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Some examples concerning fuzzy topological dimension
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Abstract: We investigate the dimension of fuzzy topological spaces and introduce the concept of almost

zero dimensionality for fuzzy topological spaces. Some analogous examples in fuzzy cases are constructed

and compared with analogous ones in the classic sense.

Keywords: fuzzy topology, almost zero-dimensional space, totally disconnected, ind(X).

1 INTRODUCTION

The dimension theory for fuzzy topological spaces
has been studied by several authors. Adnadjevic in-
troduced the generalized fuzzy spaces, GF-spaces,
and, for them, defined two dimension functions
F —ind, F —Ind [2],[3].

and strongly c-zero dimensional fuzzy topological

The c-zero dimensional

spaces and the fuzzy covering dimension are de-
fined by Ajmal and kohli [4]. In [6],[7] Tarres and
Cuchillo-Ibanez established that the c-zero dimen-
sionality and the strongly c-zero dimensionality are
not good extension (in the Lowen sense) and intro-
duced a new definition of the boundary of a fuzzy
set so that it would characterize clopen sets as sets
with empty boundary. In the latest strive to define
the dimension function, Baiju and Sunil have ex-
tend the concept of covering dimension of general
topological spaces to L-topological spaces [5].

In this paper, we introduce an analogue no-
tion of a almost zero-dimensional space in fuzzy
case. The concept of an almost zero-dimensional
space (AZD) is originally introduced by Overstee-

*Corresponding Author
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gen and Tymchatyn [10]. It is worth pointing out
that, when we refer to topological dimensions, we
use the notation and definitions in [12]. In particu-

lar, ind, represents the small inductive dimension.

Definition 1.1. A fuzzy topology is a family § of
fuzzy sets in X which satisfies the following condi-
tions:

(i)Veel, cx €6,

() Y, v € = pAved,

(iii) ¥ (1) jes C 0=\ e mj € 0.

0 is called a fuzzy topology for X, and the
pair (X, 0) is called a fuzzy topological space. Open
sets, closed sets and clopens are defined as usual.
In Chang’s definition of fuzzy topology, which we
will refer to as quasi fuzzy topology, condition (i)
should be replaced by (i)’ 0,1 € §. A base or sub-
base for a fuzzy space have the same meaning in
the classic sense [9].

Theorem 1.2. If fuzzy topological space (X,0) is
fuzzy reqular and has a o-fuzzy locally finite base,

then it is fuzzy pseudo-metrizable [15].

It should be noted that the concept of the
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boundary of a fuzzy set is essential in the defini-
tion of inductive dimension. Cuchillo and Tarres
[7] proposed a new definition of fuzzy boundary of
a fuzzy set. Throughout this paper we use their

definition.

Definition 1.3. Let p be a fuzzy set in a fuzzy
topological space X. The fuzzy boundary of , de-
noted by Fr(u), is defined as the infimum of all
closed fuzzy sets o in X with the property o(x) >
(z) for all x € X for which m(x) — p°(x) >0 [7].

It is ready that a fuzzy set u is clopen if and
only if Fr(u) = 0x. If the definition of the Adnadje-
vic’s dimension function [2] is particularized, in the
case of zero dimensionality, the following definition

is obtained

Definition 1.4. For a fuzzy topological space X
we have ind(X) = 0 if for each fuzzy point x, in
X and every fuzzy open set i containing T, there
exists an open fuzzy set o in X with Fr(o) = 0x
such that zo € 0 < pf7].

A subset of a space is called a C-set if it
can be written as an intersection of clopen subsets
of the space. By [8, Proposition 6.1] a space X is
almost zero-dimensional (AZD) if and only if for
every ¢ € X and every neighborhood U of = there
exists a C-set neighborhood V of z with V- C U. It
is shown in [10] that the dimension of these spaces
is at most one; see [1] for a simpler proof.

2 Fuzzy almost zero dimen-

sionality

Theorem 2.1. Zero dimensionality in quasi fuzzy
topological spaces is good extension. Indeed
ind(X,7) = 0 if and only if ind(X,w(7)) = 0.

A space (X,0) is called fuzzy almost zero-
dimensional (F-AZD) if for each fuzzy point z,, in
X and every fuzzy open set p with x, € pu, there
exists a fuzzy C-set o such that z, € o < p.

15

In our main example we follow the method
in [11] and use essentially this fact that every non-
empty clopen set of Erdds space is unbounded. Re-
call that the Cantor set is an universal for all sep-
arable metrizable zero-dimensional spaces, that is,
every such space can be imbedded into Cantor set.
Specially countable product of rationals with stan-
dard metric
EZqlwi — il

9i
an be imbedded into C. Using such embedding

p(r,y) =

and taking a suitable collection of fuzzy sets on the
image of it such that all of them are some factors
of some charactristics maps we construct a fuzzy
space X with Lowen topology that is regular, sec-
ond countable and again zero dimensional. This

example raises the following quastion.

Question 2.2. Let (X,6) be a reqular fuzzy topo-
logical space. and let & be generated by a family
of functions that are factors of any charactristics

functions. Is X zero-dimensional?

The ground space in our example is almost
zero dimensional and so we may ask the following
quastion.

Question 2.3. Is there almost zero-dimensional

fuzzy topological space that is not zero-dimensional?
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Complete Lift for Semisprays on Infinite Dimensional
Manifolds

A. Suri, Academic member of Group of Mathematics,

Faculty of science, Bu Ali Sina University, Hamedan, Iran. email: a.suri@basu.ac.ir

S. Rastegarzadeh, M. Sc. student of Group of Mathematics,

Faculty of science, Bu Ali Sina University, Hamedan, Iran. email: s.rastegarzadeh.91@basu.ac.ir

Abstract: In this paper for a given Banach, possibly infinite dimensional, manifold M we focus on its
iterated tangent bundle T"M, r € N U {cco}. First we endow T"M with a canonical atlas using that of M.
Then the concepts of vertical and complete lifts for fuctions and vector fields on 7" M are defined which they

will play an pivotal rule in our next studies i.e. complete lift of sprays. Afterward we supply T°°M with

a generalized Fréchet manifold structure and we will show that any vector field (spray or connection) on

T'M, i € N, can be lifted to a vector field (spray or connection respectively) on 7°° M. Finally, despite of

the natural difficulties with non-Banach modelled manifolds, we will discuss about the ordinary differential

equations on T°° M including integral curves and geodesics.

Keywords: Vertical and complete lift, spray, geodesic, connections, Fréchet manifolds, Banach manifold.
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Fuzzy topological generalized groups

N. Ebrahimi, Academic member of Shahid Bahonar University of Kerman,
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Abstract: In this paper the concept of fuzzy topological generalized group and fuzzy topological generalized

quotient space are defined and it is shown that if the membership function of the normal subgroup N of a

fuzzy topological generalized group G is constant then G/N is a fuzzy topological generalized group too.

Keywords: Generalized group, Generalized topological group, fuzzy topology, quotient space, fuzzy group.

1 INTRODUCTION

The concept of generalized group is defined by Prof
Molaei in [?].

generalized group is introduced. Let us recall some

In this paper the concept of fuzzy

basic definitions which are used through this paper.

Let X be a non empty set and I = [0,1]. A fuzzy
set A in X is characterized by a membership func-
tion p4 which associates with each x € X its grade
of membership pa(z) € I.

