u'(t;),j =12,...,

satisfy the impulsive condition

n exists and

A(gp(u'(t;)) = dp(u/(t])) — dp(w/(£))

and the boundary condition u(0) = «(T") = 0.

Lemma 1.5. Ifu € Wy ?(0,T) is a weak solution
of (?7), then w is a classical solution of (?7).

Now, we define the functionals &, ¥
WyP(0,T) — R by

Lo T
B) = Sl + [ A@o) 0
T u(t;)
= /0 G(t, u(t) t—— 22: / Ii(z)dx,
(8)
and put
Eyu(u) = ®(u) — A¥(u)

for each u € W,?(0,T), where G(t,&) :=
fo (t,z)dt for each (t,£) € [0,T] x R, H(§) =
— fo t)dt. Using the continuity of f and I; (j =
1,2,...,n), one has that ®, ¥ e C*(W,?(0,T),R).
we note that the solutions of the problem (??) are

the corresponding critical points of functional £ .
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2 Main results
Lemma 2.1. Assume that

(H1) there exist constants a;,B; > 0 and 7v; €
[0,p — 1) such that for all x € Rj =
1,2,...,n, |IJ(1‘)| < _|_/6j|1-|’)’j,

Then, for any u € Wol’p(O7 T), one has

n u(t;)
St [ L)

dw’ <

- Bi
alty) (egllulloe + = ™),
j=0
Now, put
2(p+1)a0

4 p A+ Dllalleo + (ZA)TPb] o

v o ; o
= Za’(tj)7rc = cp—l + (%)C’h (p 1),

Jj=0
also suppose that the Lipschitz constant L > 0 of
the function h satisfies LMy < %

theorem 2.2. Suppose that (H1)is satisfied and g
is an L'-Carathéodory function. Furthermore, as-
sume that there exist two positive constants c,d,
with ¢ < d, such that

(A1) G(t,€) >0 forall (t,€) € ([0, X] U [2L,T]) x

[0, d];
(A2)
Jo maxje<. G(t,€) dt ng/4 G(t,d) dt
Cp(]. - MOL) lﬁdp(]. + M()L)
(A3)
G(t,
lim sup Meclon =AH5) &) <
|€] =00 134

(p—1)mh fOT max|e|<. G(t, &) dt
2T cP
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Then, for every X\ in

_ 16(10(1 + M()L) dP
= :| kap—]_ f3T/4 t
ao(l — MOL) cP |:
pTP=" [ maxge <. G(t,€) dt U

there exists

_ 1 % i {
= TG min
ageP(1 — MoL) — pTP= '\ [ maxie <. G(t, ) dt
cPT, ’
PRXTP=L [, G(t, d)dt — dagd?(1 + MOL)}
1T

such that, for each p € [0,8] the problem
(??) has at least three distinct classical solutions.

Proof. Fix A and p as in the conclusion. Our
aim is to apply Theorem ?7. For this end, take

= Wy?(0,T) and ®,¥ as in (?7),(?7). Put
r= %sinoe h is a (p — 1)-Lipschitz con-
tinues function with Lipschizian constant L > 0

and h(0) =0, by Proposition??, we have that

1— ML
D(u) =2 ————|[ul/?, (9)

p
From the previous inequality and (??), for ev-
ery u € X such that ®(u) < r, one has

max;co,7] |u(t)| < ¢ Consequently, from Lemma ?7?
it follows that
SUPe(y<r W(u) - pIP!
r - (Lo(l — M()L)

T
a Gt &) dt
[fo maxjej<c Gt ) +H&Fc} _
cP A
Hence, bearing in mind that p < §, one has

X

SUP(u)<r \Il(u) < l

- T (10)
put
4Tdt’ te [OyT/4]’
o(t) = d, t €]T/4,3T /4],
Wp ), te|37/4,T).
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Clearly v € X. Moreover, one has

4pa0 _
o < ol <
247 (4" (p + 1)lalloo + (P2) T [IBllc) _ 4dPao
(p+ 1)TP 1 KTP—1°
(11)
2p—1
So, from ¢ < 277 d we obtain r < ®(v). We re-

calling h is Lipschitz continuous and satisfies h(0)
= 0, we have from ?? that

#(0) < (<0 ol

Moreover,again from the (??) inequality,we

(12)

have 4dPag(1+ MyL)
_ ago 0
o(v) < TRIPT (13)
Now, due to Lemma ??7 , (Al), (??)and

Proposition??, one has

U(v) >

3T /4
B Bi s
| ety a(aslole + 2oz

T/4 Yj
3T/4
,u4ad
> G(t,d)dt — —
/T/4 (t,d) (d€/4/ )
Also, we obtain
¥(v)
>
®(v)

—1 rF Ap = p—1
pkT? f%“ G(t,d)dt — FapT? ’r R/
4dpa0(1 + M()L)
Since pu < 4, one has

o) 1
(0) N

(14)

Therefore, from (?7?) and (??), condition (i) of The-
orem 7?7 is fulfilled. Taking into account (A3),
Lemma ?7?, Proposition 77, (??), (?

that the functional ® — AW is coercive. Now, the

?) it follows

conclusion of Theorem 77 can be used. It follows
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that, for every A € A, the functional ® — AU has
at least three distinct critical points in X, which
This
completes the proof. O

are the weak solutions of the problem (77?).