Definition 1.1. Let A and B be fuzzy sets in X.
Then:

e A=B & pa(z) =pp(x), for all v € X,
e ACB & pa(z) < pp(x), forall x € X,

« C= AUB & po(e) = maa{pa(e), (@)},
forall x € X,

e D=ANB <« pup(x) = min{ua(x), ps(z)},
for all z € X.

Remark 1.1. For a family of fuzzy sets {A;, i € I},
the union C' =

*Corresponding Author

ser Ai and the intersection D =

27

Mics Ai, are defined by puc(z) = suppa,(z), =€
X, up(x) =infua,(x), xe€X.

We denote by k. the fuzzy set in X with member-
ship function py, (z) = ¢ for all z € X. The fuzzy
set k1 and ko correspond to X and (), respectively.
Definition 1.2.[?] Let f be a mapping from a set
X toaset Y. Let B be a fuzzy set in Y with the
membership function pp. then the inverse image
of B, f~1[B], is the fuzzy set in X with the mem-
bership function defined by

pg-1p)(z) = pp(f(x)), for all z € X.
If Ais a fuzzy set in X then the image of A4, f[A],
is a fuzzy set in Y with the membership function
defined by

tp(a)(y) = sup.ep-1(yna(z),
if f~1(y) is nonempty and 0 otherwise.

Definition 1.3.[?] A fuzzy topology on a set X is
a family 7 of fuzzy sets which satisfies the following

conditions:
e Forallcel k. €1,

e If A, Ber,then ANB € T,
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e If A, et foralliel,then |, ;A €T.

iel

The pair (X, 7) is called a fuzzy topological space.

Definition1.4.[?] Let A be a fuzzy set in X and
7 a fuzzy topology on X. Then the induced fuzzy
topology on A is the family of fuzzy subsets of A
which are the intersection with A of 7- open fuzzy
sets in X. The induced fuzzy topology is denoted
by 4.

Definition 1.5.[?] A generalized group is a non-
empty set G admitting an operation called multi-

plication, subject to the set of rules given below:
o (zy)z = x(yz), for all z,y, 2z € G,

e for each z in G there exists a unique z in G

such that xz = zx = x (we denote z by e(x));

e For each z € T there exists y € T such that
ry = yx = e(x) (we denote y by z71).

2 Fuzzy topological general-

ized groups

Definition 2.1. Let X be a generalized group and
G be a fuzzy set in X with membership function
ta. Then G is called a fuzzy generalized group if
and only if the following conditions satisfied:

1) pa(zy) > min{uc(z), ne(y)}, for all z, y € X.
pe(z™l) > pg(z), for all z € X.

It is an immediate consequence of the above defini-
tion that pug(z) = ug(r=1) and pgle(r)) > pa(x)
for all x € X.

Definition 2.2. Let X be a generalized group and
7 a fuzzy topology on X. Let G be a fuzzy group
in X and let G be endowed with the induced fuzzy
topology 7a. G is called a fuzzy generalized topo-
logical group if the multiplication and inverse maps

are relatively fuzzy continuous.

Definition 2.3.[?] A generalized subgroup N of a
generalized group G is called a generalized normal
subgroup of G if there exists a generalized group S

28

and a morphism f : G — S such that,

(Va € G)(N, =0 or N, = kerf,).

where N, := N Ne !(e(a)) and fo := fle=1(e(a))-
Theorem 2.1. [?] Let N be a normal general-
ized subgroup of X and let e(X) be finite. Then
'y = {a € T|N, # (0} is an open generalized sub-
group of X.
With the assumption of theorem the topology of
I'yis

{V :Vnel(e(a)) is open in e~t(e(a)) for
alla e 'y} U{TN}.
and we define a topology on T'/N as the form

{V :771(V)is open in T'yx },
where 7 : 'y — T/N defined by 7(z) := xN,.
Theorem 2.2.[?7] With the above assumption
there is a unique topological structure on T'//N such
that = : 'y — T/N is homeomorphism. Moreover
T/N with this topology is a topological generalized
group.
The proof of the following theorem is similar to

what we have for fuzzy groups[?].

Theorem 2.3. Let X be a generalized group hav-
ing fuzzy topology 7 and let G a fuzzy topological
generalized group in X. Let N be a normal sub-
group of X and X/N be given the fuzzy topology
which is induced from 7 under the canonical homo-
morphism 7. Then, if the membership function pg
of G is constant on IV, the quotient fuzzy general-
ized group G/N is a fuzzy topological generalized
group in X/N.

Proof. Since the membership function ug of G is
constant on N, pug is m-invariant. G/N = 7[G] is a
fuzzy generalized group. We have to show that the
map (7[G], Uxic)) x (7[G], Uxc)) — (7]G], Ur(cy),
which is defined by (y1,y2) + y1ys - is relatively
fuzzy continuous. If V' € 7, then n[V] € U, since
7~ 1[x[U]] is the union of fuzzy open sets and conse-
quently is open. Hence 7 is fuzzy open. It follows
that 7 is relatively fuzzy open, since if V' € 7q,
there exists V' € 7 such that V! = VNG and by the
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7 invariance of pg, 7[V'] = 7[V] N 7[G] € Uyq.
Hence 7 x m is relatively fuzzy open mapping of
(G,7¢) x (G, 7¢) into (7[G], Un[G]) x (7[G], Uﬂ[G]).
Let V' be an open fuzzy set in Urig)- The mem-
bership function of (7 x 7)™ ![y;*[V']] is given by

Pyt vy (@15 02) = v (@), (m(22))71) =

M7;10ﬂ*1[v’](m17x2)7
for all (z1,22) € X x X, where vx(z1,22) =

xlwgl.

vx is a relatively continuous mapping of
(G,7¢) x (G, 7¢) into (G, 7¢), and 7 is a relatively
continuous mapping of (G,7¢) in to (7[G], Ur(q)-
Hence by the 7 invariance of ug,

(m x ™)~y V] N (w[G] % 7[G))] =

(m x ﬂ)_l[v;l[V’]] N (G x G)

is open in the induced fuzzy topology on G x G. As

7w X 7 is relatively fuzzy open,

29

(m > m)(m x @)~ [y V'] N (7[G] x #[G])] =

e V'IN ([G] % 7[G))

is open in the induced fuzzy topology on 7[G] x
7[G].
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Abstract: In this paper, using an action of top spaces on a smooth manifold, we define a representation of a
top space. Also we show that there is a Haar measure on a top space, and prove that any finite dimensional
representation of a top space is unitary, and then it is a semisimple representation.
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1 INTRODUCTION iii. For each g € Gr there exists h € Gr such
that g.h = h.g = e(g).

Lie groups represent the best-developed theory of

continuous symmetry of mathematical objects and In this paper by e(Gr) we mean
structures, which makes them indispensable tools {e(g) : g € Gr}.

for many parts of contemporary mathematics, as For any generalized group T and any £ € T
well as for modern theoretical physics.[4] [9] ’
The notion of a top space was first introduced by M. e te(t)) = {s € Tle(s) = e(t)}
R . Molaei in 1998, [3]. This structure encounters

has a canonical group structure. If e(t)e(s) = e(ts)
two mathematical objects of algebra and geometry.

for all t,s € T then e(7T') is an idempotent semi-

Algebraic structure of this concept is generalized group with this product.

group. Now we recall definition of a generalized

A top space is a smooth manifold which its
group.

points can be (smoothly) multiplied together and
Definition 1.1. [3] A generalized group is a non- generally its identiy is a map, i.e.

empty set Gr admitting an operation called multi- . )
Definition 1.2. [1] A top space T is a Hausdorff

plication which satisfies the following conditions: ] ] ) ) ) o
d-dimensional differentiable manifold which is en-
i. (g91.92).93 = g1-(g2.93), for all g1, g2, g3 € Gr. dowed with a generalized group structure such that

. ) ) ) the generalized group operations:
ii. For each g € Gr there exists a unique e(g) in

Gr such that g.e(g9) = e(g).g = g. i T xT —Tby (t1,t2) — t1.ta;

*Corresponding Author
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ii. 1T —>Thbyt—t1;
are differentiable and it holds

iii. €(t1.t2) = e(tl).e(tg) , for all t1,t, € T .

2 ACTION OF TOP SPACES
ON MANIFOLDS

For a smooth manifold M, the set of all smooth
functions from M to M such that their restriction
to a submanifold of M is a diffeomorphism i.e. par-
tial diffeomorphisms of M is denoted by Dp(M).

Definition 2.1. An action of a top space T on
a smooth manifold M is a map ¢ : T — Dp(M)
which satisfies the following conditions:

i. The map T x M — M which maps (¢, m) to
¢¢(m) is a smooth function;

ii. ¢rs = ¢y 0 g, for all t,s € T.

Now by using the following theorem, we give

an example of the definition above.

Theorem 2.2. Let T be a generalized group such
that e(t)e(s) = e(ts), for any t,s € T. Then
there is a generalized group isomorphism between
T and e(T) x {Gi}ice(r), where G; = e~1(i), for
alli € e(T) and

S x{Giticerry = {(i,9)lg € Gi}

Proof. suppose S = {e(t)|t € T}, G; = e~ (i) for
all i € Sand f : T — S x {G,}ies such that
ft) = (e(t),t). It is easy to show that f is a gen-

eralized group isomorphism. OJ
Example 2.3. For a top space T,

where Ady(s) = e(s)tst™te(s) is an action of top

spaces on manifolds which is called adjoint action.

&5

Definition 2.4. If G is a Lie group and M be a
smooth manifold, a partial action of G on M is a

map

v:G— Dp(M)

such that the map G x M — M is a smooth func-
tion and @9 = p9 o ", for all g,h € G.

Theorem 2.5. Let T be a top space. Then ¢ is an
action of T on M if and only if there exists a fam-
ily of partial actions {¢;}ice(r) of €71 (i) on M, for
any i € e(T), such that @2?“) = wz(t) ° ¢35 and
o goz(t), for allt,seT.

Proof. Let ¢ be an action of top space T on M
and @) = ¢ le-1(et)), for all ¢ € T. Then we
know that ¢.« is a partial action of e~'(e(t))
on M. Since Soé(t) = ¢ |e*1(e(t)) (t) = ¢, we
have @3, = @(st) = ¢s 0 by = @l ;) 0 95, also
Ot = Py

Conversely, assume that there exists a family of
partial actions {@;}ice(ry of e7'(i) on M, such
that gozs(ts) = ‘/’Z(t) © @35y for all t,s € T. Define
¢ : T — Dp(M) such that ¢, = ¢, forall t € T.
Let t,s € T, ¢ps = <Ptes(t5) = cp’;(t) 0 P35y = Pt O Ps
and hence ¢ is an action of 7" on M. O

By theorem (2.5) we have:
Example 2.6. Let T be a top space. Then
L:T— Dp(T)

where Li(s) = e(s)tse(s) is an action of T on T,
that is called left action of T'.

A vector field X on T is called partially left
invariant if (L.¢(X))s = X1, (s)-

Example 2.7. Any partially left invariant vec-
tor field on T, is a left invariant vector field on
e te(t) forallt €T.
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3 REPRESENTATION OF
TOP SPACES

Closely related with the notion of a top space act-
ing on a manifold is the notion of a representation.
Let us begin with the definition of a partial repre-

sentation of a Lie group.

Definition 3.1. A partial representation of a Lie
group G is a vector space V together with a semi-
group morphism p : G — L(V) such that

plg) V=V

is an isomorphism on some nonzero subspace of V.

Definition 3.2. A representation of a top space
T, is a vector space V together with a morphism
p:T — L(V) such that V together with

P le=1eey: € e(t)) — L(V)

is a partial representation, for all e(t) € e(T). For
a complex vector space V, a representation of V is

called a complex representation.

A subspace W of a representation V is called
a subrepresentation, when p(t)(W) C W, for all
t € T. If V has no non-trivial subrepresentations
then V is called a simple representation.

A representation of T is called semisimple if
it is isomorphic to a direct sum of simple represen-

tations.

Definition 3.3. A complex representation V' of a
top space T is called unitary if there exists a T-
(p(t)(v), p(t)(w)) =

invariant inner product, i.e.
(v,w) forall t € T.

Theorem 3.4. Fach unitary representation 1is

semisimple.

Proof. Let V be a unitary representation of top
space T'. If V is simple, there is nothing left to

prove. Suppose V has a subrepresentation W.

3

Then V = W @ W+, and W+ is a subrepre-
sentation as well. Clearly, if w € W+, then
(p(t)(w),v) = (w,p(t"*)(v)) = 0 for any v € W,
so p(t)(w) € W+. O

Lemma 3.5. Let V be a one dimensional real par-
tial representation of a compact group G. Then for
any g € G, |p(g)| = 1.

Proof. It’s obvious that, if [p(g)] < 1, then
{p(g"™) }nen — 0 as n — oo. But p(G) is a compact
subset in R*, so it can not contain a sequence with
limit 0. The case |p(g)| > 1 is similar. |

Theorem 3.6. Let T be a top space

i. T is orientable; moreover the orientation can
be chosen such that the right action of T' on

itself preserves the orientation.

. If T is compact, then for the partially right
invariant orientation on T there exists a par-
tially right invariant differential form with
the highest degree w such that fT w=1.

iti. The differential form w defined in (ii) is also

partially left invariant and invariant up to a

sign underi: g— g 1.

i. Let us choose some non-zero element

@ /\Ti*e_l(i)

i€e(T)

Proof.
in

where n = dime~!(7) for all i € e(T'). Then it
can be uniquely extended to a partial right in-
variant differential form @ on T [2]. Since this

form is non-vanishing on 7', T' is orientable.

ii. If T is compact, the integral I = [ & is fi-
nite. Define w = % Then w is partially right
invariant and satisfies

/wzl.
T
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iii. To prove that w is also partially left invariant,
it suffices to check that it is invariant under
coadjoint action. Since A" TFe~1(i) is a one
dimensional partial representation of e~1(3).
Thus, this result immediately follows from [2]

and lemma (3.5).

O

Theorem 3.7. Let T be a compact real top space.
Then it has a canonical Borel measure dt which is
both partially left and right invariant and invariant
under g — g~ and which satisfies fT dt =1. This
measure is called the Haar measure on T and is

usually denoted by dt.