Example 2.3. The problem
—(@a(u' (1)) + (* + 1 (u(t)) =
At(4u® — 5ut) + (arctan g)za.e. in [0,1]
u(0) =u(1) =0
Ads(W/' (1)) = ¢3(u/ () — ¢a(u'(t7) =
n(1 = Vu(t1))

admits at least three non-trivial solutions for
each \ € [946,4444] and for each 0 < p < (5 —

8
Indeed, it is sufficient to apply Theorem 77?7

by choosing, for instance, ¢ = 107% and d =

1/2,L =
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Non-Local Morphological PDEs and level set equation

for front propagation on weighted graphs

Toba Rajabzade,; Department of Mathematics, Persian Gulf University, Iran,

rajabzadeht@yahoo.com

Fereshte Bahrani, Department of Mathematics, Persian Gulf University, Iran,

fereshteh136667@Qyahoo.com

Abstract: we introduce a new class of non-local p-Laplacian operators involve discrete morphological gradi-

ent on graphs. We also consider non-local diffusion on graphs involving these operators. Finally, we propose

a general formulation and an method for propagation of fronts evolving on a weighted graph. This method

is used in the images segmentation.

Keywords: Weighted graph, Segmentation, p-Laplacian, PDE-based morphological processes, Front prop-

agation.

1 Introduction

In the last decade, there has been an increasing
interest in local and non-local p-Laplacian on Eu-
clidean domains and graphs. Many nonlinear prob-
lems in physics, image processing are formulated in
equations that contain the p-Laplacian. In this pa-
per, we introduce PDE-based morphological pro-
cesses such as oco-Laplacian and the level set equa-
tion. Then we investigate link level set formula-
tion as it was introduced by Osher-Sethian [2] with
the laplacian diffusion and the eikonal equation
for front propagation, and extend it to weighted
graphs. This transcription is based on a frame-
work of PdEs [1] along with a family of weighted

gradients.

*Corresponding Author
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2 Partial difference Equations

on graphs

A weighted graph G = (V, E, w) consists in a finite
set V of vertices and a finite set £ C V x V of
weighted edges. An edge (u,v) € E connects two
adjacent vertices u and v. The weight w(u,v)of
an edge (u,v) can be defined with a function w :
VxV = RTif (u,v) € E, and w(u,v) = Wyy =0
otherwise. Let f : V — R be a real-valued function
that assigns a real value f(u) to each vertex u € V.
Let H(V) and H(E) be the Hilbert space of real

valued functions on the vertices and on the edges.

2.1 Differences and gradients opera-
tors on weighted graphs

Let f € H(V), The gradient or difference operator
of f, noted G, : H(V) — H(E) , is defined on an
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edge (u,0) € B by (Guf)(:v) = 1(wu) (f(0) —
f(u)), where v : Rt — R*depends on the weight
function (in the sequel we denote y(wWyy)bY Yuwv)-
the two upwind gradients GX : H(V) — H(E) ,
are expressed by G f(u,v) := vy (f(v) — f(u))F;
with the notation (z)* = max (0,z) and (x)~ =
—min (0,z). The discrete weighted gradient of a
function f € H(V), noted V,, : H(V) — R is
defined as (Vo f)(u) = ((Guwf)(u,v))ley. Simi-
larly, discrete upwind weighted gradients are de-
fined as (VE[f)(u) == ((Guwf)F(w,v))I.. The L,
norms, 1 < p < oo and the £, norm of these gradi-
ents respectively are expressled as |(VEf)(u)|l, =
(X oev Yo (f () = f(w)*?]7 and [[(VEf)(u)lle =
maxyey (Yuo|(f (v) = f(u))*]).

2.2 PdE-based morphological pro-
cesses

Let A be a set of connected vertices with A C V
such that for all u € A, there exists a vertex
v e A, with (u,v) € E. We denote the exter-
nal and internal boundary sets of A, respectively
as: 0T A = {u € A: I € A with (u,v) € E}
and 0" A = {u € A: v € A with (u,v) € E}.
Let f € H(V), Morphological dilation and ero-
sion processes on f are defined Respectively as
0(f)(u) = 0uf(u) = [(VEF)(u)lp and e(f)(u) :=
Buf(w) = — (Vi £)() -

2.3 The anisotropic p-Laplacian (1 <
p < 00)

The weighted p-Laplace anisotropic operator of a
function f € H(V), noted Ay, : H(V) = H(V) is
defined by:

(Bup$w) = 500 (6P 2GuD)) ) (1)

=D ) = f@P(f(v) = f(w),

v~YuU
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for 1 < p < oo, at a vertex u € V with
P

w'(u,0) = w(u,v) 7T,

(Au,prnH)w) = 1V D@L = 1V )
(2)

Proof. From (1), we have (Aypf)(u) =
S ()8 £(0) — FP2(F(0) — f(u)) Since
|lz] = 2t + 2~ and * = zT — 27, one has,
with 4 = (f0) — J@) (Bugn)) =
S ow w(u,v) T (A™ — AT)(AT + A7)P~L. Then,
by developing (AT + A7)P~1 since ATA™ =0, it
is easy to obtain (2) O

2.4 p-Laplacian diffusion on graphs

We recall that the p-Laplacian of a function f :
Q C R" — Ris given as A, f = (|[Vf[P2Vf) =
IVFIP~2{(p—2)Axf+ Af}. Here A is called in-
finity Laplacian operator. The oco-Laplacian oper-
ator can be be rewritten following as a morphologi-
cal operator on graphs, involving non-local dilation
and non-local erosion previously defined, where is

a new definition of the co-Laplacian.