Proof. Choose an orientation of T and a bi-
invariant volume form w as in theorem (3.6) Then
general results of measure theory imply that there
exists a unique Borel measure dt on T such that for

any continuous function f, we have

/det:/wa.

Invariance of dt under left and right actions and

under g — g~ follows from invariance of w. O

Theorem 3.8. Any finite dimensional complex

representation of a compact top space is unitary.

Proof. Let B(v,w) be some positive definite inner
product in finite dimensional complex representa-
tion V

Blv,w) = /T B(p(t) (v). p(t)(w) )t

where dt is the Haar measure on 7.  Then
B(v,v) > 0 (it is an integral of a positive func-
tion) and right invariance of Haar measure shows

that B(p(t)v, p(t)(w)) = B(v, w). O

Hence by theorem (3.4) any finite dimen-
sional complex representation of a compact top

space is semisimple.
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Abstract: We consider the Finsler Ricci flow — F? = —2F2?Ric, when the Finsler metric evolves, then

so does its curvature. In this paper, we drive evolution equations for Ricci scalar function and the Weyl

curvature tensor along the Finsler Ricci flow.

Keywords: Ricci flow, Finsler manifold, Berwald metric, Weyl curvature.

1 INTRODUCTION

The geometric evolution equation ﬁ g = —2Ric is
known as the un-normalized Ricci flow in Rieman-
nian geometry. The same equation can be used in
the Finsler setting, because both the fundamental
tensor g;; and Ricci tensor Ric;; have been general-
ized to that broader framework, albeit gaining a y
dependence in the process. Bao in [?] studied Ricci
flow equation in Finsler manifolds, whereby to an-
swer Chern’s question that, where every smooth
manifold admits a Ricci- constant Finsler metric?
In the following a scalar Ricci flow equation is in-
troduced according to the Bao’s paper. By con-

tracting

o) _ 1 _
5% = —2Ric;; = —2(§F2Rlc)yiyj

*Corresponding Author
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with ¢’ and y? gives, via Euler’s theorem,

F2
8— = —2F?%Ric, that is
ot

OlogF

gD —TRic,

This scalar equation directly addresses the evolu-
tion of the Finsler metric F', and makes geometrical
sense on both the manifold of non zero tangent vec-
tors T My and the manifold of rays. It is suitable
as an un-normalized Ricci flow for Finsler manifold.
In [?] Azami and Razavi showed that the Ricci flow
on Finsler manifolds with Berwald metrics cannot
possibly be strictly parabolic then, they defined a
manifold flow which is strictly parabolic and using
it, they proved the existence and uniqueness for so-
lution of Ricci flow on Finsler manifolds.
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2 Preliminaries

Let M be a connected n-dimensional smooth man-
ifold.Denote by T,M the tangent space at x €
M,and by TM = UgzepmT,M the tangent bun-
dle of M.Any element of TM has the form (z,y),
where x € M and y € T, M. The natural projection
m: TM — M is given by m(z,y) = x.Denote the
pull-back tangent bundle by 7#*T M which is

T TM = {(z,y,v)|y € ToMy,v € T, M}

and TMy = TM\{0}, n(v) = z.

A Finsler metric on a manifold M is a function
F : TM — [0,00) which has the following proper-
ties:

(1) F(x,\y) = AF(z,y), YA > 0;

(ii) F(z,y)is C* on T M ;

(iii) For any tangent vector y € T, M ,the symmet-
T.M xT,M — R on
T M is positive definite,where

1 92
2 0sOr

ric bilinear form g, :

gy (u,v) = [F2 (z,y+ su+ 7"’1))]

We call the indicatrix of the Finsler manifold
(M, F) at the point € M, the set of unit tan-
gent vectors SM = {y € T,M : F(z,y) = 1}.In a
local coordinate system (:ci, yi) we have g;;(z,y) =
L aibos (@) and (¢'7) = (9,1) " The pair (M, F)
is called a Finsler manifold.The geodesics of F' are
characterized locally by

d*z’ i, dr
Tz +2G*(x, dt) 0
where
i L .09 09k \ ;i
1 — (A 2_ _ J
¢ 17 { ork Oz Y

A Finsler metric is called a Berwald metric if the
geodesic coefficients G'(y) are quadratic in y €
T.M for all x € M that is,there are local functions
I, (z) on M such that I'’; (z) = T};(x) and

, 1. ,
Gi(y) = STu()y’y

s=r=0

40

where
i 11{5913 _ 9gjk | Ogmi . 9915
gk oxk gzt T dxi gy k
n 3gjk ~ Ogwi Gy
ayr l 8yr J
and G; = g—g. For a Berwald metric we have
Fz’ _ 9%at
ik T 9yioyF -

For a vector field y € T,My,the Berwald con-

nection is a map V¥ : T,M x C*(TM) — T, M

defined by
y i j i ry 9
ViV = {u (V1) (@) + V(@)D } 5
where u = u' aii ., € TeM and V' = Via?cl
C>(TM).

From now on a vector field y € T, My we suppose
that V = VY.
vature R, = Ridz' ® % are given by

The coefficients of the Riemann cur-

, oGt 0GP - 0°GY 0G OGY
R, i=2— — —— ¢ +2G7 — -
k Oxk 8xﬁc')yky * Oyidyk  Oyi Oyk
(1)
i — OR';  oR' i
and  R'y = 3 (a_ykl - W&)’ Riy

1 (9*RY, _ 9°RY
3 \ 9yioyl Oyidyk |*

The Ricci scalar function of F' is given by

Ric := —RZ

- ©)

A companion of the Ricci scalar is the Ricci tensor

Ric;j = (ngRic> .
2 ioyd
yly

A Finsler metric is said to be an Einstain met-

(3)

ric if the Ricci scalar function is a function of x

alone,equivalently Ric;; = R(x)gi;.

3 Evolution of Weyl curvature
under Finsler Ricci flow
Wely tensor is an important Riemannian projec-

tive invariant in Finsler geometry because it gives
a measure of failure of Finsler metric to be of scalar
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curvature. A Finsler space (M, F) is called to be
of scalar curvature if for any y € TM — {0} the flag
curvature k(P,y) is independent of tangent planes
P containing y. The flag curvature is a natural
extension of the sectional curvature in Riemannian
geometry. The trace of flag curvature tensor,i, e.
> Raa , is called Ricci Scalar. Weyl curvature is
constructed from flag curvature tensor. It is defined
by

Wg =RE —

whereRic is the Ricci scalar and n = dimM.[?]
In this section, we drive evolution equations for
Ricci scalar function and the Weyl curvature tensor

along the Finsler Ricci flow.

Lemma 3.1. Under the Finsler Ricci flow, 68—F: =
—2F?Ric, the evolution of the curvature tensor R?c
is given by
0 _ )
aRk = (0H *0g+ dg *x ORic + H x d°g
+ g *0*Ric)
+ (0H % (9g)y + g * (ORic)y
+  Hx(0%9)y + g * (0°Ric)y)y
+ (H x0g+ gx0Ric)(g*9dg — ag)yjyk
+ (9% (09)y)(H * (99)y + g * (ORic)y)

Proof.

000G 9 PG

Gt ot ~ ot awaye ¥

o .. PG 9 G
(5 )8y18y’“ aayﬂﬁyk)
0 0G* 0G7 .
(aa—yj)a—yk—lﬁj
= I+I1I+1II+1IV+V

ol =

+2G(

41

We have
200G 1[8H” (2% _ %)
ot Oxk 4% 9xk T Oxb oz!
8gil 8hjl 8hﬂ,
T 9k o T Bt
10 0295 %g;p
il J _ J
+ H (28xb81:k 83:’81:k)
o 0%hj 0%hp 4
il gl J Jab
+ 9°2 Ozboxk  Oxlozk v’y
= OH xdg+ 0g x ORic+ H x g
+ g d*Ric

another terms are

II = (O0H % (0g)y + 0g * (ORic)y
+  Hx(0%9)y + g * (0°Ric)y)y
III, IV = ((Hx*3dg+ g*0Ric))(g*dg — dg)y’y*
Vo= (9*(99)y(H * (9g)y + g * (ORic)y)

O

Lemma 3.2. Under the Finsler Ricci flow the evo-

lution of the scalar curvature is given by

0 1 aQRiC 1 62Ric k
—TRic = 2Ric*+ —g° (-2 r ’
ot e i+ 129 (250t e
82Ricsl 82Ricsk r k
+ 0zroz*k  Ozr ozl W'y

+  Lower order terms.

Proof. Using the Finsler Ricci flow and (?7), we

have

O . .9, 1 0
ach-Qch +ﬁ(§Rk)

by (??) we compute the time derivative of RF as,

) 1 . Phy Phye 0%hy

k
e — Ll B B
3tRk 59 ( 02502%  9x0r  OxrOzk
?hsk |\
Gy Yy y" + lower order terms.

O

Theorem 3.3. Suppose g(t) is a smooth one-

parameter family of Berwald metrics on a manifold
2

oF
M such that 5 = —2F2Ric, then the evolution
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of curvature tensor evolves by

0

Wi =
otk

(OH x dg + 0g * ORic + H x 0*g

g * 0°Ric)

(0OH * (0g)y + 0g * (ORic)y

H % (8%g)y + g * (0°Ric)y)y

(H % 9g + g *x ORic)(g x 0g — 3g)yjy’c

(9% (0g9)y)(H = (0g)y + g * (ORic)y)

aQR’iCrl

Oxs0xt
82Ricsi r o

0z 0z W'y

+ + + +

1 - 2 1 sl
0%Ric,; 0?Ricg
Oxs0x!  OxrOxt

+ Lower order terms)

+
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Abstract: Some kind of general product topology will be introduced in this article, and some of its elemen-

tary properties will be proved.
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1 INTRODUCTION

Since each uniformity space is a topological space,
new topologies can be defined by obtaining new
uniformities. This way for defining topology was
appeared in an article by McCoy([7]) in 2010.
This definition is introduced in the first sec-
tion of this article. For the new definition, some
preliminary concepts are needed. Some of them are

mentioned in the first section (for more information
refer to [3] and [5]).

2 GENERAL UNIFORM
PRODUCT TOPOLOGY

A bronology on a nonempty set S is a family % of

subsets of S satisfying the following axioms:

1) VA,Be #: AUB e %;
2) VAe# VBCA: B e %,
3) uB ==5.

The set of all bronologies on the set S is de-
noted by HAs.

*Corresponding Author
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Proposition 2.1. The intersection of a family of

bronologies is a bronology [3].

A base of a bronology % on a set S is any
subset o7 of % such that U« = S and for every
elements A, Ay of &7, there is some Az € o/ such
that A; U Ay C As.

Proposition 2.2. Let &/ C £(S) such that o
is a cover of S and for A, Ay of <7, there exists
As € &/ such that A1 U Ay C Az, then the set

lo={BCS|dJAe&: BC A}
is a bronology on the set S and 7 is called its base.
The set | 7 cited in the proposition 2.2 is

called bronology generated by <.

We adhere to the convection if X, = X for

each s € S, product space [[,.q X5 is shown by

seS
X*°. Now, to define the uniformity on the product

space X°, consider
Py X% x X% — X, x X,
for each s € S is the bijection map defined by

Ps(xay) =< ps(x)vps(y) >=<1Ts,Ys >

for all < z,y > X° x X°. For constructing a

new topology on X*, we need our space X to be
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a uniform space, say with diagonal uniformity 2.
Then, for x € X and D € 2, we define

Diz]={ye X | <x,y >€ D}.

Theorem 2.3. Let 2 be a uniformity on a set X,
and & be a base for it. For each x € X, the collec-
tion

Uy ={Dlx] | D € 7}

is a neighborhood base at x; therefore, U U, is a

zeX
base of a topology on X. In addition, & produces

the same topology[4].

Lemma 2.4. If o/ is a base of a bronology on the
set S, then the subsets of X x X% of the form
(P (D)
sel
where I € & and D is a basic member of & (same
for all s € I), is a base for a uniformity on X*.
Furthermore, the bronology on S generated by &7

gives the same uniformity on X* that &7 does.

A similar proof of the previous lemma can
be found in [7].

The uniformity on X generated by the base
in lemma 2.4 is denoted by Z,. Let v, denote
general uniform product topology on X* which is
generated by the uniformity 2. It is resulted im-
mediately

Proposition 2.5. If & and &/’ are two bases of a
bronology on a nonempty set S, then Zoy = P [1].

3 GENERAL UNIFORM
PRODUCT TOPOLOGY
AND COMPLETE LAT-
TICE

In this section, we adhere to the convection if
(X, <) is a partially ordered set and A C X, then
the suprimum of A is shown by VA, the infimum
of it is shown by AA, and the maximum of X is

shown by 1.

48

Theorem 3.1. If (X,<) is a partially ordered
set such that 1 € X, and AA exists for each
) £ AC X, then X is complete lattice [3].

Proposition 3.2. The suprimum of any family
of bronologies on S, {%;}

equal to

jer» €xists in Hg and is

<J%i>={Bi,u--UB;|¥neN,1<j<n
iel
ij €1, B, € %} [3].

By using propositions 2.1, 3.2, and theorem
3.1, the below theorem can be proved.

Theorem 3.3. Let S be a nonempty set, then the
partially ordered set (%g, C) is a complete lattice.

Proposition 3.4. The collection of all uniformi-

ties on a set X is a complete lattice [9].

For the rest, the family of all the topologies
on a topological space Y is denoted by Top(Y).

We mention if X and X’ are complete lat-
tices and f : X — X', then the function f is com-

plete V-homomorphism whenever

N @) =\/ flai)

I

for each a; € X. Now, we will prove the main
theorems of this section.

Theorem 3.5. If U(X®) is the collection of all
the uniformities on X*° with S # (), and %y is the
family of all the bronologies on S, then the map

WV Bs — U(XS)
with ©(B) = D4 is complete V-homomorphism.

Proof. We need to show

v(\/ %;) = D =\ Y2, = \/ V(%).
(\1/ ) \I/‘% \I/g& \I/( )

Let E € 2 ; s0, there are some B € \/ %; and
Va Y

I
D € 2 such that

() P7'(D)CE.
seB
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By proposition 3.2,
B=DB,,UB;,U---UB,,
where B;; € %’ij for each 1 < 57 < n. Now,

() BHO)NN( ) PHD)N---N

s€B;; s€B;,
() P7UD)) = () PTHD) C E.
sEB;, sEB

Hence, E € \/9@
I

Conversely, let F € \/.@gg According to

the suprimum of a Collectionlof uniformities, there

is some Vi, NV, N--- NV, such that Vi, € @@Sj

foreachl1 <j<nand Vs, NV, N---NV, CF.