IVEN @l = 1V ) @)l] -
(3)

using discrete version of p-Laplacian, a non-local

(Buof)(u) = 3

version of the normalized p-Laplacian is given
by the equation Ay o pf(u) = a(Ayoof)(u) +
B(Aw2f)(w).

problem involving the non-local p-Laplacian oper-

we now study a non-local diffusion

ator. Given the following equation

9
{% — Agasf(ut)

flut=0) = f(u)

(4)

One has 6ng’t) fnzt_fn
f(u,nAt), At = X. Then

where f"(u) =

7 ) = )4 ga (1T )W) lae — (V0 ()] 425

Where the final term is called non local means.
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3 propagation of fronts evolv-

ing on a weighted graph

We will introduce our graph-based equation for
outward front propagation. This equation came
from the classical continuous level set formulation
and can be linked with the eikonal equation. An

method to solve the proposed equation is presented.

3.1 Level set formulation and link
with laplacian diffusion

Let G be a weighted graph. At time ¢, a front
I" evolving on G is defined as a subset ; C V
, and can be represented by a level set function
¢; that equals 1 in Q; and —1 on its comple-
mentary. Let F : V — R be a speed function.
The front moves inward when the speed is nega-
tive and outward when the speed is positive. The
level set formulation is as g—‘f = F||Vé|lp, such
that the 0 level set of ¢ provides the position of
the front at time ¢. The motion by mean curva-
ture in the level set equation when ¢ is a signed
distance function, becomes the Laplacian diffusion
equation.Transposed the level set formulation on a
weighted graph G, and using the discrete operators
we have 22 (u,t) = F(u)||(Vwo)(u,t)|,. Let T be
a front represented by the subset €)g. We denote
by Ng the narrow band of vertices u € 97 likely
to be added to €. Similarly, we denote by N,
the narrow band of vertices u € 0~ likely to be
added to Qg. On narrow bands of g, one has the
property |(Vud)(w,t)lly = (Vi) ()], for all
we N and [[(Vud)(w.8)llp = [(Vid)(u, 0], for
all ue N .

Proof. According to the relation between gradient

norms, one has

1(Vewd) (s )lp = (Vi) (w, I} + 1(Ve, 6) (u, 1))

(5)

In the case where u € Ny, we have ¢(u,0) = —1.
Then according to the gradient norms definition,
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Tl=

we have ||(V,,¢)(u,0)]|, = 0. Similarly, in the case
where u € N we have [[(V¢)(u,0)], = 0. O

3.2 Link level set formulation with
the eikonal equation and Fast
Marching method

According to the theorem (3.1), the propagation of
front I' can be represented by the level set func-
tion ¢ and described by the morphological pro-
cess: 22(u,t) = F||(Vd) (u, )|, for all u € Ny
Considering the case where the speed F mnever
changes sign, relation between the level set for-
mulation and the eikonal equation comes from the
change of variable ¢(z,t) = t — T(z), so previ-
ous the morphological process for u € NJ‘ can be
rewritten as:F|[(VgT (w)ll, = 1,V u € Q and
T(u) =0,V ue Qy. An method to solve this equa-
tion is the Fast Marching method. On an arbitrary
graph, the Fast Marching consists in an active list
of vertices for which the solution is already known
and fixed, and in a narrow band of vertices which
are not yet fixed and vertices that are neither active
nor in the narrow band are said far away. Notice
that this method is used in the images segmenta-
tion. The inward evolution of I (when F < 0) can

be expressed as an outward evolution of I'°.

Proof. In the case where F < 0 , according to
theorem(3.1) and as ¢(u) = —¢°(u) the level set
formulation using the discrete operators can be
20 = FIVzo)ly = FIVE0), =
FI(VyTO)|, with 7 : V. — R is the arrival
time of I'“ | defined by ¢° = t — T°. we obtain
FIVL T = 1. N

rewritten as:

According to the theorem (3.2), in-
ward/outward fronts evolution can be expressed by
the single static outward front evolution equation.
Inward/outward evolution of a front T' defined by

Q= QT UQ~ is equivalent to outward evolution of
I defined by IV = Qt U Q~.
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Proof. According to theorem (3.2), inward evolu-
tion of a front defined by 2~ is equivalent to out-
ward evolution of a front defined by Q. O

Then, considering fronts I'" defined by the
subset QT and I'~ defined by the subset Q— , and
according to theorem (3.2), the propagation of front
can be performed by the simultaneous propagation
of fronts 't and I'~.

56
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