Since V;, € @ggsj for each 1 < j < n, there

are some D, € % and By, € %, such that
ﬂ P;Y(D,,;) C V;,. Now, by

sest
D= (D, €2
j=1

and

B=B,UB,U---UB,, €\/ %,

I

we have
N P'@=(() P @)N( () PHD)N
seB sEle SEB52
e N ( m Psil(D)) - ( ﬂ Psil(D81)) N

sE€EBs, s€B;,
( m Ps_l(Ds2)) n--- m( ﬂ Ps_l(DSn)) - Vsl N
SEBSZ SEBSn

Ve, N---NV;, CF.
Hence, ' € @\/ B and this proves what we

I
wanted. ]

Theorem 3.6. If By is the family of all bronolo-
gies on a nonempty set S, and Z is a uniformity on
X, for each s € S, then v : Bg — Top(X*®) where
W(AB) = v4 is a complete V-homomorphism, that

is,

B;) = = = B;).
w<\/ ) v\l/% \I/m \I/w< )
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Proof. Let W € \/7%.. We need to
I

show W € Vv%i, that is, for each x € W,

I
there are some B € \/331- and D € Z such that

I
ze ([ PTHD)[x] € W. Since W € \/ 74,
seB I

W =W, NW,n--NW;,

such that W, is a basic open member of g, for
each 1 < j <n. For x € W, we have x € Wij for
each 1 < j < n, so that there are some D;, € 9
and B;; € %;, such that

ve () PoUDi))a] C Wi,
SEBij

Since D;; € Z for each 1 < j < n,
DZDilﬂDi20"'ﬂD¢n €9
and

B:BhUBizU"'UBin E\/:@Z
I

To show (ﬂ P7Y(D))[z] € W, let us consider

sEB
y € () P (D))[z], then
seB
<zy>e () P7Y(D)
SEB
results
Vs € B <z5,ys >€D=D;; "Dy, N---ND,

=Vi<j<n <zy>e()|P D)

B,

=Vi<j<n ye([)PTHD:))lx] €W,
Bij

inWilﬂWir‘,ﬂ"'ﬂWiHZW

Hence, \I/’ygi - 'y\/ B,
I
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Conversely, let W' e 7\/ B We need to References
I
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seB
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Abstract: In this paper by framework of Mackenzie doubles, we introduce double objects (i.e. double

Lie groupoids, double Lie algebroids, £A-groupoids) on generalized Lie groups. Then we show that these

structures on generalized Lie groups are related, i.e. Mackenzie doubles diagram on generalized Lie groups

is commutative.

Keywords: Double Lie groupoids, Double Lie algebroid, L£.A-groupoids, Generalized Lie group.

1 INTRODUCTION

In recent years, the objective is to peruse the re-
lationship between double complexes such as the
de Rham double complex and double structures
such as those introduced by Mackenzie. double Lie
groupoids, double Lie algebroids and £.A4-groupoid
are three types of objects as Mackenzie doubles.
Mackenzie attend Lie functor and its application
to these structures, [3]. R. A. Mehta ([4]), inves-
tigated two new double structures that are related
to the Mackenzie doubles, namely Q-groupoids and
Q-algebroids such that a Q-groupoid (Q-algebroid)
is a supergroupoid (superalgebroid) together a ho-
mological vector field satisfying certain compatibil-
ity conditions. Functors between the categories of
Mackenzie doubles, @Q-groupoids and Q-algebroids
is denoted by [—1], from the category of Lie alge-
broids to the category of @Q-manifolds. Lie alge-
broid E — M to be Q-manifold ([-1]E,dg), where
[-1]F is the supermanifold with structure sheaf

*Corresponding Author
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I'(AE*) and dg is the differential associated to the
algebroid structure of E.

Another important structure in geometry is top
space. The sense of top spaces or generalized Lie
groups was introduced by M. R. Molaei in 1998.
Several authors (Araujo, Mehrabi, Oloomi, Tah-
moresi, Ebrahimi, etc.) studied concepts of gener-
alized groups and top spaces, |1, 2, 5].

In this paper we introduce generalized Lie group-

double structures on top space or generalized Lie

group.
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2 Generalized Lie group-

double groupoid, general-
ized Lie

and generalized Lie groupL.A-

group-algebroid

groupoid

A groupoid consist of two sets G and B toghether
two maps «a,f : G — B called respectively the
source and target projection, a partial multipli-
cation g : G * G — G defined on set G x G =
{(h,g9) € G x Gla(h) = B(g)}, amape: B — G
called the object inclusion map, and an inverse map
i:G — G by g +— g~ !, these maps satisfy the fol-

lowing conditions:

1. a(p(g,h)) = a(h) and B(u(g, b)) = B(g), for
all (h,g) € G x G;

2. g(hf) = (gh)f for all g,h, f € G such that
a(g) = B(h) and a(h) = B(f);
3. afe(x)) = B(e(x)) =z, for all € B;

4. ge(a(g)) = g and e(B(g))g = g, for all g € G;

5. Each g € G has inverse g~! such a(g™!) =

B(g), alg) = Blg™"), ulg™', g) = e(a(g)) and
(g, 97") = e(B(g))-

Usually an element of B is called an object of the
groupoid G and element of G is called an arrow.

Groupoid G on base B together with smooth
structures on G and B such that « and f are
surjective submersions and partial multiplication
G * G — @G, inclusion where and inverse maps are

smooth is said a Lie groupoid.

Definition 2.1. Let ay, By D — H and
ay,By : D — V respectively as source and tar-
get maps and we use «, B denote source and target

maps from H orV to T, the square

52

is double Lie groupoid if the following condi-
tions hold:

1. The horizontal and vertical source and target

maps commute;

Boan = aoBy
aofy = Boay

aoay = ooy

BoBu = BoPv

OéV(Sl.HSQ) = (avsl).(aHSQ),

ap(s1.vss) = (amsy).(agss)

and similarity hold for By, Bv;

3. av(si1) = Bv(sie) and ag(s1;) = Pu(s2i),
foralli=1,2,..;

4 . The double source map
(av,ag): D — VixsH
is submersion.

A generalized Lie group or GLG is a non-
empty Hausdorff smooth d-dimensional manifold T
admitting an operation called multiplication which

satisfies the following conditions:

1. (r.s).t =r.(s.t), for allr,s,t € T}

2. for each t € T, there is a unique e(t) € T
such that t.e(t) = e(t).t = t;

3. for each t € T there exists s € T such that
t.s = s.t = e(t);

4. The following maps are smooth:

m:TxT—=T by
(tl,tz) —> tl.tg;
i:T =T by
ttL

Definition 2.2. A generalized Lie group- groupoid
or GLG-Gd is Lie groupoid endowed with a GLG
such that the multiplication m : T x T — T, the
unit map and inverse map, which are the structure
maps of GLG, are Lie groupoid morphism. More-
over m((boa), (doc)) = (m(b, d)om(a, c)).
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Definition 2.3. A generalized Lie group-double
groupoid or GLG-DGA is a double Lie groupoid
with structure of GLG such that two actions my :
Towxwwdl — T which
are the structure actions of GLG are double Lie

Tigxigl — T and my :

groupoid morphisms. Also, satisfies in the follow-
mng:

mH((bOa), (dOC)) = (mH (ba d)omH (a7 C));
my ((boa), (doc)) = (my (b, d)omy (a,c)).

Let M be a supermanifold and € is a supervec-
tor bundle over M. A superalgebroid is a bundle
map o : € — TM (the anchor), and Lie bracket
[,.]:TE XTE = TE such that

1. (TE,[.,.]) has structure of a Lie superalgebra;
2. [X, fY] = Loy fY + ()X FIX, Y.

A generalized Lie group-superalgebroid or GLG-
SAd is superalgebroid together with GLG structure
I'T x I'T — T'T which is structure
map of GLG, is superalgebroid morphism. Also
mr((boa); (doc)) = (m (b d)omr(a o).

that mT :

Theorem 2.4. Differential map
dg : S[IT(E*) — STHIT(EY)
satisfies the following conditions:
1. dg is a degree 1 derivation of S[1]T(E*);
2. d% =0.

Proof. Let {xs} be local coordinates on 7 , and
{e;} a frame of sections of £. If {;} are the fibre
coordinates dual to {z,}, Then

i . 0 1,5, O
de = g0 — _ (—1)oi(oi=1) Z¢gigi k.
£ 5 g; awa ( ) 26 6 Cij aék
where [e;,e;] = cfjer, and the anchor of e; is

§iof‘%. Since dg is derivation, it is enough to

show that the statement holds on C°°(T) and
&),
ivixdgf (1)
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= (—1)XIVI=D [ X iy de f (2)

—(=1)X Wl (Y)ixdaf —ipx,y)de f]

= ()Y Vo(X),0(V)]f — o(IX, Y]f) =0

which vanishes by anchor identity. Condi-
tion (2) proves by calculation for w € I'(€*). O

Lemma 2.5. Suppose & — T is a supervector bun-
dle and dg : S[IJT(E*) — STLT(E*) , Then there
is a unique bundle map o : € — TT and skew-
symmetric bilinear map |[.,.] : TE x T = TE | sat-
isfy the Lebniz rule. The Jacobi identity is satisifed
if and only if d2 = 0.

Proof.
1X, -1 X dew =
p

Z(_1)i+zk<i|Xk|+|Xi|(Zk>i(|Xk\—1))
i=0
Lo (X)1X, - 1x, -1 X, W
for w € T'(£*) and Xo,...,X, € I'(§). Then for
feC>®(T) and w € T'(£*), we can uniquely define
and [.,.] by

p(X)f =uxdaf = lix,da]f

UX,y|W = p(X)zyw — (_]_)|XHY|p(Y)ZX,w

—(—l)lxl(‘yl_l)ZYszAw = [[ax,d 4], vy ]w

proof of the last part is same as the proof of the
theorem 2.4. O

Definition 2.6. A generalized Lie group-
LA groupoid or GLG- LAGd is o GLG-Gd
in the category of GLG-Ad means GLG-Gds
(M—=A, G—=T) such that M is GLG-
Ad over G, A is GLG-Ad over T, and all of struc-
ture maps for the GLG-Gd structure of M are
morphism over corresponding structure maps for

G.

Theorem 2.7. Let (M —= A, G—=T) be
a GLG-Gd. Then there is an induced GLG-Gd
structure on [jJM —= [j]A .
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Theorem 2.8. Let (M 2 A, G
a generalized Lie group-LA groupoid.
Then [-1¢gM —=[-1|rA is a generalized Lie
group-Q groupoid.

2T ) be

Proof. We know the vector field on [-1]M is the
algebroid differential dy;. O
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Abstract: It is shown that Nash’s theorem can be extended to indefinite metrics by Greene and Clarke.

That is, any semi-Riemannian manifold can be smoothly isometrically embedded in any open subset of semi-

Euclidean space RY. The recent conclusion about conformal isometric embedding of Lorentzian manifold

(M, g) in Minkowski space-time L¥ is studied and compared with causal isomorphic embedding in L.

Keywords: Conformal isometric embedding, Lorentzian manifold, Causal isomorphic embedding.

1 INTRODUCTION

A celebrated theorem by J. Nash [9] states that
any C? Riemannian manifold can be isometrically
embedded in any open subset of some Euclidean
space RY for large N. Greene [4] and Clarke
[2] showed independently that Nashs theorem can
be extended to indefinite (even degenerate) met-
rics, that is, any semi-Riemannian manifold can be
smoothly isometrically embedded in any open sub-
set of semi-Euclidean space RY for large enough
dimension N and index s. Nevertheless, a new
problem appears when a semi-Riemannian mani-
fold of index s is going to be embedded in a semi-
Euclidean space of the same index RY. We will
focus on the simplest case s = 1, i.e., the isomet-
ric embedding of a Lorentzian manifold (M, g) in
Minkowski space-time LY. Such an embedding will
not exist in general; for example, the existence of
a causal closed curve in M contradicts the possi-
bility of an embedding in LY. So, the first task

*Corresponding Author
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is to characterize the class of isometrically embed-
dable space-times or conformally embeddable. For
an immersion i : M — M only injectivity of each
di,, p € M is required; the injectivity of ¢, as well
as being a homeomorphism onto its image, are re-

quired additionally for ¢ to be an embedding.
A space-time (M,g) is a connected C*

Hausdorff manifold of dimension two or greater
which has a countable basis, a Lorentzian metric
g of signature (+, —, ..., —), and a time orientation

(i.e. M admits a continuous timelike vector field).

We say that a vector v € T, M is time-
like if g,(v,v) > 0, causal if g,(v,v) > 0, null if
gp(v,v) = 0 and spacelike if g,(v,v) < 0. A smooth
curve is timelike (future pointing) if its tangent vec-
tor is everywhere timelike (future pointing), and
similarly for causal, null, future or past pointing,
or spacelike. If p,q € M, then ¢ is in the chrono-
logical future of p, written ¢ € I'"(p), if there is a
timelike future pointing curve v : [0, 1] — M with
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~(0) = p, and (1) = ¢; similarly, ¢ is in the causal
future of p, written ¢ € J(p), if there is a future
pointing causal curve from p to ¢. For any point, p,
I*(p) is open; but J*(p) need not, in general, be
closed. J*(p) is, however, always a subset of the
closure of I (p). To be more careful, it is useful to

remind the following conditions.

1. A space-time M which has no point p with a
non-degenerate causal curve which starts and
ends at p is said to satisfy the causal condi-

tion.

2. If each point p has arbitrarily small neighbor-
hoods which any causal curve intersects in a
single component, M satisfies the condition

of strong causality.

3. If M is strongly causal and J*(p) is the topo-
logical closure of I*(p) for every p € M, then
M is causally simple.

4. A space-time M is said to be globally hy-
perbolic if M is strongly causal and J*(p) N
J~(q) is compact for all p and ¢ in M.

2 conformal isometry

This section is a review of some results on con-
formal isometry of Lorentzian manifolds by Muller
and sanchez [8]. A time function ¢ on a space-time
is a continuous function which increases strictly
on any future-directed causal curve. Recently [1],
it has been proved that this is also equivalent to
the existence of a temporal function, i.e., a smooth
time function with everywhere past-directed time-
like gradient Vt. A temporal function will be called
steep if Vt > 1; as we know, not all stably causal
space-times admit a steep temporal function. A
time or temporal function is called Cauchy if it
is onto on R and all its level hypersurfaces are
Cauchy hypersurfaces (i.e., topological hypersur-
faces crossed exactly once by any inextensible time-
like curve). A classical theorem by Geroch [3] as-
serts the equivalence between: (i) to be globally
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hyperbolic, (ii) to admit a Cauchy hypersurface,
and (iii) to admit a Cauchy time function.

Proposition 2.1. Let (M, g) be a space-time.If t
is a temporal function then there exists a conformal

metric g* = Qg such that t is steep.
Proposition 2.2. Let (M, g) be a Lorentzian man-

ifold. If there exists a conformal immersion i :
M — LN then (M, g) is a stably causal space-time.
Moreover, if i is a isometric immersion, then the
natural time coordinate t = xo of LV induces a

steep temporal function on M.

Example 2.3. Let M = (xv,t) € R?: 2> 0,9 =
(dx? — dt?)/x?. This is conformal to RT™ x R C L?
and, thus, causally simple. It is easy to check that
d(p,q) = oo for p,q = (£1,2) and (M, g) cannot be
isometrically immersed in LV .

Proposition 2.4. If a space-time (M, g) admits a
steep temporal function t then it can be isometri-
cally embedded in LN for some N.

on the other hand, Muller showed that
any globally hyperbolic space-time admits a steep
Cauchy temporal function.

Definition 2.5. A bijective map f : (M,g) —
(M,q) is called a smooth conformal isometry if f
is a diffeomorphism and it satisfies f*g = hg for

some positive function h on M.

Corollary 2.6. (i) Any globally hyperbolic space-
time can be isometrically embedded in some LY.

(ii) A Lorentzian manifold is a stably causal space-
time if and only if it admits a conformal embedding

in some LY.

3 causal isomorphism

We define a bijective map f : M — M to be
a causal isomorphism when p < ¢ if and only if
f(p) < f(¢) and to be a chronological isomorphism
when p < ¢ if and only if f(p) < f(q).
ever, when space-times are strongly causal, two re-

How-

lation are equivalent as the following kim’s theorem
states.
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Theorem 3.1. Let f : (M,g) — (M,g) be a bi-
jection between two n-dimensional strongly causal
space-times with n > 2. Then f is a chronological
isomorphism if and only if f is a causal isomor-

phism.

In 1976, Hawking, King and McCarthy
[5] proposed a new topology on space-times and
showed that any null geodesic preserving homeo-
morphism between strongly causal space-times is
necessarily a smooth conformal isometry the proof
of Hawkings theorem demands that the dimension
of space-times must be greater than 2.

Theorem 3.2. Let the dimensions of strongly
causal space-times M and M be greater than 2.
Then any causal isomorphism (or, equivalently
chronological isomorphism) f : M — M is a

smooth conformal isometry.

From the above theorem, we can see that a
causal isomorphism is necessarily a diffeomorphism
when the associated dimension is greater than or
equal to 3. When dimension is 2, we can only say
that any causal isomorphism is necessarily a home-
omorphism. Kim [6] has introduced a new method
for imbedding a Lorentzian manifold with a non-
compact Cauchy hypersurface and has shown the

following theorem.

Theorem 3.3. Any two-dimensional globally hy-
perbolic space-time with a non-compact Cauchy hy-
persurface can be causally isomorphically imbedded
into L2.

By Geroch’s theorem any globally hyper-
bolic space-time M is homeomorphic to R x S
where S is a Cauchy hypersurface. If M be two-
dimensional space-time and S be a non-compact
Cauchy hypersurface of M, then M is homeomor-
phic to R X R and so it is simply connected. In
fact, two-dimensional globally hyperbolic space-
time M is simply connected iff M has a non-
compact Cauchy hypersurface.
On the other hand, we know[10] that any continu-
ous n-sphere order representation of n-dimensional
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space-time M is a continuous order-embedding into
L™ and so it is a causally isomorphically imbedding.
As a result, we now give a generalization of Theo-

rem 3.3.

Theorem 3.4. Any simply connected and causally
simple space-time can be causally isomorphically
imbedded into L?.

4 Conclusion

Corollary 4.1. If dimension of a space-time be
greater than two, then any causal isomorphism into
LN is a conformal isometry.

The inverse of the corollary 4.1 is not true.
In [7] and [11] it is shown that any space-time ad-
mitting a continuous causal isomorphism must be
conformally flat. Also, there are conformally flat
globally hyperbolic examples that has does not ad-
mit any causal isomorphism into LY.

Corollary 4.2. Let M be a simply connected and
causally simple two dimensional space-time then
any smooth causal isomorphism into LY is a con-

formal isometry and vice versa.

References

[1] A.N. Bernal and M. Sanchez, ”Smoothness of
time functions and the metric splitting of glob-
ally hyperbolic spacetimes,” Commun. Math.
Phys. 257, 4350 (2005).

[2] C.J.S. Clarke, ”On the global isometric embed-
ding of pseudo-Riemannian manifolds,” Proc.
Roy. Soc. London Ser. A, 314, 417428 (1970).

[3] R. Geroch, ”Domain of dependence,” J. Math.
Phys. 11, 437449 (1970).

[4] R.E. Greene, "Isometric embeddings of Rie-
mannian and pseudo-Riemannian manifolds,”
Memoirs of the American Mathematical Society,
No. 97 American Mathematical Society, Provi-
dence, R.I. 63 (1970).



58

The 45" Annual Tranian
Mathematics Conference

U gus

[5] S. W. Hawking, A. R. King and P. J. McCarthy,
” A new topology for curved space-time which in-
corporates the causal, differential and conformal
structures,” J. Math. Phys, 17, 174-181 (1976).

[6] D. H. Kim, ” An imbedding of Lorentzian mani-
folds,” Class. Quantum Grav, 26, 075004 (2009).

[7] R.J.Low, ” Continuous causal representation of
space-time via sphere orderings,” J. Math. Phys,
41, 6525-6528 (2000).

[8] O. Muller, M. Sanchez, ”Lorentzian manifolds

isometrically embeddable in LN,” Trans. Amer.

58

Math. Soc., 363, 5367-5379 (2011).

[9] J. Nash, ”"The imbedding problem for Rieman-
nian manifolds,” Ann. of Math, 63, 2063 (1956).

[10] M. Vatandoost and Y. Bahrampour, ”Sphere
orderings representation of space-time,” J. Math.
Phys, 52, 112503 (2011).

[11] M. Vatandoost and Y. Bahrampour, ”Some
necessary and sufficient conditions for admitting
a continuous sphere order representation of two-
dimensional space-times,” J. Math. Phys, 53,
122501 (2012).



	Table of Content
	Geometry and Topology
	A-10-109-1
	A-10-1129-1
	A-10-127-1
	A-10-1299-1
	A-10-130-1
	A-10-152-1
	A-10-303-1
	A-10-339-1
	A-10-393-2
	A-10-509-1
	A-10-601-1
	A-10-814-1
	A-10-874-3
	A-10-950-1
	A-10-958-1
	A-10-998-1



